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Abstract. In this paper, we introduce a subclass of analytic and bi-
univalent functions in the open unit disk. Here, we give upper bound
estimates for the second Hankel determinant of the functions that belong
to this class. Some interesting applications and conclusions of the results
obtained in this paper are also discussed.
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1. Introduction and Preliminaries

Let A denote the class of all complex valued functions f(z) given by

f(z) = z + a2z
2 + a3z

3 + · · · = z +
∞∑

n=2

anzn, (1.1)

which are analytic in the open unit disk U = {z ∈ C : |z| < 1} .
Furthermore, let S be the class of all functions in A which are univalent

in U .
Some of the important and well-investigated subclasses of S include the

classes S∗(α) and K(α) given below (see also [3,5,23]), such that S∗(α) is
the class of starlike functions of order α (0 ≤ α < 1) and K(α) is the class of
convex functions of order α (0 ≤ α < 1):

S∗(α) =
{

f ∈ S : Re
(

zf ′(z)
f(z)

)
> α, z ∈ U

}
, α ∈ [0, 1) ,

and

K(α) =
{

f ∈ S : Re
(

1 +
zf ′′(z)
f ′(z)

)
> α , z ∈ U

}
, α ∈ [0, 1) .
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It is well known that (see [3]) every function f ∈ S has an inverse f−1, defined
by

f−1(f(z)) = z, z ∈ U

and

f(f−1(w)) = w, |w| < r0(f), r0(f) ≥ 1/4,

where

f−1(w) = w − a2w
2 + (2a2

2 − a3)w3 − (5a3
2 − 5a2a3 + a4)w4 + · · ·. (1.2)

A function f ∈ A is called bi-univalent in U if both f and f−1 are univa-
lent in U . Let Σ denote the class of bi-univalent functions in U given by (1.1).
Earlier, Brannan and Taha [1] introduced certain subclasses of bi-univalent
function class Σ, namely bi-starlike function of order α denoted S∗

Σ(α) and
bi-convex function of order α denoted KΣ(α) corresponding to the func-
tion classes S∗(α) and K(α), respectively. For each of the function classes,
S∗

Σ(α) and KΣ(α), non-sharp estimates on the first two Taylor–Maclaurin
coefficients |a2| and |a3| were found in [1,24]. Many mathematicians (see
[11,13,22,25,26]) have introduced and investigated several interesting sub-
classes of bi-univalent function class Σ and they have found upper bound
estimates on the first two Taylor–Maclaurin coefficients |a2| and |a3|. Some
mathematicians worked on coefficients of inverse functions of univalent func-
tions. The works of Libera and Z�lotkiewicz [14,15] are such studies. In [14],
Libera and Z�lotkiewicz showed that some coefficients of the inverse of convex
functions in the open unit disk of complex plane are bounded by 1. Their
results are sharp. In [15], the same authors gave sharp upper estimates for
the first six coefficients of the inverse of the univalent functions, such that the
real part of their derivatives is positive. However, the coefficient problem for
each of the Taylor–Maclaurin coefficients |an| , n = 3, 4, . . . is still an open
problem (see, for example [17,19]).

An analytic function f is subordinate to an analytic function φ, written
f(z) ≺ φ(z), provided that there is an analytic function w defined on U
with w(0) = 0 and |w(z)| < 1 satisfying f(z) = φ(w(z)). Ma and Minda [16]
unified various subclasses of starlike and convex functions for which either of
the quantity zf ′(z)

f(z) or 1+ zf ′′(z)
f ′(z) is subordinate to a more general function. For

this purpose, they considered an analytic function φ with positive real part in
U , φ(0) = 1, φ′(0) > 0, and φ maps U onto a region starlike with respect to 1
and symmetric with respect to the real axis. The class of Ma–Minda starlike
and Ma–Minda convex functions consists of functions f ∈ A satisfying the
subordination zf ′(z)

f(z) ≺ φ(z), and 1 + zf ′′(z)
f ′(z) ≺ φ(z), respectively.

An analytic function f is bi-starlike of Ma–Minda type or bi- convex of
Ma–Minda type if both f and f−1 are, respectively, Ma–Minda starlike or
convex. These classes are denoted, respectively, by S∗

Σ(φ) and KΣ(φ). In the
sequel, it is assumed that φ is an analytic function with positive real part in
U , satisfying φ(0) = 1, φ′(0) > 0 and φ(U) is symmetric with respect to the
real axis. Such a function has a series expansion of the following form:

φ(z) = 1 + b1z + b2z
2 + b3z

3 + · · ·, b1 > 0. (1.3)
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In 1976, Noonan and Thomas [18] defined the qth Hankel determinant of f
for q ≥ 1 by

Hq(n) =

∣∣∣∣∣∣

an · · · an+q−1

· · · · ·
an+q−1 · · · an+2q−2

∣∣∣∣∣∣
.

For q = 2 and n = 1, Fekete and Szegö [4] considered the Hankel determinant

of f as H2(1) =
∣∣∣∣
a1 a2

a2 a3

∣∣∣∣. They made an earlier study for the estimates of
∣∣a3 − μa2

2

∣∣ when a1 = 1 with μ real. The well-known result due to them
states that if f ∈ A, then

∣∣a3 − μa2
2

∣∣ ≤
⎧
⎨

⎩

4μ − 3 if μ ≥ 1,

1 + 2 exp(−2μ
1−μ ) if 0 ≤ μ ≤ 1,

3 − 4μ if μ ≤ 0.

Furthermore, Hummel [7,8] obtained sharp estimates for
∣∣a3 − μa2

2

∣∣ when f is
a convex function, and also Keogh and Merkes [12] obtained sharp estimates
for

∣∣a3 − μa2
2

∣∣ when f is a close-to-convex, starlike, and convex function in
U . Moreover, we need to note that there are some studies by Kanas [9] and
Srivastava et al. [21] on the Fekete–Szegö problem. In these studies, they
obtained important results for the Fekete–Szegö problem. In [21], the authors
solved the Fekete–Szegö problem for a subclass of close-to-convex functions.
In [9], Kanas gave estimates for a unified Fekete–Szegö functional. In special
cases, from the results of the study [9] by Kanas, a solution of the Fekete–
Szegö problem can be obtained for some subclasses of analytic functions.

Recently, the upper bounds of |H2(2)| =
∣∣a2a4 − a2

3

∣∣ for the classes
S∗

Σ(α) and KΣ(α) were obtained by Deniz et al. [2]. Very soon, Orhan et al.
[20] reviewed the study of bounds for the second Hankel determinant of the
subclass Mα

Σ(β) of bi-univalent functions.
Inspired by [2,20,27], we introduce a subclass of bi-univalent functions

as follows.

Definition 1.1. A function f ∈ Σ given by (1.1) is said to be in the class
MΣ(φ, β) (β ≥ 0) if the following conditions are satisfied:

(
zf ′(z)
f(z)

)β (
1 +

zf ′′(z)
f ′(z)

)1−β

≺ φ(z) and

(
zg′(w)
g(w)

)β (
1 +

zg′′(w)
g′(w)

)1−β

≺ φ(w),

where φ is an analytic function given by (1.3) and g = f−1.

Note that in a very early study by Kanas et al. [10], the subclass
MΣ

(
1+z
1−z , β

)
[as a special case of the class MΣ(φ, β)′] with φ(z) = 1+z

1−z )
was introduced and studied.

Remark 1.2. By taking β = 1, we get MΣ(φ, 1) = S∗
Σ(φ).

Remark 1.3. By taking β = 0, we get MΣ(φ, 0) = KΣ(φ).



119 Page 4 of 17 N. Mustafa et al. MJOM

Remark 1.4. Earlier, these classes S∗
Σ(φ) and KΣ(φ) were introduced and

studied by Ma and Minda [16].

The object of this paper is to determine the second Hankel determinant
for the function class MΣ(φ, β) and its special classes, and is to give upper
bound estimate for |H2(2)|.

To prove our main results, we shall need the following lemma.

Lemma 1.5. [3] Let P be the class of all analytic functions p(z) of the form

p(z) = 1 + p1z + p2z
2 + · · · = 1 +

∞∑

n=1

pnzn, (1.4)

satisfying Re(p(z)) > 0, z ∈ U and p(0) = 1. Then, |pn| ≤ 2, n = 1, 2, 3, . . ..
This inequality is sharp for each n.

Moreover,

2p2 = p2
1 + (4 − p2

1)x,

4p3 = p3
1 + 2(4 − p2

1)p1x − (4 − p2
1)p1x

2 + 2(4 − p2
1)(1 − |x|2)z,

for some x, z with |x| ≤ 1, |z| ≤ 1.

2. Main Results

In this section, we prove the following theorem on upper bound estimate of
the second Hankel determinant of the function class MΣ(φ, β).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class MΣ(φ, β)
(0 ≤ β ≤ 1). Then,

∣∣a2a4 − a2
3

∣∣ ≤

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

H(2−) if
Δ(β, b1, b2, b3) ≥ 0,
c(β, b1, b2, b3) ≥ 0,

max
{

b21
4(3−2β)2 ,H(2−)

}
if

Δ(β, b1, b2, b3) > 0,
c(β, b1, b2, b3) < 0,

b21
4(3−2β)2 if

Δ(β, b1, b2, b3) ≤ 0,
c(β, b1, b2, b3) ≤ 0,

max {H(t0),H(2−)} if
Δ(β, b1, b2, b3) < 0,
c(β, b1, b2, b3) > 0,

where

H(2−) =
|β3 − 3β2 + 8β − 12| b41 + 6b1 |2b1 − 4b2 + b3| (2 − β)3

18(4 − 3β)(2 − β)4
,

H(t0) =
b21

4(3 − 2β)2
− c2(β, b1, b2, b3)

576(4 − 3β)(3 − 2β)2(2 − β)4Δ(β, b1, b2, b3)
,

t0 =

√
−c(β, b1, b2, b3)

Δ(β, b1, b2, b3)
,

Δ(β, b1, b2, b3) = 2(3 − 2β)2 |β3 − 3β2 + 8β − 12| b41 + 12(3 − 2β)2(2 − β)3b1
× (| 2b1 − 4b2 + b3| − b1 − 2 |b2|) +9(4 − 3β)(2 − β)2b21 ((2 − β)2 − (3 − 2β)b1) ,

c(β, b1, b2, b3) = 6b1(2 − β)2 (3(3 − 2β)(4 − 3β)b21 + 8 |b2| (2 − β)(3 − 2β)2

+ 4b1(2 − β)(3 − 2β)2 − 6b1(4 − 3β)(2 − β)2) .
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Proof. Let f ∈ MΣ(φ, β) and g = f−1. Then, according to Definition 1.1,
there are analytic functions u, v : U → U, with u(0) = 0 = v(0), satisfying

(
zf ′(z)
f(z)

)β (
1 +

zf ′′(z)
f ′(z)

)1−β

= φ(u(z)) and

(
wg′(w)
g(w)

)β (
1 +

wg′′(w)
g′(w)

)1−β

= φ(v(w)). (2.1)

Let also the functions p, q ∈ P be defined as follows:

p(z) :=
1 + u(z)
1 − u(z)

= 1 +
∞∑

n=1

pnzn and q(z) :=
1 + v(z)
1 − v(z)

= 1 +
∞∑

n=1

qnzn.

It follows that:

u(z) =
p(z) − 1
p(z) + 1

=
1
2

(
p1z + (p2 − p2

1

2
)z2 + (p3 − p1p2 +

p3
1

4
)z3 + · · ·

)

(2.2)

and

v(z) =
q(z) − 1
q(z) + 1

=
1
2

(
q1z + (q2 − q2

1

2
)z2 + (q3 − q1q2 +

q3
1

4
)z3 + · · ·

)
.

(2.3)

From (2.2) and (2.3), considering (1.3), we can easily show that

φ(u(z)) = 1 +
b1p1

2
z +

(
b1

2
(p2 − p2

1

2
) +

1
4
b2p

2
1

)
z2

+
(

b1

2
(p3 − p1p2 +

p3
1

4
) +

b2p1

2
(p2 − p2

1

2
) +

b3p
3
1

8

)
z3 + · · · (2.4)

and

φ(v(w)) = 1 +
b1q1

2
w +

(
b1

2
(q2 − q2

1

2
) +

1
4
b2q

2
1

)
w2

+
(

b1

2
(q3 − q1q2 +

q3
1

4
) +

b2q1

2
(q2 − q2

1

2
) +

b3q
3
1

8

)
w3 + · · ·. (2.5)

By substituting the expressions (2.4) and (2.5) in (2.1), and equating the
coefficients, we get

(2 − β)a2 =
b1p1

2
, (2.6)

2(3 − 2β)a3 +
1
2

(
(β − 2)2 − 3(4 − 3β)

)
a2
2 =

b1

2

(
p2 − p2

1

2

)
+

1
4
b2p

2
1, (2.7)

3(4 − 3β)a4 +
(
(2β − 3)2 + 23β − 27)

)
a2a3 − 1

6

(
β3 + 21β2 + 20β − 48

)
a3
2

= b1
2

(
p3 − p1p2 + p3

1
4

)
+ b2p1

2

(
p2 − p2

1
2

)
+ b3p3

1
8

(2.8)
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and

−(2 − β)a2 =
b1q1

2
, (2.9)

−2(3 − 2β)a3 +
1
2

(
β2 − 11β + 16

)
a2
2 =

b1

2

(
q2 − q2

1

2

)
+

1
4
b2q

2
1 , (2.10)

−3(4 − 3β)a4 +
(
4β2 − 34β + 42

)
a2a3 + 1

6

(
β3 − 27β2 + 158β − 192

)
a3
2

= b1
2

(
q3 − q1q2 + q3

1
4

)
+ b2q1

2

(
q2 − q2

1
2

)
+ b3q3

1
8 .

(2.11)

From (2.6) and (2.9), we obtain

a2 =
b1p1

2(2 − β)
=

−b1q1

2(2 − β)
, (2.12)

which is equivalent to

p1 = −q1. (2.13)

From (2.7) and (2.10), considering (2.12), we can easily obtain that

a3 =
b2
1p

2
1

4(2 − β)2
+

b1(p2 − q2)
8(3 − 2β)

. (2.14)

On the other hand, subtracting (2.11) from (2.8) and considering (2.12) and
(2.14), we get

a4 =
b3
1p

3
1

(
β3 − 3β2 − 46β + 60

)

144(2 − β)3(4 − 3β)
+

5b2
1p1(p2 − q2)

32(2 − β)(3 − 2β)
+

b1(p3 − q3)
12(4 − 3β)

+
(b2 − b1)p1(p2 + q2)

12(4 − 3β)
− p3

1(b1 − 2b2 + b3)
24(4 − 3β)

. (2.15)

Thus, from (2.12), (2.14), and (2.15), we established that

a2a4 − a2
3 = (β3−3β2+8β−12)b41−6(2−β)3b1(b1−2b2+b3)

288(2−β)4(4−3β) p4
1 − b21(p2−q2)

2

64(3−2β)2

+ b31p2
1(p2−q2)

64(3−2β)(2−β)2 + b1p2
1(b2−b1)(p2+q2)

24(4−3β)(2−β) + b21p1(p3−q3)
24(4−3β)(2−β) .

(2.16)

According to Lemma 1.1, we have

2p2 = p2
1 + (4 − p2

1)x and 2q2 = q2
1 + (4 − q2

1)y (2.17)

and

4p3 = p3
1 + 2(4 − p2

1)p1x − (4 − p2
1)p1x

2 + 2(4 − p2
1)(1 − |x|2)z,

4q3 = q3
1 + 2(4 − q2

1)q1y − (4 − q2
1)q1y

2 + 2(4 − q2
1)(1 − |y|2)w,

(2.18)

for some x, y, z, and w with |x| ≤ 1, |y| ≤ 1, |z| ≤ 1, and |w| ≤ 1.
Since p1 = −q1, from (2.17) and (2.18), we get

p2 − q2 =
4 − p2

1

2
(x − y), p2 + q2 = p2

1 +
4 − p2

1

2
(x + y) (2.19)

and

p3 − q3 = p3
1
2 + p1(4−p2

1)
2 (x + y) − p1(4−p2

1)
4 (x2 + y2)

+ 4−p2
1

2

(
(1 − |x|2)z − (1 − |y|2)w

)
.

(2.20)
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According to Lemma 1.1, we may assume without any restriction that t ∈
[0, 2] , where t = |p1| .

Thus, substituting the expressions (2.19) and (2.20) in (2.16) and using
the triangle inequality, letting |x| = ζ, |y| = η, we obtain

∣∣a2a4 − a2
3

∣∣ ≤ c1 + c2(ζ + η) + c3(ζ2 + η2) + c4(ζ + η)2 := F (ζ, η), (2.21)

where

c1 = c1(t) :=
t(|β3−3β2+8β−12|b41t3+6(2−β)3b1|2b1−4b2+b3|t3+12b21(4−t2)(2−β)3)

288(2−β)4(4−3β) ≥ 0,

c2 = c2(t) :=
b1(4 − t2)t2

(
3b2

1(4 − 3β) + 8 |b2| (2 − β)(3 − 2β)
)

384(2 − β)2(3 − 2β)(4 − 3β)
≥ 0,

c3 = c3(t) :=
b2
1(4 − t2)(t − 2)t

96(2 − β)(4 − 3β)
≤ 0, c4 = c4(t) :=

b2
1(4 − t2)2

256(3 − 2β)
≥ 0.

Now, we need to maximize the function F (ζ, η) in the closed square Ω =
{(ζ, η) : ζ, η ∈ [0, 1]} for t ∈ [0, 2]. Since the coefficients of the function
F (ζ, η) are dependent to variable t, we must investigate the maximum of
F (ζ, η) according to t taking into account these cases t = 0, t = 2 , and
t ∈ (0, 2) .

Let t = 0. Then, we write

F (ζ, η) =
b2
1

16(3 − 2β)2
(ζ + η)2.

We can easily see that the maximum of the function F (ζ, η) occurs at (ζ, η) =
(1, 1) and

max {F (ζ, η) : ζ, η ∈ [0, 1]} = F (1, 1) =
b2
1

4(3 − 2β)2
. (2.22)

Now, let t = 2. In this case, F (ζ, η) is a constant function as follows:

F (ζ, η) =

∣∣β3 − 3β2 + 8β − 12
∣∣ b4

1 + 6(2 − β)3b1 |2b1 − 4b2 + b3|
18(2 − β)4(4 − 3β)

. (2.23)

In the case t ∈ (0, 2) , we will examine the maximum of the function
F (ζ, η) taking into account the sign of Fζζ(ζ, η)Fηη(ζ, η) − [Fζη(ζ, η)]2 .

By simple computation, we can easily see that

Fζζ(ζ, η)Fηη(ζ, η) − [Fζη(ζ, η)]2 = 4c3(t) [c3(t) + 2c4(t)] .

Since c3(t) < 0 and

c3(t) + 2c4(t) =
b2
1

(
4 − t2

)
(2 − t)

384(2 − β)(3 − 2β)(4 − 3β)
Ψ(t),

where Ψ(t) = A(β)t + B(β) > 0 for all t ∈ (0, 2) and β ∈ [0, 1] , and

A(β) = 3(2 − β)(4 − 3β) − 4(3 − 2β) = 9β2 − 22β + 12,

B(β) = 6(2 − β)(4 − 3β) = 18β2 − 60β + 48,

we conclude that

Fζζ(ζ, η)Fηη(ζ, η) − [Fζη(ζ, η)]2 < 0

for all (ζ, η) ∈ Ω.
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Thus, the function F (ζ, η) cannot have a critical point in Ω. Conse-
quently, the function F (ζ, η) cannot have a local maximum in Ω. Therefore,
we must investigate the maximum of the function F (ζ, η) on the boundary
of the square Ω.

For ζ = 0 and 0 ≤ η ≤ 1 (the case η = 0 and 0 ≤ ζ ≤ 1 is examined in
a similar manner), we write

F (0, η) = c1(t) + c2(t)η + [c3(t) + c4(t)] η2 := Φ1(η).

By simple computation, we have

Φ
′
1(η) = c2(t) + 2 [c3(t) + c4(t)] η.

Now, we will examine the sign of the function Φ
′
1(η) depending on the

different cases of the sign of c3(t) + c4(t) as follows.
(i) Let c3(t)+ c4(t) ≥ 0, then Φ

′
1(η) > 0. That is, Φ1(η) is an increasing

function.
(ii) Let c3(t) + c4(t) < 0. In this case, it is clear that
c2(t) + 2 [c3(t) + c4(t)] η ≥ c2(t) + 2 [c3(t) + c4(t)] for all t ∈ (0, 2) and

η ∈ [0, 1] . In addition, we can easily show that c2(t) + 2 [c3(t) + c4(t)] > 0
for all t ∈ (0, 2) . Thus, we conclude that Φ

′
1(η) > 0. That is, Φ1(η) is an

increasing function.
Consequently, in both cases:

max {F (0, η) : η ∈ [0, 1]} = max {Φ1(η) : η ∈ [0, 1]}
= Φ1(1) = c1(t) + c2(t) + c3(t) + c4(t).

For ζ = 1 and 0 ≤ η ≤ 1 (the case η = 1 and 0 ≤ ζ ≤ 1 is examined in
a similar manner), we write

F (1, η) = c1(t) + c2(t) + c3(t) + c4(t) + [c2(t) + 2c4(t)] η + [c3(t) + c4(t)] η2

:= Φ2(η).

Similarly to the previous case, we can easily show that Φ2(η) is an
increasing function.

Therefore,

max {F (1, η) : η ∈ [0, 1]} = max {Φ2(η) : η ∈ [0, 1]}
= Φ2(1) = c1(t) + 2 [c2(t) + c3(t)] + 4c4(t).

On the other hand, the following inequality holds for all t ∈ (0, 2):

c1(t) + 2 [c2(t) + c3(t)] + 4c4(t) > c1(t) + c2(t) + c3(t) + c4(t).

Thus,

max {F (ζ, η) : ζ, η ∈ [0, 1]} = F (1, 1) = c1(t) + 2 [c2(t) + c3(t)] + 4c4(t).
(2.24)

Since Φ1(1) < Φ2(1) for all t ∈ [0, 2] ,

max {F (ζ, η) : ζ, η ∈ [0, 1]} = F (1, 1) = Φ2(1).

Thus, the maximum of the function F (ζ, η) occurs at (ζ, η) = (1, 1).
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Let us define the function H : (0, 2) → R as follows:

H(t) := c1(t) + 2 (c2(t) + c3(t)) + 4c4(t). (2.25)

Substituting the value cj(t), j = 1, 2, 3, 4 in the (2.25), we obtain

H(t) =
b2
1

4(3 − 2β)2
+

Δ(β, b1, b2, b3)t4 + 2c(β, b1, b2, b3)t2

576(4 − 3β)(3 − 2β)2(2 − β)4
,

where

Δ(β, b1, b2, b3) = 2(3 − 2β)2
∣∣β3 − 3β2 + 8β − 12

∣∣ b41 + 12(3 − 2β)2(2 − β)3b1
× (|2b1 − 4b2 + b3| − b1 − 2 |b2|) +9(4 − 3β)(2 − β)2b21

(
(2 − β)2 − (3 − 2β)b1

)
,

c(β, b1, b2, b3) = 6b1(2 − β)2
(
3(3 − 2β)(4 − 3β)b21 + 8 |b2| (2 − β)(3 − 2β)2

+4b1(2 − β)(3 − 2β)2 − 6b1(4 − 3β)(2 − β)2
)
.

Now, we must investigate the maximum of the function H(t) in the interval
(0, 2).

By simple computation, we can easily show that

H ′(t) =
Δ(β, b1, b2, b3)t2 + c(β, b1, b2, b3)
144(4 − 3β)(3 − 2β)2(2 − β)4

t.

We will examine the sign of the function H ′(t) depending on the different
cases of the signs of Δ(β, b1, b2, b3) and c(β, b1, b2, b3) as follows.

(i) Let Δ(β, b1, b2, b3) ≥ 0 and c(β, b1, b2, b3) ≥ 0, then H ′(t) ≥ 0, so
H(t) is an increasing function. Therefore,

max {H(t) : t ∈ (0, 2)}
= H(2−)

=

∣∣β3 − 3β2 + 8β − 12
∣∣ b4

1 + 6b1 |2b1 − 4b2 + b3| (2 − β)3

18(4 − 3β)(2 − β)4
. (2.26)

That is,

max {max {F (ζ, η) : ζ, η ∈ [0, 1]} : t ∈ (0, 2)} = H(2−).

(ii) Let Δ(β, b1, b2, b3) > 0 and c(β, b1, b2, b3) < 0, then

t0 =
√

−c(β,b1,b2,b3)
Δ(β,b1,b2,b3)

is a critical point of the function H(t). We assume
that t0 ∈ (0, 2). Since H ′′(t0) > 0, t0 is a local minimum point of the function
H(t). That is, the function H(t) cannot have a local maximum.

(iii) Let Δ(β, b1, b2, b3) ≤ 0 and c(β, b1, b2, b3) ≤ 0, then H ′(t) ≤ 0.
Thus, H(t) is an decreasing function on the interval (0, 2). Therefore,

max {H(t) : t ∈ (0, 2)} = H(0+) =
b2
1

4(3 − 2β)2
. (2.27)

(iv) Let Δ(β, b1, b2, b3) < 0 and c(β, b1, b2, b3) > 0, then t0 is a critical
point of the function H(t). We assume that t0 ∈ (0, 2). Since H ′′(t0) < 0,
t0 is a local maximum point of the function H(t) and the maximum value
occurs at t = t0.

Therefore,

max {H(t) : t ∈ (0, 2)} = H(t0), (2.28)
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where

H(t0) =
b2
1

4(3 − 2β)2
− c2(β, b1, b2, b3)

576(4 − 3β)(3 − 2β)2(2 − β)4Δ(β, b1, b2, b3)
.

Thus, from (2.22) to (2.28), the proof of Theorem 2.1 is completed. �

In the special cases from Theorem 2.1, we arrive at the following results.

Corollary 2.2. Let the function f(z) given by (1.1) be in the class
MΣ(φ, β) (0 ≤ β ≤ 1), b1 = 2 |b2| < 1, and
|2b1 − 4b2 + b3| − b1 − 2 |b2| ≥ 0. Then,

∣∣a2a4 − a2
3

∣∣ ≤
∣∣β3 − 3β2 + 8β − 12

∣∣ b4
1 + 6b1 |2b1 − 4b2 + b3| (2 − β)3

18(4 − 3β)(2 − β)4
.

In particular if 2b1 = 4b2 = 1 and b3 = 1, then

∣∣a2a4 − a2
3

∣∣ ≤ 1
6(4 − 3β)(2 − β)

+

∣∣β3 − 3β2 + 8β − 12
∣∣

288(4 − 3β)(2 − β)4
.

Corollary 2.3. Let the function f(z) given by (1.1) be in the class
MΣ(φ, β)(0 ≤ β ≤ 1), b1 < 1, b1 �= 2 |b2|, and
|2b1 − 4b2 + b3| − b1 − 2 |b2| ≥ 0. Then,

∣∣a2a4 − a2
3

∣∣ ≤ max
{

b2
1

4(3 − 2β)2
,

∣∣β3 − 3β2 + 8β − 12
∣∣ b4

1 + 6b1 |2b1 − 4b2 + b3| (2 − β)3

18(4 − 3β)(2 − β)4

}
.

In particular if 2b1 = 2b2 = 1 and b3 = 2, then

∣∣a2a4 − a2
3

∣∣ ≤ 1
6(4 − 3β)(2 − β)

+

∣∣β3 − 3β2 + 8β − 12
∣∣

288(4 − 3β)(2 − β)4
.

Corollary 2.4. Let the function f(z) given by (1.1) be in the class
MΣ(φ, β)(0 ≤ β ≤ 1), b1 ≥ 1 and
|2b1 − 4b2 + b3| − b1 − 2 |b2| ≥ 0 (or |2b1 − 4b2 + b3| − b1 − 2 |b2| < 0).

Then,

∣∣a2a4 − a2
3

∣∣ ≤ b2
1

4(3 − 2β)2
.

In particular if b1 = 1 and |2b1 − 4b2 + b3|−b1−2 |b2| ≥ 1 (or |2b1 − 4b2 + b3|
− b1 − 2 |b2| < 1), then

∣∣a2a4 − a2
3

∣∣ ≤ 1
4(3 − 2β)2

.

Corollary 2.5. Let the function f(z) given by (1.1) be in the class
MΣ(φ, β)(0 ≤ β ≤ 1), b1 = 2 |b2| ≥ 1 and



MJOM Second Hankel Determinant for a Subclass Page 11 of 17 119

|2b1 − 4b2 + b3| − b1 − 2 |b2| ≥ 0 (or |2b1 − 4b2 + b3| − b1 − 2 |b2| < 0).
Then,

∣∣a2a4 − a2
3

∣∣

≤ max

{
H(t0),

∣∣β3 − 3β2 + 8β − 12
∣∣ b4

1 + 6b1 |2b1 − 4b2 + b3| (2 − β)3

18(4 − 3β)(2 − β)4

}
.

In particular if b1 = 2b2 = 1 and b3 = 4, then

∣∣a2a4 − a2
3

∣∣ ≤ 4
3(4 − 3β)(2 − β)

+

∣∣β3 − 3β2 + 8β − 12
∣∣

18(4 − 3β)(2 − β)4
.

The following theorems are the direct results of Theorem 2.1.

Theorem 2.6. Let the function f(z) given by (1.1) be in the class S∗
Σ(φ).

1. If b1, b2, and b3 satisfy the conditions:

4b3
1 − 3b2

1 − b1 + 4 |2b1 − 4b2 + b3| − 8 |b2| ≥ 0, 3b2
1 − 2b1 + 8 |b2| ≥ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ b1

(
b3
1 + |2b1 − 4b2 + b3|

)

3
.

2. If b1, b2, and b3 satisfy the conditions

4b3
1 − 3b2

1 − b1 + 4 |2b1 − 4b2 + b3| − 8 |b2| > 0, 3b2
1 − 2b1 + 8 |b2| < 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ max

{
b2
1

4
,

b1

(
b3
1 + |2b1 − 4b2 + b3|

)

3

}
.

3. If b1, b2, and b3 satisfy the conditions

4b3
1 − 3b2

1 − b1 + 4 |2b1 − 4b2 + b3| − 8 |b2| ≤ 0, 3b2
1 − 2b1 + 8 |b2| ≤ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ b2
1

4
.

4. If b1, b2, and b3 satisfy the conditions

4b3
1 − 3b2

1 − b1 + 4 |2b1 − 4b2 + b3| − 8 |b2| < 0, 3b2
1 − 2b1 + 8 |b2| > 0,

then
∣∣a2a4 − a2

3

∣∣≤ max

{
b1

(
b3
1 + |2b1 − 4b2 + b3|

)

3
,

b2
1

4
− b1

(
3b2

1 − 2b1 + 8 |b2|
)2

48 (4b3
1 − b2

1 − b1 + 4 |2b1 − 4b2 + b3| − 8 |b2|)

}
.

Theorem 2.7. Let the function f(z) given by (1.1) be in the class KΣ(φ).

1. If b1, b2, and b3 satisfy the conditions:

3b3
1 − 6b2

1 − 4b1 + 12 |2b1 − 4b2 + b3| − 24 |b2| ≥ 0, 3b2
1 − 2b1 + 12 |b2| ≥ 0,
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then
∣∣a2a4 − a2

3

∣∣ ≤ b1

(
b3
1 + 4 |2b1 − 4b2 + b3|

)

96
.

2. If b1, b2, and b3 satisfy the conditions:

3b3
1 − 6b2

1 − 4b1 + 12 |2b1 − 4b2 + b3| − 24 |b2| > 0, 3b2
1 − 2b1 + 12 |b2| < 0,

then

∣∣a2a4 − a2
3

∣∣ ≤ max

{
b2
1

36
,

b1

(
b3
1 + 4 |2b1 − 4b2 + b3|

)

96

}
.

3. If b1, b2, and b3 satisfy the conditions

3b3
1 − 6b2

1 − 4b1 + 12 |2b1 − 4b2 + b3| − 24 |b2| ≤ 0, 3b2
1 − 2b1 + 12 |b2| ≤ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ b2
1

36
.

4. If b1, b2, and b3 satisfy the conditions

3b3
1 − 6b2

1 − 4b1 + 12 |2b1 − 4b2 + b3| − 24 |b2| < 0, 3b2
1 − 2b1 + 12 |b2| > 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ max
{

b1(b31+4|2b1−4b2+b3|)
96 ,

b21
36 − b1(3b21−2b1+12|b2|)2

288(3b31−6b21−4b1+12|2b1−4b2+b3|−24|b2|)

}
.

3. Concluding Remarks

If the function φ(z) is given by

φ(z) :=
1 + az

1 + bz
= 1 + (a − b)

∞∑

n=1

(−b)n−1zn (−1 ≤ b < a ≤ 1), (3.1)

then b1 = a − b, b2 = −b(a − b), and b3 = b2(a − b).
By taking a = 1 − 2α and b = −1 in (3.1), we get

φ(z) =
1 + (1 − 2α)z

1 − z
= 1 + 2(1 − α)

∞∑

n=1

zn (0 ≤ α < 1). (3.2)

Hence, b1 = b2 = b3 = 2(1 − α).
Furthermore, by taking α = 0 in (3.2), we get

φ(z) =
1 + z

1 − z
= 1 + 2

∞∑

n=1

zn. (3.3)

Hence, b1 = b2 = b3 = 2.
By choosing φ(z) of the form (3.1) in Theorem 2.1, we arrive at the

following corollary.
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Corollary 3.1. Let the function f(z) given by (1.1) be in the class MΣ

(
1+az
1+bz , β

)

(0 ≤ β ≤ 1).

1. If a and b satisfy the conditions: Δ(β, a, b) ≥ 0, c(β, a, b) ≥ 0, then

∣∣a2a4 − a2
3

∣∣ ≤
∣∣β3 − 3β2 + 8β − 12

∣∣ (a − b)4 + 6
∣∣b2 + 4b + 2

∣∣ (a − b)2(2 − β)3

18(4 − 3β)(2 − β)4
.

2. If a and b satisfy the conditions: Δ(β, a, b) > 0, c(β, a, b) < 0, then

∣∣a2a4 − a2
3

∣∣ ≤ max

⎧
⎨

⎩

(a−b)2

4(3−2α)2 ,

|β3−3β2+8β−12|(a−b)4+6|b2+4b+2|(a−b)2(2−β)3

18(4−3β)(2−β)4

⎫
⎬

⎭ .

3. If a and b satisfy the conditions: Δ(β, a, b) ≤ 0, c(β, a, b) ≤ 0, then

∣∣a2a4 − a2
3

∣∣ ≤ (a − b)2

4(3 − 2β)2
.

4 If a and b satisfy the conditions:Δ(α, a, b) < 0, c(α, a, b) > 0, then

∣∣a2a4 − a2
3

∣∣ ≤ max

⎧
⎨

⎩

H(t0),
|β3−3β2+8β−12|(a−b)4+6|b2+4b+2|(a−b)2(2−β)3

18(4−3β)(2−β)4

⎫
⎬

⎭ .

Here,

H(t0) =
(a − b)2

4(3 − 2β)2
− c2(β, a, b)

576(4 − 3β)(3 − 2β)2(2 − β)4Δ(β, a, b)
,

t0 =

√
−c(β, a, b)
Δ(β, a, b)

,

Δ(β, a, b) = (a − b)2

⎛

⎝
2(3 − 2β)2

∣∣β3 − 3β2 + 8β − 12
∣∣ (a − b)2

+12(3 − 2β)2(2 − β)3
(∣∣b2 + 4b + 2

∣∣ − 2 |b| − 1
)

+9(4 − 3β)(2 − β)2
(
(2 − β)2 − (3 − 2β)(a − b)

)

⎞

⎠

c(β, a, b) = 6(a − b)2(2 − β)2 (3(3 − 2β)(4 − 3β)(a − b)
+ 8 |b| (2 − β)(3 − 2β)2 − 2(2 − β)(β2 − 6β + 6)

)
.

By taking φ(z) of the form (3.1) in Theorems 2.6 and 2.7, we can easily
give the following corollaries.

Corollary 3.2. Let the function f(z) given by (1.1) be in the class S∗
Σ

(
1+az
1+bz

)
.

1. If a and b satisfy the conditions

4(a − b)2 − 3(a − b) + 4
∣∣b2 + 4b + 2

∣∣ − 8 |b| − 1 ≥ 0, 3(a − b) + 8 |b| − 2 ≥ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ (a − b)2

3
(
(a − b)2 +

∣∣b2 + 4b + 2
∣∣) .

2. If a and b satisfy the conditions

4(a − b)2 − 3(a − b) + 4
∣∣b2 + 4b + 2

∣∣ − 8 |b| − 1 > 0, 3(a − b) + 8 |b| − 2 < 0,
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then
∣∣a2a4 − a2

3

∣∣ ≤ max
{

(a − b)2

4
,

(a − b)2

3
(
(a − b)2 +

∣∣b2 + 4b + 2
∣∣)

}
.

3. If a and b satisfy the conditions

4(a − b)2 − 3(a − b) + 4
∣∣b2 + 4b + 2

∣∣ − 8 |b| − 1 ≤ 0, 3(a − b) + 8 |b| − 2 ≤ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ (a − b)2

4
.

4. If a and b satisfy the conditions

4(a − b)2 − 3(a − b) + 4
∣∣b2 + 4b + 2

∣∣ − 8 |b| − 1 < 0, 3(a − b) + 8 |b| − 2 > 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ max
{

(a−b)2

3

(
(a − b)2 +

∣∣b2 + 4b + 2
∣∣) ,

(a−b)2

4 − (a−b)2(3(a−b)+8|b|−2)2

48(4(a−b)2−3(a−b)+4|b2+4b+2|−8|b|−1)

}
.

Corollary 3.3. Let the function f(z) given by (1.1) be in the class KΣ

(
1+az
1+bz

)
.

1. If a and b satisfy the conditions

3(a − b)2 − 6(a − b) + 12
∣∣b2 + 4b + 2

∣∣ − 24 |b| − 4 ≥ 0, 3(a − b) + 12 |b| − 2 ≥ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ (a − b)2

96
(
(a − b)2 + 4

∣∣b2 + 4b + 2
∣∣) .

2. If a and b satisfy the conditions

3(a − b)2 − 6(a − b) + 12
∣∣b2 + 4b + 2

∣∣ − 24 |b| − 4 > 0, 3(a − b) + 12 |b| − 2 < 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ max
{

(a − b)2

36
,

(a − b)2

96
(
(a − b)2 + 4

∣∣b2 + 4b + 2
∣∣)

}
.

3. If a and b satisfy the conditions

3(a − b)2 − 6(a − b) + 12
∣∣b2 + 4b + 2

∣∣ − 24 |b| − 4 ≤ 0, 3(a − b) + 12 |b| − 2 ≤ 0,

then
∣∣a2a4 − a2

3

∣∣ ≤ (a − b)2

36
.

4. If a and b satisfy the conditions

3(a − b)2 − 6(a − b) + 12
∣∣b2 + 4b + 2

∣∣ − 24 |b| − 4 < 0, 3(a − b) + 12 |b| − 2 > 0,
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then
∣∣a2a4 − a2

3

∣∣ ≤ max
{

(a−b)2

96

(
(a − b)2 +

∣∣b2 + 4b + 2
∣∣) ,

(a−b)2

6 − (a−b)2(3(a−b)+8|b|−2)2

288(3(a−b)2−6(a−b)+12|b2+4b+2|−24|b|−4)

}
.

By choosing φ(z) of the form (3.2) in Theorem 2.1, we have the following
corollary.

Corollary 3.4. Let the function f(z) given by (1.1) be in the class

MΣ

(
1+(1−2α)z

1−z , β
)

= MΣ (α, β) (0 ≤ α < 1, 0 ≤ β ≤ 1). Then,
∣∣a2a4 − a2

3

∣∣

≤

⎧
⎪⎨

⎪⎩

8|β3−3β2+8β−12|(1−α)4+12(2−β)3(1−α)2

9(2−β)4(4−3β) , α ∈ [0, 1 − α0] ,

max
{

H(t0),
8|β3−3β2+8β−12|(1−α)4+12(2−β)3(1−α)2

9(2−β)4(4−3β)

}
, α ∈ (1 − α0, 1) ,

where

α0 =
8(3−2β)|β3−3β2+8β−12|−9(4−3β)(2−β)2

8(3−2β)|β3−3β2+8β−12|

+
√

81(4−3β)2(2−β)4+24(2−β)3|β3−3β2+8β−12|(8(3−2β)2−3(4−3β)(2−β))

8(3−2β)|β3−3β2+8β−12| ,

H(t0) =
(1 − α)2

(3 − 2β)2
− c2(α, β)

576(4 − 3β)(3 − 2β)2(2 − β)4Δ(α, β)
, t0 =

√
−c(α, β)
Δ(α, β)

,

c(α, β) = 144(2 − β)2(1 − α)2 {(3 − 2β)(4 − 3β)(1 − α)
+(2 − β)

(
2(3 − 2β)2 − (4 − 3β)(2 − β)

) } ,

Δ(α, β) = 4(1 − α)2
{
8(3 − 2β)2

∣∣β3 − 3β2 + 8β − 12
∣∣ (1 − α)2

−18(4 − 3β)(3 − 2β)(2 − β)2(1 − α)
+ 3(2 − β)3

(
3(4 − 3β)(2 − β) − 8(3 − 2β)2

)}
.

Proof. The proof of Corollary 3.4 is similar to the proof of Theorem 2.1.
Therefore, the details of the proof of Corollary 3.4 may be omitted. �

Remark 3.5. Numerous consequences of the results obtained in this study can
be deduced by choosing suitable values of the parameters involved. Many of
these consequences were proved by recently studies on the subject (see, for
example, [2]).

For example, by taking β = 1 and β = 0 in Corollary 3.4, we obtain
the results for the classes S∗

Σ(α) and KΣ(α), which improves to the results
obtained in Theorem 2.1 and 2.3 of [2], respectively. The results obtained in
Theorem 2.1 and 2.3 of [2] can also be obtained by choosing φ(z) of the form
(3.2) in Theorem 2.6 and 2.7.

By taking β = 1, β = 0, and α = 0 in Corollary 3.4, we get the bound-
ary estimates for the second Hankel determinant in the classes of bi-starlike
and bi-convex functions as

∣∣a2a4 − a2
3

∣∣ ≤ 20
3 and

∣∣a2a4 − a2
3

∣∣ ≤ 1
3 . These con-

sequences verifies to Corollary 2.2 and 2.4 of [2], respectively. The results
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obtained in Corollary 2.2 and 2.4 of [2] can also be obtained by choosing
φ(z) = 1+(1−2α)z

1−z in Theorem 2.6 and 2.7.
Thus, we can say that the results obtained in this paper are improvement

of the results available in this area.
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[27] Zaprawa, P.: On the Fekete-Szegö problem for classes of bi-univalent functions.
Bull. Belg. Math. Soc. Simon Stevin 1, 169–178 (2014)

Nizami Mustafa
Department of Mathematics, Faculty of Science and Letters
Kafkas University
Kars 36100
Turkey
e-mail: nizamimustafa@gmail.com

Gangadharan Mrugusundaramoorthy and Thambidurai Janani
School of Advanced Sciences
VIT University
Vellore
Tamilnadu 632014
India
e-mail: gmsmoorthy@yahoo.com

Thambidurai Janani
e-mail: janani.t@vit.ac.in

Received: September 21, 2017.

Revised: April 9, 2018.

Accepted: May 8, 2018.


	Second Hankel Determinant for a Certain Subclass of Bi-univalent Functions
	Abstract
	1. Introduction and Preliminaries
	2. Main Results
	3. Concluding Remarks
	References




