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ARTICLE INFO ABSTRACT

Editor: Mohamed Fathy El-Amin Mousa In this paper, we present a fractional-order SAIP epidemic model that incorporates asymptomatic
transmission to jointly examine infection pathways and the influence of long-term memory ef-
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characteristics intrinsic to real-world infectious disease dynamics, providing an alternative
framework to traditional integer-order approaches. We establish key mathematical properties,
including the positivity and boundedness of solutions, and derive the basic reproduction number.

Ry to determine thresholds for disease extinction or persistence. Both local and global stability
MSC 2020: . . - . fes
Primary: 26A33, 34D20 anal}.lses of the disease-free and endemic equ111br1a. fire.conducted to clarify .the conditions
Secondary: 74G10 required for outbreak control. To address the complexities introduced by the fractional structure,
we adapt the Laplace Adomian Decomposition Method (LADM) and demonstrate its effectiveness
through detailed numerical simulations. The results show that variations in the fractional order
affect epidemic trajectories, altering peak infection levels and duration, and thus emphasize the
important role of memory effects in disease propagation.

Introduction

The COVID-19 pandemic, caused by the coronavirus SARS-CoV-2, has presented unprecedented global health, economic, and social
challenges since its onset in late 2019 [1]. A distinguishing and aggravating aspect of COVID-19 is asymptomatic transmission,
whereby infected persons who do not exhibit symptoms or are presymptomatic spread the virus to others [2,3]. Epidemiological
studies [4-6] indicate that many illnesses originate from individuals who evade detection by symptom-based monitoring, testing, and
contact tracing methods. This “silent spread” presents a significant challenge to control and requires a more profound understanding of
its epidemiological effects. Mathematical modeling is fundamental to infectious disease research, providing insights into transmission
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patterns, forecasting epidemic trajectories, and informing public health interventions [7]. Nevertheless, several initial COVID-19
models [8,9] either disregarded asymptomatic transmission or addressed it in a simplified manner, which may have resulted in an
underestimation of the epidemic’s actual magnitude and duration. Furthermore, most models rely on integer-order differential
equations, which assume instantaneous transitions between compartments and overlook the biological memory effects inherent in
disease processes. This memory indicates delayed behavioral reactions, fluctuations in immune system activity, or prolonged infec-
tiousness over time. In recent years, fractional-order epidemic models [10-17] have gained recognition for their superior capacity to
effectively represent the memory and genetic characteristics of disease dynamics compared to traditional integer-order models. The
Caputo fractional derivative is preferred over other formulations due to its consistency with classical initial conditions, making it
particularly suitable for simulating real-world biological processes. The Caputo derivative [18] provides a non-local operator that
combines the historical states of the system, effectively capturing the history of disease transmission. In addition, the Adomian
Decomposition Method (ADM) [19] offers a practical semi-analytical approach for solving the complex fractional differential equa-
tions that arise. ADM disaggregates the solution into a swiftly converging series and addresses nonlinear components with specifically
formulated Adomian polynomials. The Caputo derivative and ADM combination enable the study of nonlinear epidemic models by
providing explicit approximations of state variables, including susceptible, infected, and recovered populations, thereby enhancing our
understanding of the long-term dynamics and stability of epidemic outbreaks.

Due to the Caputo fractional derivative’s consistency and superior capacity to effectively represent the memory and genetic
characteristics of disease, Ullah et al. [20] provide a mean-field approximation and fractional-order model integrated with the
evolutionary game theory (EGT) framework for susceptible-vaccinated-infected-recovered (SVIR) epidemic dynamics, including
artificial and natural immunity types. Olayiwola and Yunus [21] employ a Caputo-type fractional-order derivative operator to
investigate the dynamics of dengue virus transmission within a host exhibiting adaptive immune responses. Hatira et al. [22] studied a
fractional model of the HIV pandemic using the Caputo operator and the Constant Proportional Caputo (CPC) operator, respectively.
Using the Caputo fractional order derivative, Ullah et al. [23] examine a comprehensive mathematical model for epidemic control
strategies, including lockdown, self-protection, physical separation, quarantine, and isolation compartments. Olayiwola et al. [24]
used the Caputo fractional order derivative to analyze its temporal dynamics, enabling the assessment of the memory effect that
underlies financial stability and volatility over time. Yunus and Olayiwola [25] examine malaria, a widespread mosquito-borne disease
in Africa that causes fever, chills, and headaches. Ongun [26] employs the Laplace Adomian Decomposition Method to obtain an
approximate solution for systems of nonlinear ordinary differential equations, exemplified by a model for HIV infection of CD4" T
cells. Yunus and Olayiwola [27] propose an innovative mathematical framework for addressing Ebola and malaria issues in
Sub-Saharan Africa, integrating the Laplace transformation with the Caputo fractional order derivative. Haq et al. [28] investigated the
fractional order smoking cessation model’s analytical solution (approximate solution) using the Laplace transformation. Yunus et al.
[29] investigated a fractional-order model of Lassa disease using the Laplace-Adomian Decomposition Method. Baleanu et al. [30]
present a fractional-order epidemic model for pediatric disorders, utilizing the fractional derivative technique introduced by Caputo
and Fabrizio, along with the Laplace Adomian decomposition method (LADM). Gaxiola and Biswas [31] use the Laplace-Adomian
decomposition method to illustrate numerical dispersive bright and dark optical solitons represented by the
Radhakrishnan-Kundu-Lakshmanan equation. Yunus and Olayiwola [32] examine the pivotal significance of COVID-19 immunizations
in controlling the epidemic, particularly in Nigeria. Hatira et al. [33] offer a nonlinear fractional smoking mathematical model with a
modified version of the Caputo fractional-order derivative. Analytical and approximate-analytical solutions for the proposed math-
ematical model are derived using the fractional differential transform technique (FDTM) and the Laplace Adomian decomposition
method (LADM). Olayiwola et al. [34] evaluate the efficacy of current innovations in COVID-19 therapy, particularly antiviral agents
and monoclonal antibodies, in mitigating the transmission of the virus. Yunus et al. [35] studied the viral dynamics of Lassa fever,
primarily seen in West Africa, through a fractional order model. The model’s analytical solution is derived using the Laplace Adomian
Decomposition Method (LADM) as an infinite series that rapidly converges to its precise value.

Several studies have incorporated fractional calculus into COVID-19 models to capture memory effects in transmission dynamics.
For instance, Zhang et al. [36] developed a fractional SEIR-type model with asymptomatic carriers, while Ndairou et al. [1] extended a
COVID-19 model to include fractional dynamics with asymptomatic compartments, analyzing their stability and numerical behavior.
Building on these studies, our work adapts and extends existing approaches to a fractional-order SAIP COVID-19 framework. While
previous studies have considered fractional models with asymptomatic compartments, the SAIP provides a distinct compartmental
arrangement that allows explicit modeling of protected individuals alongside asymptomatic and symptomatic infectious populations.
Thus, our aim in this study is to reveal the influence of asymptomatic carriers on epidemic persistence and control needs some
additional work, providing theoretical insights and computational evidence to enhance public health strategies. Our model integrates
fractional calculus with intricate disease compartmentalization, offering a good understanding of the memory-dependent and
asymptomatic-driven dynamics of COVID-19 and potentially other analogous viral diseases. However, this introduces notable chal-
lenges: the nonlocal nature of the Caputo operator complicates mathematical analysis, requiring careful construction of Lyapunov
functions to establish global stability; the combined inclusion of asymptomatic compartments and fractional terms increases system
dimensionality, precluding closed-form solutions and necessitating approximate analytical techniques such as the Laplace Adomian
Decomposition Method (LADM); and finally, the model exhibits high sensitivity to variations in fractional order and asymptomatic
transmission parameters, underscoring both the richness and analytical complexity of the dynamics. Our rigorous investigation of
positivity, boundedness, and stability, supported by detailed simulations, demonstrates how fractional memory and silence spread
jointly shape epidemic peaks and durations. Altogether, this comprehensive framework advances theoretical epidemic modeling and
establishes a robust platform for future extensions involving vaccination, spatial heterogeneity, or stochastic effects to better inform
public health decision-making. The novelty of the paper lies in the following points:
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1. A fractional-order SIR model is developed to simulate the spread dynamics of the COVID-19 pandemic, capturing memory and
hereditary effects that classical integer-order models overlook.

2. A modified fractional SAIP model is proposed, explicitly incorporating asymptomatic individuals A(t) and protected individuals
P(t) providing a more comprehensive framework to reveal complex transmission dynamics unique to COVID-19.

3. Both the fractional SIR and the enhanced SAIP models are analyzed and solved using an adapted Laplace Adomian Decomposition
Method (LADM), enabling the derivation of efficient approximate analytical solutions despite the models’ nonlocal nature.

4. Numerical simulations are performed for different fractional orders, specifically @ = 0.5, 0.75, demonstrating how fractional
memory significantly influences infection peaks and duration, and confirming the models’ capability to reflect the primary
characteristics of COVID-19 outbreaks, and compared with the ODE45 code for validation and real data from Portugal.

5. The proposed method is straightforward to implement yet yields accurate results, illustrating its effectiveness in studying fractional
epidemic systems and highlighting its potential as a tool for broader epidemiological applications.

The paper’s organization is as follows: Section 2 discusses the model formulation, whereas Section 3 presents some basic definitions
of fractional operators. The positivity and boundedness of the solution to the main system are discussed in Section 4. Section 5 in-
vestigates the stability and equilibrium points. The existence of a uniformly stable solution is provided in Section 6, while the main
steps for the Laplace Adomain decomposition method are illustrated in Section 7. Numerical simulations to verify the theoretical
findings and compare them with real-world data are presented in Section 8. Section 9 highlights a conclusion for the study and future
work.

Basic Definitions

This section presents fundamental definitions and properties from fractional calculus theory that will be used in the subsequent
analysis.
Definition 2.1. A real function f(x), x > 0 is said to be in the space C,, u € R if there exists a real number P > y such that f(x) =
Xf1 (x) where fi (x) € C[0, ). Clearly C, < Cp if u < j.
Definition 2.2. A function f(x), x > 0 is said to be in the spaceC™, m € N|J{0} if f™ € C,.

Definition 2.3. [37] The Riemann-Liouville fractional integral operator of the order @ > 0 of a function, f € C,u > — 1 is defined as

x

(%) (x) = ﬁ [ =0 fdex > a @1)
(F) () = (). 2.2)

All the properties of the operator J* can be found in [18], we mention only the following, for f € C,, y > —1, @, > 0, randy > —1
we have

(J5J2f) (x) = (J57F) (x), (2.3)
(J5T2f) (x) = (JoTof ) (x) 2.4)
wy _ LTr+1) .,

T = (2.5)

The Riemann-Liouville fractional derivative is often preferred for simulations because of its computational advantages. However,
in this work, we adopt a modified version of the fractional operator D¢, introduced by Caputo in [18], which offers more practical
benefits for modeling physical problems. This definition is given as follows:

Definition 2.4. [18] The fractional derivative of the function f(x) in Caputo’s sense is defined as

Daf (x) = Jm_aD’"f (x)—#/X(x—t)m’”’lf("”(t)dt form—1<a(m, meN, x>0 (2.6)
a B a - I(m-a) 7 ’ ’ ' '
Lemma 2.1. If-1<a<m meNandyu > — 1, then
m—1 _ Nk
D)0 =) - > £ (“ ) a0 @7
= :
(DgTaf) (x) = f(x) (2.8)
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Next, we will provide the proposed model in detail.

Model formulation

Mathematical epidemic models are essential for understanding and forecasting the transmission of infectious diseases across
populations. Typically, these models use differential equations to accurately represent how infections spread. It also includes popu-
lation demographics, disease features, and intervention options. Formulating such models requires the specification of variables to
represent distinct population compartments (such as susceptible, asymptomatic, infected, and recovered individuals), as well as
determining parameters to measure transmission and recovery rates that depict the dynamics of these compartments over time. Using
mathematical analysis and computer simulations, these models provide vital insights into the fundamental processes that drive epi-
demics and, in turn, aid public health professionals in developing effective control strategies and mitigating the consequences of
infectious diseases. The proposed fractional SAIP model can take the following form:

DgS(t) = [—BQ—p)(0A(t) +1(t)) — ¢p]S(t) + wP(t),

DeA(t) = (1 —p)(0A(t) +1(1))S(t) — vA(d), 3.1)
DI(t) = wA(t) —I(t),

DIP(t) = @pS(t) — wP(0),

With the following initial conditions

S(0) = Hy, 1(0) = Hy, A(0) = Hs, P(0) = Hy.

From Eq. (3.1), the total population is divided into four categories. These categories associated with the system (3.1) can be
summarized in Table 1. Additionally, the initial conditions and parameter values for system (3.1) are listed in Table 2. These values of
the parameters and initial conditions were taken according to the data for Portugal from March 2, 2020, to June 19, 2020 [38].
Additionally, the interaction between different compartments for model (3.1) is illustrated in Figure 1.

Next, we describe the terms of interaction. The interaction terms collectively define the movement of individuals through different
states in the SAIP model, providing insights into the progression of infection, the role of asymptomatic carriers, the development of
immunity, and the dynamics of virus transmission within the population. The following state interactions are as follows

1. S —» A (Susceptible to Asymptomatic): This interaction term represents the movement of susceptible individuals to the asymp-
tomatic compartment. It signifies that susceptible individuals become asymptomatic upon infection with the virus but do not
display symptoms.

2. S — I (Susceptible to Infected): This term describes the transition of susceptible individuals to the infected compartment. It occurs
when susceptible individuals come into contact with infectious individuals and become infected themselves. This transition is
influenced by factors like the virus’s transmission rate and the frequency of contact between susceptible and infectious individuals.

3. A - I (Asymptomatic to Infected): This interaction term signifies the movement of asymptomatic individuals to the infected
compartment. Asymptomatic individuals, although not displaying symptoms, can still transmit the virus to others, thus tran-
sitioning to the infected state.

4. I - P (Infected to Protected): This interaction term represents the transition of infected individuals to the protected compartment.
Infected individuals recover from the virus, gaining immunity and becoming protected against future infections. This transition
may also include individuals who acquire immunity through vaccination.

5. I — I (Infected to Infected): This term accounts for interactions among infected individuals, such as secondary transmissions within
the population. It reflects the ongoing transmission dynamics of the virus within the community, capturing the spread of infection
from one infected individual to another.

Positivity and boundedness of the solutions

In this section, we will provide details proving the positive and boundedness of the proposed model. The model can be expressed in
the following form:

Table 1
Description and initial values of variables in the system (3.1).
State Definition Initial conditions [38]
S(t) Susceptible individuals 1
A(t) Asymptomatic individuals 1.29 x 107°
I(t) Confirmed/active infected individuals 1.92x 1077
P(t) Protected/prevented individuals 0
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Table 2
Specification of the parameters and initial values used in system (3.1).
Parameter Definition Value [38]
N Total number of populations 10295909
p Transmission rate 1.492
[ Modification parameter 1
p Fraction of susceptible S transferred to the protected class P 0.675
¢ The transition rate of susceptible S to the protected class P 1/12
® The transition rate of protected P to susceptible S 1/45
v The rate at which asymptomatic individuals A progress to the confirmed infectious class I 0.15
) The rate at which confirmed infected individuals I move into the recovered or removed category R 1/30

\ 4

PP

Fig. 1. Schematic diagram of the presented model (2).

DiS() = [— A —p)(0A(t) +1(t) — ¢p]S(t) + @P(t),

DA®) = A1~ p)(0AW) +I(0)S(e) ~ vA(), “n

D) = vA(t) —dl(t), ’

DIP() = gpS(t) - wP(t),
Where I(t) > ¢, vVt > 0, P(t) > P%e ™, vVt > 0.
Hence, we get the following for D, where ¢ € D, as in [39]

[ ¢l = suple(t)| (4.2)

teD,,
Next, by using the overhead norm, A(t) and S(t) can be as follows
A=p(1—p)(6A+D)S—vAt>0>{p(1—p)6S—v}IANt>0> {H(1—p)6|S| —V}A,Vt>0> {/1(1 —p)fsup|S| —V}A,Vtzoz
teDg

{(1=p)0] S|l —V}IA,Vt>0. (4.3)
Therefore,

A(f) > ACelP1-PASla v vie > 0, (4.4)
In the same way, the susceptible class can be in the form

S(t) > SOe*[ﬁ(l*ﬂ)(HHAHerI\IHm)JrW]t7 vt > 0. (4.5)

Finally, we conclude that the solution is both positive and bounded. In the next section, we will investigate the existence of the
equilibrium points for the proposed system.

Stability analysis and equilibrium points

In this section, we will illustrate the existence of the equilibrium points for the model (2). We seek to find the two equilibrium
points, named the Disease-free equilibrium (DFE) and Endemic equilibrium (EE) points. First, we investigate the DFE point.
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Existence of Disease-free equilibrium (DFE) point

In this subsection, we will prove the existence of the Disease-Free Equilibrium (DFE). To evaluate this point, we put I = 0 in the
system (3.1), which will provide the point in the following form Ey = (S°,A°,1°,A%) = (N, 0,0,0). Here, 0 < S° < 1.

Basic reproduction Ry number and effective reproduction number R,

To proceed with our preliminary investigation, we will examine the calculation of the basic reproduction number. Ry, which is
significant for epidemiological modeling, as it has been demonstrated to assist in understanding stable circumstances. If this value is
less than 1, local stability is expected; instability will be foreseen if it is greater than 1. To arrive at the reproduction value in this case,
we will utilize the next-generation matrix [40] technique as follows:

Fe {ﬂ(lap)a /f(lofp)} Ve [:'V g} (5.1)
Then,
Pyl :(Sl_v {ﬁﬂ(l —p)Har pL—pv B BP)V] (5.2)

The basic reproduction number can be evaluated in the form

Ro — ﬂ(l%)e +@. (5.3)

We will get the maximum reproductive number values when the transmission rate is high. In addition, the effective reproduction
number R, is

B —p)0 B -p)
T-‘_T S(t). (5.4)

Re(t) =
Thus, we arrive at the following theorem
Theorem 5.1. If Ry < 1, then the DFE (E)) is locally asymptotically stable. Conversely, if Ry > 1, the disease-free equilibrium is
unstable.

Proof. We now proceed to compute the Jacobian matrix of the proposed model, given by:

—pA=p)0A+D)—@p —B(1-p)0S —p1l-p)S w
Bl —p)(6A +1) Bl-p)0s—v pl-pS 0

J 0 v -5 0| .5
@p 0 0 -
Then, we obtain
—pp  —pl-p)0 —pl-p) o
_ |0 sa-po-v p1-p o0
JEo)= | g s o | (5.6)
@p 0 0 —®

The characteristic equation |J(Ey) — AI| = 0 has four roots, which can be summarized in the form

h = 0,
e = —gp-o,
l3 = %(—V—é—i—ﬁ@—ﬂ&p—\/(V-i-&—ﬂ@—i-ﬂ&p)z—4(—vﬂ+v6—ﬁ6€+vﬂp+ﬂ6€p)>7

A4

%(7V76+ﬂ97ﬁ9p+\/(v+67ﬂ0+ﬂ9p)274(7vﬁ+v57ﬁ59+vﬂp+ﬂ50p)>.

It can be noted that the first two eigenvalues are negative or equal to zero, and the second two’s real parts are negative; then, by
applying the Routh-Hurwitz criteria [7], we conclude that the model is locally asymptotically stable at E, when R, < 1 and unstable
whenever Ry > 1. W

Next, we examine the existence of the endemic equilibrium point.
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Existence of Endemic equilibrium point (EE)

In this part, we look into whether the endemic equilibrium is denoted by E. = (S*,A*,I*,P*) Exists. In contrast to the demographic
and SIS models, this model considers the non-demographic epidemic scenario, in which the epidemic process proceeds unilaterally
(§S-A—I-P). Then, for the endemic equilibrium point model, equations are given by

[~ B(1—p)(OA +1) — plS + 0P =0,
Sl —p)(PA+1)S—vA =0,

VA — 61 =0,

@pS — wP = 0.

(5.7)

When t—o0, we get, A(c0)—0, I(c0)—0 and S(co) + P(c0) = 1.
Theorem 4.2. The proposed asymptomatic carrier-based coronavirus model (3.1) is globally asymptotically stable at E, when
Ryo <1.
Proof. To establish the global stability of the current asymptomatic carrier model, we propose a Lyapunov function defined as

follows:
L= @A+ g, (5.8)
where g fori =1, 2 are arbitrary constants.
When considering differentiation on both sides of equation (5.8), one may express it as,
Lf = @A + gl = [B(1 —p)(6A +1)S —vA] + g2 [vA — 8I).

The above equation can be simplified as follows:

L= [g15(1 —p)S — &3]l +[g150(1 —p)S — &1V + VA (5.9)
Assume,
(1 —p)S
g1 g ép) .

By replacing the values for the arbitrary variables in equation (5.9), one obtains
. 1-— 1-—
L=v %*M*l A=Y[R,—1]A.

There is compelling evidence that when R, is less than or equal to 1, then L Is less than or equal to 0. Furthermore, when the
derivative of L is zero, A is also zero. When A is set to 0 in the present nonlinear system (3.1) and as time approaches infinity, the
variables (S, A, I, P) converge to the disease-free equilibrium point (N,0,0,0). Therefore, the equilibrium point E,, which is disease-free,
and will show the most significant invariant set. When R, is less than or equal to 1, according to LaSalle’s invariance principle [20,23,
39], the suggested model is globally asymptotically stable inside the feasible domain Q.

Existence of a uniformly stable solution

In this section, we present a detailed proof of the exactness of the solution to the main model. To demonstrate the exactness of a
uniformly stable solution, we begin by assuming that:

~wP=£,(S,A,IP) (6.1)
For the total population N(t), we may write the domain in the following form

I = {(S(t) + A(t) +1(t) + P(t)) € R* : [¢(i)] < N(t), t € [0,T]. (6.2)
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Thus, over I1, we have

ofi I ofi

% = PA=pPOATD —gp= ool < au,op= (1 -p)0S > |7 < @,
I _ I of _ afl

o —p(1—-p)S=> ol < @3, o5 P 0= < @y4,

0) of

% = ﬁ(l—ﬂ)(9A+I # ‘ <a21,i—ﬁ(l [))GS—I/$ ‘ < dya,

of2 o> ofr . _

o = PA=pS= o <ty = 0=£(P) = ax,

o ’ (6.3)
ﬁ = 0=f3(5) = (131,61:_1’:»‘" <as

0) 0 0)

g = —5$‘f3 ass, (;f;—o—fe,( )—6134

0) 0

% = €0,0=>‘ < a4, 6{270 fa(A) = as

0) 0)

% = 0=fu(l) = ass, ({; - :’% < ag4

Here, a;(i > 1 and j < 4) all have positive values. Therefore, the four functions in the model, namely fi, f>, -, f4 all are satisfied
with the well-known Lipchitz condition [31,41]. Lastly, we can say that all functions are continuous.
Next, we shall verify the theoretical findings by finding the analytical solution using the Laplace-Adomian decomposition Method.

Laplace Adomian Decomposition Method

This section outlines the fundamental steps of the Laplace Adomian Decomposition Method (LADM), beginning with the necessary
preliminary definitions.

Definition 6.1. [36] A function defined on the interval 0 < t < o is said to be exponentially bounded of order ¢ € R if it satisfies an
inequality of the form || f(t) ||< Me™, for some real constant M > 0.

To find an analytical solution to model (3.1), we first apply the Laplace transform to both sides of Eq. (3.1) in the following form.

L) = P - POLA®S(E) - 41~ ) LUOS() ~ 9pL(S(0) + oL(P(D),

L(gA) = A= POLAGISE) + 401~ ) LUDS() - LAW),

& (7.1)
L<dt<l I> = uL(A(t)) — SL(I(t)),
L(j—;P) — ppLSI) - BL(P(1)),
Then, by applying the definition of the Caputo fractional derivative for Eq. (7.1), we get
$'L(S) —s"18(0) = —p(1 - p)OL(A(t)S(t)) — A(1 — p) LU()S(t) — @pL(S(t)) + @L(P(t)),
S°L(I) — s*'I(0) = uL(A(b)) — SL(I(b)), (7.2)
S°L(P) —s“'P(0) = @pL(S(t)) — wL(P(t)).
Next, by substituting the initial conditions in Eq. (2) into the model (7.2), we get
us) = SO PEZP s LI Lysin) - L) + Lue),
vy = A PAZP0 a0y + P L) - L),
(7.3)
_ 10 v 8
LD = =2+ LLAW) - L)
1e) = PO s ) - Luwi)

The proposed method expresses the solution as an infinite series. To facilitate the application of the Adomian Decomposition
Method, let F=1 S and M = A S. Accordingly, we represent the solution in the form of an infinite series as follows:
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S=> s, A=Y Ay, I=> I, P=) P, (7.4)
Then, by decomposing the nonlinear part named F and M in the following form
F=) F, M=) M, (7.5)
n=0 n=0

Here, F, and M, can be computed using the convolution operation as

F, = n+1 dn,{ZﬂIZnS} ,

=0

(7.6)
M, = n+1 dﬂ"{zﬂAanLO’
By substituting Eq. (7.4- 7.6) into Eq. (7.3), we have resulted in the form:
N _ S00) pA-p)0 [ 1 —p) R/ s o [
L(;sn> = = “ L<;M,,> w L(;Fn> saL(;Sn>+saL<;Pn>7
L@Au> _ M+ML<§MH> Pa-p) L<2F> _zL@An),
n=0 s s n=0 s n=0 s n=0
(7.7)
L<;In> = S+SQL<;AH> saL(%h),

- P(0
(Tn) - PO

By equating both sides of Eq. (7.7), we derive the following iterative algorithm:

|
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-
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NgE
g
SN——
|
2|8
h
//
gt
£°
SN——

psy) = 22 1a0) =2, 1) =1, ey =22,
w) = PO P2 1) - P aiso) + S, van) =" 2P 1) + P02 g - ncan
1
L) = S%L(Ao) 2 L(Io).L(P1) = %’L(sl_o) 7%[‘(1)0)_’_“
o = ECPu0 ) PEEO 1m0 - i) ¢ GUP),
L(A,) = WL(MH71)+/¥ L(Fa1) _S%L(An—IL
L) = L) - 210 0),
LP) = ZLSi1) ~ SLPa).
(7.8)
Finally, applying the inverse transform to Eq. (7.8) yields the following expression:
So = S(O) Ao :A(O), Iy :I(O), Ry :R(O)7
t*
S = [-B(1—p)Mo — (1 —p)Fo — (/)/JSO]W,
A = [B(1 - p)Mo + B(1 — p)Fo — vAg) ————— (7.9)
1 = 14 0 / P)Fo — VA F(a+1)
¢ t
L = [vAy — 68l Flat 1) Py = [ppSo — @Py) Fari)

Similarly, the remaining terms can be derived, leading to the final solution expressed as an infinite series, as shown in Eq. (7.4). The
solution obtained in Eq. (7.9) provides the values of the state variables for the SAIP model described in Eq. (1.1). These analytical
results will be validated through numerical simulations presented in the following section.
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Results and discussions
Numerical Simulations

In this section, we analyze the results obtained from solving the fractional SAIP model described in system (2.1) for various values

of the fractional order a, as well as different values of the parameters  (transmission rate) and p (protection rate). The results obtained
by ALDM match the exact solutions when @ = 1. Figures 2, 3, and 4 provide a comparison between the results obtained by LADM and
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Fig. 2. Simulation of model (2.1) compartments: (a) Susceptible S(t), (b) Aymptomatic A(t), (c) Infected I(t) and Protected P(t) for different values
of a, obtained using LADM. The results obtained by ODE45 for a = 1 (e) are also shown, with g, =1.492, p; = 0.675 and 0 < t < 500.
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Fig. 3. Same as Fig. 2 with g, = 0.25, p, = 0.55.

those computed using MATLAB’s ODE45 for the different model categories. It is evident from these figures that the proposed method is
efficient and accurate, as it perfectly agrees with the MATLAB results. Detailed numerical simulations of the model are presented in
Figs. 2-4, illustrating the behavior of each compartment under these parameter variations. The figures illustrate how changes in the
fractional order a, the transmission rate §, and the fraction of susceptible individuals transitioning to the protected class through
treatment protocols affect the model dynamics. As shown in Fig. 2, varying the fractional order significantly influences the trajectories
of the system’s compartments. For example, stabilization is achieved by decreasing the values of «, which affects the susceptible
category to degenerate rapidly over time, as some control strategies are provided, ensuring that the number of the other compartments
decreases similarly. Changing the values of the # and p, while changing the values of a = 1, 0.9, 0.8, has a specific noticeable effect in
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Fig. 4. Same as Fig. 2 with 3 =1.91, p; = 0.4.

Fig. 3. It can be witnessed that decreasing the transmission rates $ while decreasing the value of the fractional order « affects S(t) of
decreased quickly, and the other compartments increased as time marched on. The asymptomatic A(t) is seen to increase as more
individuals re-infect, the more asymptomatic people are witnessed, and the more protected P(t) are observed, even when infected, but
eventually become stable. The number of infected individuals is expected to increase due to the increasing number of asymptomatic
cases; thus, the silent transmission of the virus will increase the number of infected cases, which proves that the effect of the presence of
the asymptomatic carrier inside the community will increase the number of infections and thus the number of protected individuals
will be stable. Thus, it is crucial to emphasize the importance of controlling the number of asymptomatic carriers by implementing
social distancing measures, mandating mask-wearing, and conducting continuous testing. In addition, in Fig. 4, the transmission rate f
is increased while decreasing the fraction of the susceptible transferred to the protected p; it is noticed that the susceptible S (t) are seen
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to decay faster. As for the asymptomatic A(t) and protected P(t), it is seen to be increasing in a short time, and this concludes that when
trying to simulate system (2.1) with different values of fractional order values gives more realistic data other than when a = 1 for the
integer order, which concludes that reducing the rate of contact among individuals especially the asymptomatic will guarantee a faster
decay in the infection rate and thus suppress the spread of the virus inside the community.

Real World Validation

In this subsection, we validate the results obtained from the LADM and numerical techniques by comparing them with real data
from Portugal. During the early stages of 2020, specifically from March 2020, Portugal implemented its first nationwide lockdown for
several facilities as a proactive measure to slow the spread of COVID-19. The number of infected (confirmed) cases per million and the
number of hospitalized (Protected) cases are shown in Fig. 5. These results, reported in Fig. 5, were collected from the Our World in
Data website [42]. To better capture the real data trends, we performed simulations using the LADM method over the same time
interval for 0 <t < 500. As seen in these figures, during the first lockdown period after March 2020, the number of infected and
hospitalized cases began to stabilize as the government’s intervention lockdown, mask mandates, and social distancing, helped reduce
the spread of the virus. According to Fig. 5, there is a clear agreement between the simulated results and the real data from Portugal.
For example, Fig. 4(a) shows the number of infected cases in Portugal until July 2021. The data indicate that the number of confirmed
cases initially increased, then started to decline from January 2020 until April 2020, when the first lockdown was applied, and
remained lower until the end of November 2020. In Fig. 4(b), the influence of the fractional-order term is evident: varying the value of
o\alphaa significantly affects the stabilization of infection numbers, providing a better physical understanding of the virus’s spread
dynamics. Similarly, the actual number of hospitalized/protected cases in Portugal is shown in Fig. 4(c) and compared with the
simulated data in Fig. 4(d). The close fit between the two confirms that the proposed model accurately reproduces the observed trends,
including the reduction in hospitalized/protected cases during the lockdown period. Overall, these results demonstrate that the
proposed model aligns well with real-world data for Portugal.

Conclusion

In this study, we proposed and analyzed a fractional-order SAIP epidemic model that explicitly incorporates asymptomatic
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Fig. 5. (a) Number of infected cases from simulations for « = 1,0.9,0.8, and (b) Number of actual confirmed cases for Portugal [42], (c) Number of
protected/hospitalized cases from simulations for a = 1,0.9,0.8, (d) Number of actual hospitalized cases for Portugal [42].
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transmission. The model was formulated using the Caputo fractional derivative, enabling the capture of memory and hereditary effects
inherent in real epidemic processes. We established key mathematical properties, proving the positivity and boundedness of solutions
to ensure epidemiological validity. Moreover, we derived the basic reproduction number Ry and conducted a rigorous analysis of the
local and global stability of both the disease-free and endemic equilibria, thereby providing critical threshold conditions under which
the disease either vanishes or persists. To address the complexity of the fractional system, we employed an adapted Laplace Adomian
Decomposition Method (LADM) to obtain approximate analytical solutions, demonstrating its effectiveness in handling the non-local
nature of fractional operators. The method’s performance and convergence were illustrated through detailed graphical and tabular
results, highlighting how variations in the fractional order significantly affect epidemic dynamics, including changes in peak infection
sizes and outbreak duration, underscoring the crucial influence of memory effects. In addition, comparison with real-world data shows
that the model provides a comprehensive and reliable simulation of confirmed and hospitalized COVID-19 cases in Portugal. For future
work, we plan to extend this model by incorporating vaccination strategies, spatial structures to reflect regional heterogeneity, and
stochastic effects to account for random perturbations.
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