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THE RECURRENCE SEQUENCES VIA POLYHEDRAL GROUPS

OMUR DEVECI, YESIM AKUZUM, AND COLIN M. CAMPBELL

ABSTRACT. In this paper, we define recurrence sequences by using the relation
matrices of the finite polyhedral groups and then, we obtain some of their
properties. Also, we obtain the cyclic groups and the semigroups which are
produced by the generating matrices when read modulo o and we study the
sequences defined modulo a. Then we derive the relationships between the
orders of the cyclic groups obtained and the periods of the sequences defined
working modulo «. Furthermore, we extend these sequences to groups and
obtain the periods of the sequences extended in the finite polyhedral groups
case.

1. INTRODUCTION
The polyhedral group (p, q,r) for p,q,r > 1, is defined by the presentation
(z,y,2z| 2" =y? =2" =ayz=e)

or
(z,y]a? =y? = (zy)" =e).
The polyhedral group (p, q,r) is finite if and only if the number

11 1
k=pgr{-—+-+-—1)=qr+rp+pg—pgr
p oq T

is positive, i.e., in the case (2,2,m), (2,3,3), (2,3,4) and (2,3,5). Its order is
2pgr k. Using Tietze transformations we may show that (p,q,7) = (¢,r,p) =
(1,0, q).

For more information on these groups, see [4].

Let G be a finite j-generator group and let

X = ($1,x2,...,$]‘)EGXGX~-~XG|<.731,J?2,...,$j>:G
————
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We call (21,2, ...,2;) a generating j-tuple for G.
Let G be the group defined by the finite presentation

G = <$L’1,.’L’2,...,$n | 7”1,7“2,...,7"m>.
The relation matrix of G is an m X n matrix where the (4, j)th entry of the matrix
is the sum of the exponents of the generator x; in the relator r;.

For detailed information about the relation matrix, see [12].

Example 1.1. The relation matriz of the group defined by the presentation {x,y, z |
™ =y? =22 =ayz =e) is

HOOS
— o N O
=N OO

Suppose that the (n + k)th term of a sequence is defined recursively by a linear
combination of the preceding k terms:

Qn+k = CoOn + C1Qp41 + -+ + Ch—10n4E—1

where cp,c¢1,...,cx—1 are real constants. In [I3], Kalman derived a number of
closed-form formulas for the generalized sequence by the companion matrix method
as follows:

Let the matrix A be defined by

o 1 0 -- 0 0
o o 1 .- 0 0
o o o -- 0 0
A= [aij]kxk = : : : : : ’

0 0 0 0 1

L 0 C1 C2 Ck—2 Ck—1 |

then
ago Gp
ay Ap+1
A" =
ak—1 Up4k—1

Number theoretic properties such as these obtained from homogeneous linear
recurrence relations relevant to this paper have been studied by many authors
[2, (5l [© 10l M1l [13] 15 [19] 20, 211, 22]. In Section 2, we develop properties of the
3-step and 4-step polyhedral sequences of the first, second, third, fourth, fifth and
sixth kind which are obtained from the matices defined by the aid of the relation
matrices of the polyhedral groups (m,2,2), (2,m,2), (2,2,m), (2,3,3), (2,3,4) and
(2,3,5).
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In [5 6] [7, [T7], the authors have produced the cyclic groups and the semigroups
via some special matrices and then, they have studied the orders of these algebraic
structures. In Section 3, we obtain the cyclic groups and the semigroups by using
the generating matrices of the 3-step and 4-step polyhedral sequences of the first,
second, third, fourth, fifth and sixth kind when read modulo a and then, we give
their miscellaneous properties.

The study of recurrence sequences in groups began with the earlier work of Wall
[23] where the ordinary Fibonacci sequences in cyclic groups has been investigated.
In the mid eighties, Wilcox extended the problem to abelian groups [24]. Further,
the theory has been expanded to some special linear recurrence sequences by several
authors; see, for example, [I B, B [6, 8, O, 14, 16]. In Section 3, we study the
defined sequences modulo « and then, we derive the relationships among the orders
of the cyclic groups obtained and the periods of these sequences. Also, in this
section, we redefine the 3-step and 4-step polyhedral sequences of the first, second,
third, fourth, fifth and sixth kind by means of the elements of the groups which
have two or three generators and then, we examine these sequences in the finite
groups. Finally, we obtain the lengths of the periods of the 3-step and 4-step
polyhedral sequences of the first, second, third, fourth, fifth and sixth kind in
the polyhedral groups (m,2,2), (2,m,2), (2,2,m), (2,3,3), (2,3,4) and (2,3,5) by
using the periods of these sequences with respect to a modulus «, where we consider
each one of the sequences in one group such that the sequence is produced by the
aid of the presentation of this group.

2. POLYHEDRAL SEQUENCES

We next define the matrices My, My, Ms, My, M5 and Mg by using the pre-
sentations of the polyhedral groups (m,2,2), (2,m,2), (2,2,m), (2,3,3), (2,3,4)
and (2,3,5) in the two generator cases, that is for generating pair (z,y), as follows,
respectively:

(5] 0 1
My,=] 0 a 1|, w=123a,=mand q; =2ifi#u)
a3 Q3 1
and
2 0 1
My=| o 3 1|, (v=4,56).

v—1 v—1 1

Similarly, we define the matrices M7, My, M3, My, M7 and M by the aid of
the presentations of these groups in the three generator cases, that is for generating
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triple (z,y, 2), as follows, respectively:

M =

u

and

1
1
1
1

_ o O N

, (w=1,2,3,ay, =mand a; =2 if i £ u).

= O Ww o

0
0
v—1
1

—_ = = =

, (v=4,5,6).

Note that det M7 = det My = —4, det M3 = 4—4m, det My = —9, det M5 = —14,

det Mg = —19, det M = det M5 = det M3

—4, det M} = -3, det M¥ = —2 and

det Mg = —1.
We now define new sequences from the matrices My and Mj, (k=1,...,6) as
shown, respectively:
at_ +arat_g n =1 (mod 3),
al_o+ asal_q n = 2 (mod 3),

(u

3c<

for n > 4, where a

b, =

n

U1+ 20, 3

Gy o+ 30, 3

al_s+@w—1al_,+@w—-1)al_5 n=0(mod3),
(v=4,5,6)

¥=0,a5=0,ak =1and

U U
bn—l + albn—él
by—o + a2by_4

U U
bn—3 + a3bn—4

bn—1 +20;_4

2 +3b; 4
b+ (v—=1)b;_4
bpat by 5s+by 6+0, 7

bp—s+by_5+by_+by_7

al_ s+ agzal_, +azal_s n=0(mod3),
=1,2,3, ¢, =mand a; =2 if i # u),

n =1(mod3),
n =2 (mod3),

S 333
11 m

(v=4,5,6)

S 333

for n > 5, where b¥ =0, b5 =0, b5 =0, b% = 1.
The sequences {afL} and {b’fL} for K = 1,...,6 are called the 3-step and 4-
step polyhedral sequences of the first, second, third, fourth, fifth and sixth kind,

respectively.
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By an inductive argument for n > 3 and £k =1,...,6, we may write
k k k
mi mi 03n+1
n i
(Mg)" = m3 my A3n42 | >

where

/\ka’gfnﬂ Aka§n+2 a§n+3
M =X=2 d3=m, \y=3, As =4, X\ =5)

n—3
1 1 1 n—1 n—2—1 1
my = 2a3,_ o+ mag, 4 +m +§ m agy 345
i=0
n—3
2 2 2 n—2 n—3—i 2
mj = a3,4q +a3,3—2m —22 m az7134
1=0
3 3 n
3 3,49+ a3, 3+ 2
ml - )
2
n—3
4 -2 —3—i 4
m; = 72" °+3 E 2" ag, 5y,
i=0
n—3
5 o n+1 n—1-—7 5
my = 2"+ E 2 Q743;5
i=0
n—3
6 -2 —3—i 6
m; = 92" °+5 E 2" ag gy,
i=0
n—3
mé = an_2+2 E mn_3_za/é+3i,
i=0
n—3
m% = 2m" 242 E m”*?’*’a%?,i,
i=0
3 3 n
3 G340t ag, g—2
mo - )
2
n—3
4 _ n—1 n—2—1i 4
my = 3 + E 3 a7 345
i=0
n—3
5 _ n n—1—17_5
my = 2 —1—5 2 7434
i=0
n—3
m§ = 5-3"24+5) 3" al
i=0
1 1,2 2 3 3 4 4 5 5 6 6

m3:m27 m3 :m27 m3 :m27 m3 :mz, m3 :m2, m3:m2
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and
n—3
1 1 1 n—2 n—3—i 1
My = 3,49+ Agpy3—2mM° ° =2 E m agy 3
i=0
n—3
2 _ 2 2 n— n—2—i 2
my = 243, 1 +mMaz, o —m *E m 7134
i=0
3 _ 3
my = My,
mi = 3”+E 3= 171a‘51+3“
n—2
mi, = 3"44 E 36l
i=0
n—2
mi = 3"+5) 3" ad,
i=0
Similarly, we obtain the matrices (M})" for n > 3 and k ,6 by using
mathematical induction as shown:
For k£ =1,2,3,
xk xk *k *k
mlk mzk m3]c a4n+1
* * *
(Mt =| T T e Y
- * * * * )
mk7 ms 7729 a42+3
* *
Agn4+1 CL4n+2 Ayn4+3  Aan+4a
where
n—3
*1 _ *1 *1 n—1 n—2—1i *1 *2 n
My = G4 3t Mgy — M — E m afbyai My = aly g+ 2
i=0
n—
2—1
+§ 2"kt
n—3
*3 n n—2—1i %3
my® = ap 5 +2"+ E 2 5% 44
=0
*1 _ n—2 n— n 2 —1 %2 *3 %3
my. = m +§ m" g g, My = +§ m'" A9y a55 Ma” = Qyp_3

n—3

n—2—1i
Z 2 a’5+4z7
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n—3
*1 *1 *2 n—=2—1 *3 n—2 n—3—1 *3
my =m3', mi* =aj 5+ E 2 ail g, my =m" T 4 E m (gl 455
=0
%1 *1 *2 *2 *3 _ %3
my = Mg, My = Mg, My my-,
*1 n n—2— *2
mi' = aj o +2"+ E 2 ‘agh 4, mi
_ *2 *2 n—1 n— *3 *3
= 49t My 0 —m  + E m" " aghy,, mit = mi?,

*1 n—=2—1 *2 *2 *3 *3
mg' = aj, o+ E 2 a6+417 mg™ = my~, Mg~ = mg3”°,

*1 *1 *2 *2 *3 __ *3
my™ = My, My™ = Mg~ , My = Mg",

*1 *1 *2 *2 *3 __ *3
mg- = Mg , Mg™ = My~ , Mg~ = Mgy

and

*1 *1 *2 *2 *3 *3 *3 n—1 n—2—1i %3
Mg™ = Mg, Mg~ = My~ , Mg~ = Qg + Mlyyyz — M ~ + E m gy 44-

For k£ =4,5,6,

[ n—3
n n—2-i, wd ol w4 w4
ajm g2+ Y2 a3t Ay — Agnt1 Agny2 ~ Agnt1
=0
n—3 n—3
w4 w4 ol n n—2—i x4 w4 n—2—i_ x4
(M) = fpio — Api1 afn_a+3"+ >3 agl4; ajp 2+ >3 agla;
4 i=0 i=0
n—3 n—3
w4 w4 w4 n—2—i_xd 4 n n—2—i_xd
Ahpt2 — Ani1 ajn_a+ >3 6144 ajh_o+3"+ > 3 ag14;
. i=o, i=o
« * -
L Ayn 41 Ayn42 Ayn 43
r n—3
5 n n—2—i_x5 5 5 5 n—2—i
ajp_g 2"+ > 2 a5t gp42 ~ Gont1 Ggp 3+ Z 4 a3l
i=0
n—3
«5 X5 5 n n—2—i_x5 5 5
(M2)™ = Agpt2 = Agnt1 ajh_2+3"+ >3 ag1a; A4nt3 ~ Yan42
i=0
n— n—3
5 n—2—i_x5 5 «5 «5 n n—2—i_x5
ajdh s+ > 4 as5y4; A3 ~ 4nt2 afb 4"+ >4 azlg;
i— i=0
5 5 5
L Agp 41 An 42 Uyn 43
and
r n—3
6 n n—2—i_x6 «6 «6 n—2—i_x6
ajo_g 2"+ > 2 a514; Ugpt2 ~ Gint1 ajn_ i+ Z 2 ariq;
i 7,7
«6 6 «6 n n—2—i_ %6 «6 n—2—i_ 6
(M)"™ = A4n+2 ~ Cdn41 afn_ o +3%+ > 3 644 a4n—2t Z 5 a644;
n—3 n—3 Tn-3
«6 n—2—i %6 «6 n—2—i_x6 «6 n n—2—i_x6
ajo_1+ > 2 a7i4; ajn_o+ > 5 ag14; ajn_1+5"+ > 5 a7i4;
i=0, i=0, i=o
P - *
L Aant1 Agnt2 A4n+43

*4

A4n+41
*4

Agn 42

*4
A4n43

*4
A4n 44
*5
Aan+1
*5
Agn+42

*5
A4n+3

*5
Aan+t4

*6

Ayn41
*6

Agnt2

*6
A4nt3

*6
A4nt4q




106 OMUR DEVECI, YESIM AKUZUM, AND COLIN M. CAMPBELL

It is well-known that the Simpson formula for a recurrence sequence can be
obtained from the determinant of its generating matrix. For example, the Simpson
formula for the sequence {a3 } is

m

m 2 2
(A=am)" = (@ + b +2") (5 (@hin)” = 5 (ahsa)’) +
2
magnJrl ((a§n+2) + agn+2a‘§n+3 - QnagnJrZ) + 2na‘§n+3 (a’gn+3 + a§n+2) .

It is easy to see that the characteristic equations of the sequences {aﬁ} and
{bfl}, (k=1,...,6) do not have multiple roots; that is, each of the eigenvalues of
the matrices M}, and M} is distinct.

Let {x’f, zk, cr:’g} and {x’f, ok ok, mi} be the sets of the eigenvalues of the matrices
My, and M} for k = 1,...,6, respectively and let Vk(u) be a (u+2) x (u+2)
Vandermonde matrix as follows:

+1 +1 +1
@) )T (k)
v — (xl) (%) e (xu+2)
k= . . .
1 o 1
where v = 1,2. Suppose now that
( k n+u+2—1
‘1 +u+2—1
(l‘é“)n

( k ) ’I:L+u+27i
u+2

and Vk@;z) IS a (u+2) x (u+2) matrix obtained from Vk(u) by replacing the jth

column of Vk(“) by W;.. This yields the Binet-type formulas for the sequences {af;}
and {b%}, namely.

Theorem 2.1. Fork=1,...,6,

2,
“(km) det Vk(’j )
and m;; =
det V.

where (Mk)n — ml(?’n) and (M]:)n _ m;{k,'rl).

Proof. Since the eigenvalues of the matrices M} and M, are are distinct, these
matrices are diagonalizable. Let

DR — diag (x’f,x’j,mlg) and D% = diag (m’f, x’f,mlg,xfj) ,
then it is easy to see that Mka(l) = Vk(l)D(l’k) and Mlek(z) = V,C(Z)D(Q’k). Since the
—-1 -1
matrices Vk(l) and Vk(2) are invertible, (V,f”) Mkv,j” = DR and (Vk(2)) M,;*Vk@) =
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D) Thus, the matrices M, and M; are similar to D®*) and DZ#*) | respec-
tively. So, we get (My)" VY = V&) (DO and (M7)" V) = v (DER)" for
n > 1.

Then we can write the following linear system of equations:

o el ) o<
myf’") (-%']5) +m§§’") (x’;) +m§§,n) _ (LL'IQC n+3—i 7 (1 <ij< 3)

m& (28)2 b () ) = (ghyrte

and
£
a0 (28) A mgy ™ (a5)” A mgg ™ (a5) +mgy " Ty 1<ii<4
) (b)) ()2 b () 4 = et (1SR EY
2 (@) + mgt (@) + migtm (@) 4t = (ah)
Therefore, we obtain
(b det v Lty _ et VD
ij qery(D MMy = ©)
etV det V,;
fork=1,...,6. [l

3. THE CycrLic GROUPS AND THE SEMIGROUPS VIA THE MATRICES M) AND
My

Given an integer matrix A = [a;;], A (mod &) means that all entries of A are
modulo «, that is, A(moda) = (a;; (mod«)). Let us consider the set (A), =
{A" (moda) | i > 0}. Ifged (o, det A) = 1, then (A), is a cyclic group; if ged (a, det A) #
1, then (A),, is a semigroup. Let the notation [(A) | denote the order of the set
<A>a

We next consider the orders of the cyclic groups and the semigroups generated
by the matrices M} and M} for k=1,...,6.

Theorem 3.1. Let p be a prime and let (G),,. be any of the cyclic groups of (M) ,n
and (M,;‘)pn fork=1,...,6 andn € N. Ifi is the largest positive integer such that

’<G>pi (@), |, then ‘<G>pj <G>p]. In particular, if )<G> ”] (<G>p
then |(G),,| = 7~ (@), |

— _ | —1
= p’ 2 s

p

Proof. Let us consider the cyclic group <M1>pn~ Then ged (p,4) = 1 that is, p is
is denoted by o (p™).

an odd prime. Suppose that u is positive integer and ‘<M1> o

Since (Ml)o(puﬂ) = I (mod p"*), (Ml)o(pUH) = I (mod p*) where [ is a 3 X 3
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identity matrix. Thus, we show that o (p*) divides o (p**'). Furthermore, if we
denote

000~ 14 () 17).

then by the binomial expansion, we have

(M1)O(pu)'p = (I—|— ( () p“))p = zp: (r) ( (;‘) -p“)r = I (modp").
r=0

So we get that o (p“™!) is divisible by o (p“*') - p. Then, o (p"*') = o (p*) or
o (p"*t) = o (p*™!) - p. It is clear that the latter holds if and only if there exists
an integer mE;) which is not divisible by p. Since 7 is the largest positive integer
such that o (p’) = o (p) we have o (p"*') # o (p'), which yields that there exists an

integer m(j) such that p { mgy). So we find that o (p'™2) # o (p'*1). To complete

the proof we use an inductive method on 3.
There are similar proofs for the other cyclic groups which are obtained as the
above. O

Theorem 3.2. Let o be an positive integer and let (G),, be any of the cyclic groups
t

of (My),, and (M}), fork=1,...,6. If a has the prime factorization o = Hpjj,

-

Proof. Let us consider the cyclic group (My),,, then ged (o,3) = 1. Suppose that

j=1
(t > 1), then

(Gl = tem [[(G)

(G) ez

Py

,...,\<G>p;t

)

L * _ £\ .
’(Mjf)p:j i for j=1,...,t and [(M}),| = v. Then by (M})", we can write
v;—3 v;—3
v v;—2—1 x4 — v v;j—2—1 %4 *4
a3+ 2% + E 297zl = afy, o T3V 4 E 3T g 4 = gy 44
— ej
= 1 (modpj ) ,
v;—3
v;—2—1 %4 — *4 — x4 — x4 — €
a4vj—2 + E 3% Upyai = Ogy,41 = Oy, 42 = O3 =0 (mOdpj )
and

ags_ 3+2“+Z2” art as_ 2—1—3“4—23” *Tlagt = ajeyq =1(moda),

v—2—1 *4 %4 %4 _
oo + Z 3 54 ai Uyt = Qhpyo = Ay = 0 (moda).
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This implies that (M;)" is of the form X - (M), (A € N) for all values of j. Thus
it is verified that v =lem[vy, ve, ..., ve].

There are similar proofs for the other cyclic groups which are obtained as the
above. (]

We have the following useful results for the orders of the semigroups generated
by the matrices M, and M} from (My)" and (M;)" .

Corollary 3.3. Let a = 2" and m = 2 such that n,uu € N and 1 < u <n. Then
the orders of the semigroups (My),, for k =1,2,3 are as follows:

(i). If n = p =1, then |(My),| = 1.

(it). If n > 2 and p=mn or p=mn—1, then |(My),| = .

(iii). If n >3 and p = n—i such that 2 <i <n—1, then |(My) | =n+2"1—1.
Corollary 3.4. Let m = 1(mod4) or m = 2(mod4) and let n € N . Then the
orders of the semigroups (Ms),, are as follows:

i. If m=1(mod4), then

2 forn=1,
[(M3)gn| = 4 Jorn=2,
224+ forn>3.

it. If m =2 (mod4), then

1 forn=1,
[(M3) 90| = 2 forn=2,
2172 4 n—1 formn>3.
Corollary 3.5. Let n € N. Then the orders of the semigroups (My)s,, (Ms)gy,
(Ms),, and (Mg),9, are as follows:
2.3ty -1 forn=1,
|(Ma)sn| = { 2.3 4 —2 forn>2,
- 1 form=1,
KM@”|{2“4+U—1 forn =2,
[(Ms)g,| =48- 717"+ —1
and
(M) 0] = 201971 45— 1.

Corollary 3.6. Let 1 € N. Then the orders of the semigroups (M}),, for k =
1,2,3 are as follows:
(i). If m = 0 (mod 4), then
3 form=1,
= 7 form =2,
217ty 212 4y — 1 forn > 3.

(i). If m = 2 (mod 4), then |<M;>2n| o=l on2 4y 1.

‘<Ml:>2"z
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(iii). If m is odd, then |(M}),,| = 3n+1.

Corollary 3.7. Letn € N. Then the orders of the semigroups (M), and (Mg),,
are as follows:

[(M)30] =26-3""" -1

and
|(M5)q,| = 4n.
By an inductive argument for n > 1, we obtain
r1 To T3 T4 T2 T
(M)" = | 22 x4 a5 |, (Ma)" =] w2 x w3
T T7 ITg X7 Te T8
and
Y Y2 Y2 Y3 Ya Y2 Ys Ye
(M) = Y2 Y4 Ys yoi (MY = Y2 Y1 Y2 y3 ’
Y2 Ys Y4 Ye Ys Y2 Y4 Ys
L Y3 Ys Ys Y7 | Y Y3 Ye Y7
[ Ya Ys Y2 Ys 1
(M*)n _ Ys Ya Y2 Ys
8 Y2 Y2 oy Yz |
Ye Yo Y3 Y1 |

where x;,y; € N such that ¢ = 1,...,8 and j = 1,...,7. Thus, we have the
following results

1 _ 2 1 _ 2 1 _ 2
A3n4+1 = @3p425 A3p4+2 = A3p415 A3n4+3 = A3p43
and
1 _ 32 _ 13 1 ) _ 13 1 _ 32 _ 13
b4n+1 - b4n+2 - b4n+37 b4n+2 - b4n+1 - b4n+1’ b4n+4 - b4n+4 - b4n+4’
1 gl 2 _ 32 3 _ 13
b4n+2 - b4n+3’ b4n+1 - b4n+37 b4n+1 - b4n+2
and hence

(M) | = [(Ma) |5 | (M7) ol = [ (M3), ] = | (M3),]
for every positive integer a.

4. THE POLYHEDRAL SEQUENCES IN GROUPS

It is well-known that a sequence is periodic if, after a certain point, it consists
only of repetitions of a fixed subsequence. The number of elements in the repeating
subsequence is the period of the sequence. A sequence is simply periodic with
period k if the first k elements in the sequence form a repeating subsequence.

Reducing 3-step and 4-step polyhedral sequences of the first, second, third,
fourth, fifth and sixth kind by a modulus «, then we get the repeating sequences,
respectively denoted by

{aﬁ(a)} = {a’f(a),aé(a)7...,af(a),...}
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and

{bfl (a)} = {b’f (Oz),béC (Oz),...,bf (a),...},
where a¥ (@) = a¥ (mod ), b¥ (o) = b¥ (mod ) and k = 1,...,6. The recurrence
relations in the sequences {al (o)}, {bf (o)} and {a%}, {b}} are the same, respec-
tively.

Theorem 4.1. For k=1,...,6, the sequences {aﬁ (a)}, {bffb (a)} are periodic.

Proof. Let us consider the 4-step polyhedral sequence of the first kind {b}L (a)} as

an example. Let X = {(z1, x2, %3, %4, 25, T6,27) | 0 < x; < o — 1}. Since there are

o distinct 7-tuples of elements of Z,,, at least one of the 7-tuples appears twice in

the sequence {b}l (a)}. Therefore, the subsequence following this 7-tuple repeats;
that is the sequence is periodic.

There are similar proofs for the other sequences which are defined as the above.

O

We next denote the periods of the sequences {ak (@)} and {bf (a)} by I« (@)
and Iy (a), respectively.

Example 4.1. For m = 2, the sequence {b}, (3)} is
{0,0,0,1,1,1,1,1,0,0,0,1,1,1,1,1,...}
and thus Iy (3) = 8.

Theorem 4.2. Let a be an positive integer and let {z’,j (a)} be any of the sequences
t

of {aﬁ (a)}, {bfL (a)} fork=1,...,6. If a has the prime factorization o = Hpjj ,

j=1
(t>1) and (a,det M) = 1 where M is generating matriz of the sequence that is,
M = My, or M = My, then

Lyn (a) =lem [Zxk (p?) s Lk (pgz) pees lgh (p?)] .

Proof. Let us consider the 3-step polyhedral sequence of the fourth kind {ai (a)}

as an example. Since [,4 (pjj) is the length of the period of the sequence {aﬁ (pj’) },

this sequence repeats only after blocks of length u - [,4 (p;j ), (u € N). Since also

lqe (@) is the length of the period of {a,,kL (oz)}, the sequence {aﬁ (pjej)} repeats

after l,4 () terms for all values j. Thus, [, (o) is of the form w - [,4 (pj’) for

all values j, and since any such number gives a period of 1 (a), we find that
lqa (Oé) =lem [la4 (p?) s lat (pSQ) yoneslaa (pft)]'

There are similar proofs for the other sequences which are defined as the above.

O

Since .
0 azn 11
n
(Mk) 0 = azn—i-2

1 a3n+3
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and

bZnJrl
bfl:n+2
b§n+3
bZn+4
it is clear that l,x (o) = 3+ [(My),| and lyx (a) =4 - |[(M}),| when (det M,a) =1
where M = M, or M = M} for k=1,...,6.

We next redefine the sequences {a%} and {b%} by means of the elements of the
groups which have two or three generators.

(Mg)"

_ o o o

Definition 4.1. Let G be a 2-generator group. For a generating pair (z,y), we
define the polyhedral 3-orbits of the first, second, third, fourth, fifth and sizth kind
by:

(s25) sty n=1(mod3),
sy = { (5273)(}2 sE_, n=2(mod3), ,
si5)"" (st4)"" shi_g n=0(mod3),
(u=1,2,3, ¢, =m and a; = 2 if 1 # u)
(sfb_3)2 s 4 n =1 (mod3),
SZ = 5;’7’_3 3 32_2 n= (mod 3) s (’U =4,5, 6)

(s4 5)U_1 (8274)1)_1 s? 5 m=0(mod3),

for n > 4, with initial conditions s¥ = x, s§ =y, sk =y, (k=1,...,6).
For a generating pair (z,y), the polyhedral 3-orbits of the first, second, third,
fourth, fifth and sixth kind are denoted by O>' (@), 022 (@), 03? (G), 0>* (@),

(z,y) (z,y) (z,y) (z,y)
O(Sfy) (G) and O?fy) (@), respectively.

Definition 4.2. Let G be a 3-generator group. For a generating triple (z,y, z), we
define the polyhedral 4-orbits of the first, second, third, fourth, fifth and sizth kind
by:

(re_y)™ ey n=1(mod4),
w _ (rz_4)a2rﬁ_2 n =2 (mod4), 193 _ dow —2 ifi
Tn (7",%,4)(13 74273 n=23 (mod 4) , (7_[, y 4y Oy Oy m ana o ZfZ 7é U) ’

Tt _erd_ert 4, n=0(mod4),

(7’;)1—4)2 ey n =1 (mod4),

o = (ra_y) ffl—z n =2 (mod4), (v =4,5,6)
(7"}’1,4)(7]_ ) r?_s  n=3(mod4),
Tl _erd_er?_, n=0(mod4),

or n > 5, with initial conditions ¥ =x, vk =y, rk =z, k=2, (k=1,...,6).
1 2 3 4
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For a generating triple (z,y, z), the polyhedral 4-orbits of the first, second, third,
fourth, fifth and sixth kind are denoted by OF' (G), 0P (@), O (G),

0Lt (G), 0 (G) and O° (@), res o, v
(z,y,2) » Y(z,y,2) (z,y,2) , respectively.

Theorem 4.3. The polyhedral 3-orbits and 4-orbits of the first, second, third,
fourth, fifth and sizth kind of a finite group G are periodic.

Proof. Let us consider the polyhedral 3-orbit of the first kind O?g’sly) (G) as an

example. Suppose that n is the order of G. Since there are n® distinct 5-tuples of

elements of GG, at least one of the 5-tuples appears twice in the sequence O?ﬂ’;y) (G).

Therefore, the subsequence following this 5-tuple repeats. Because of the repetition,
the sequence is periodic. O

(G) and OF

We denote the lengths of the periods of the orbits O>* (2.4,2)

(z,y)
LO?;ky) (G) and LOME (G) for k=1,...,6, respectively.

(2,9,2)
We will now address the lengths of the periods of the polyhedral 3-orbits and
4-orbits of the first, second, third, fourth, fifth and sixth kind of finite polyhedral

groups as applications of the results obtained.

(G) by

Theorem 4.4. The orbit 0?2’?11!) ((m,2,2)) is a simply periodic sequence and

3,1
LOG 4

1 (modm) and
[(—2)i P2 (_2)3} +2=0(modm).

((m,2,2)) = 6i where i is the least positive integer such that (—Q)i =

Proof. We first note that the polyhedral group (m, 2,2) of order 2m is presented in
the 2-generator case by

(wy|a™ =y? = (o)’ = ).

The sequence O?ﬂ’;y) ((m,2,2)) is

Y Y Y Yy T2Y,
Using the above, the sequence becomes:
5% = I,S%:y,SéZy,S}L:y,Sé:y,Sé:$2y,...,
S6it1 = 272 S6i+2 = S6it3 = S6itd = S6its = 37_[(_2)i+(_2)Fl+m+(_2)3]_22/7

Shive = o (DT HED (2] 2y
So we need the smallest positive integer ¢ such that
(_Q)i =wum+ 1 and (—Q)i + (—2)i71 +--+ (—2)3} + 2 =vm for u,v € N.

Thus the proof is complete. (]
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Theorem 4.5.

LOG,) ((2,m,2)) = Lz (m) , LOGY  ((2,2,m)) = 3, LO."  ((2,3,3)) = 18,

LOGY 1 ((2,3,4)) = 9,LO(" ) ((2,3,5)) = 21

and
4 if m is odd,

(zy,2) (zy,2) 12 if m is even,

LOY  ((m,2,2)) = LOM? ((2,m,2))—{

LOM  ((2,2,m)) = lys (m), LO™* ((2,3,3)) = 104,

(z,y,2) (z,y,2)
LO(, . ((2.3,4)) = 4, LO(, ) ((2,3,5)) = 248.

Proof. Let us consider the polyhedral 4-orbit of the third kind of the polyhedral

group (2,2, m), O?j’y 2) ((2,2,m)) as an example. The sequence O?f’y 2) ((2,2,m))
is

3.3 4 10 _10 _4 11
T Y, 2, 2,2, 2,2, 2,20, 20 2,20 20 2 25 2

Using the above, the sequence becomes:

3 3 3 3
Tg = Zzzbf’,rg’:z:zb‘i,r§=z=Zb7,r§’=Z=zb8,...,
3 _ b3, 3 b3, 3 b3, 3 b3
""471_"_1 — z 414»17 T4l+2 =z 414»27 T4l+3 =z 414».57 T4l+4 =z 41+47._._

Since the order of z is m, it is easy to see that the length of the period of the
orbit O ((2,2,m)) is lys (m).

(z,y,2)
There are similar proofs for the other orbits. O
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