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1. Introduction and Preliminaries

Let A denote the class of all complex valued functions f(z) given by

f(z):z+a222+a323+...:Z+Zanzn, (11)
n=2
which are analytic in the open unit disk U = {z € C: |z| < 1}.

Furthermore, let S be the class of all functions in A which are univalent
inU.

Some of the important and well-investigated subclasses of S include the
classes S*(a) and K (o) given below (see also [3,5,23]), such that S*(«) is
the class of starlike functions of order o (0 < av < 1) and K («) is the class of
convex functions of order o (0 < aw < 1):

- fres w0

>>a, zGU}, a€l0,1),

and
zf"(2)
f'(z)

K(a):{feS:Re(lJr >>a ,zeU}, a€0,1).
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It is well known that (see [3]) every function f € S has an inverse f~!, defined
by

[THf(R) =2 2z€U

and

FUFHw)) = w, |w] <7ro(f), ro(f) = 1/4,
where
" Hw) = w — agw? + (242 — a3)w® — (5a3 — bagas + ag)w* + - - -. (1.2)

A function f € A is called bi-univalent in U if both f and f~! are univa-
lent in U. Let ¥ denote the class of bi-univalent functions in U given by (1.1).
Earlier, Brannan and Taha [1] introduced certain subclasses of bi-univalent
function class ¥, namely bi-starlike function of order « denoted S3(«) and
bi-convex function of order « denoted Kyx(«) corresponding to the func-
tion classes S*(a) and K(«), respectively. For each of the function classes,
S¥(a) and Kx(«), non-sharp estimates on the first two Taylor-Maclaurin
coefficients |as| and |as| were found in [1,24]. Many mathematicians (see
[11,13,22,25,26]) have introduced and investigated several interesting sub-
classes of bi-univalent function class ¥ and they have found upper bound
estimates on the first two Taylor-Maclaurin coefficients |az| and |asz|. Some
mathematicians worked on coefficients of inverse functions of univalent func-
tions. The works of Libera and Zlotkiewicz [14,15] are such studies. In [14],
Libera and Zlotkiewicz showed that some coefficients of the inverse of convex
functions in the open unit disk of complex plane are bounded by 1. Their
results are sharp. In [15], the same authors gave sharp upper estimates for
the first six coefficients of the inverse of the univalent functions, such that the
real part of their derivatives is positive. However, the coefficient problem for
each of the Taylor—-Maclaurin coefficients |a,|, n = 3,4, ... is still an open
problem (see, for example [17,19]).

An analytic function f is subordinate to an analytic function ¢, written
f(2) =< ¢(z), provided that there is an analytic function w defined on U
with w(0) =0 and |w(z)| < 1 satisfying f(z) = ¢(w(z)). Ma and Minda [16]
unified various subclasses of starlike and convex functions for which either of
the quantity Z]{(S) or 1+ Z){,(S) is subordinate to a more general function. For
this purpose, they considered an analytic function ¢ with positive real part in
U, 9(0) =1, ¢/(0) > 0, and ¢ maps U onto a region starlike with respect to 1
and symmetric with respect to the real axis. The class of Ma—Minda starlike
and Ma—Minda convex functions consists of functions f € A satisfying the
subordination Z}CES) < ¢(z), and 1+ fo,lég) < ¢(z), respectively.

An analytic function f is bi-starlike of Ma—Minda type or bi- convex of
Ma~Minda type if both f and f~! are, respectively, Ma~Minda starlike or
convex. These classes are denoted, respectively, by S&(¢) and Kx(¢). In the
sequel, it is assumed that ¢ is an analytic function with positive real part in
U, satisfying ¢(0) = 1, ¢/(0) > 0 and ¢(U) is symmetric with respect to the
real axis. Such a function has a series expansion of the following form:

$(2) = 1+ b1z +by2” +b3z® + -+, by > 0. (1.3)
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In 1976, Noonan and Thomas [18] defined the gth Hankel determinant of f
for ¢ > 1 by

2% ot Opgg—1

Uptq—1 e Up42q—2
For ¢ = 2 and n = 1, Fekete and Szegd [4] considered the Hankel determinant

of fas Ho(l) = aaz They made an earlier study for the estimates of

|a3 — ua%} when a; = 1 with p real. The well-known result due to them
states that if f € A, then

Ay —3 if > 1,
|a3—,ua§| < 1—|—2exp(%) ifo<pu<1,
3—4up if £ <0.

Furthermore, Hummel [7,8] obtained sharp estimates for |a3 - ,ua%’ when f is
a convex function, and also Keogh and Merkes [12] obtained sharp estimates
for |a3 — ,ua%f when f is a close-to-convex, starlike, and convex function in
U. Moreover, we need to note that there are some studies by Kanas [9] and
Srivastava et al. [21] on the Fekete—Szegd problem. In these studies, they
obtained important results for the Fekete-Szeg6 problem. In [21], the authors
solved the Fekete—Szego problem for a subclass of close-to-convex functions.
In [9], Kanas gave estimates for a unified Fekete-Szegd functional. In special
cases, from the results of the study [9] by Kanas, a solution of the Fekete—
Szegb problem can be obtained for some subclasses of analytic functions.

Recently, the upper bounds of [H2(2)| = |azas — a3| for the classes
S¥(a) and Ky (a) were obtained by Deniz et al. [2]. Very soon, Orhan et al.
[20] reviewed the study of bounds for the second Hankel determinant of the
subclass M () of bi-univalent functions.

Inspired by [2,20,27], we introduce a subclass of bi-univalent functions
as follows.

Definition 1.1. A function f € 3 given by (1.1) is said to be in the class
M (6, 8) (8 > 0) if the following conditions are satisfied:

(zf’(z))ﬁ (1 N Zf”(z))l_ﬁ < ¢(2) and

f(z) f'(2)
() (+5a5) oo

where ¢ is an analytic function given by (1.3) and g = f~ 1.
Note that in a very early study by Kanas et al. [10], the subclass
M, <1+Z ) [as a special case of the class Mx(a, 3)] with ¢(z) = E2)

1—2z7 1—=z

was introduced and studied.
Remark 1.2. By taking 8 = 1, we get Mx(4,1) = S&(¢).
Remark 1.3. By taking 8 =0, we get Mx(¢,0) = Kxn(9¢).
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Remark 1.4. Earlier, these classes S5 (¢) and Kx(¢) were introduced and
studied by Ma and Minda [16].

The object of this paper is to determine the second Hankel determinant
for the function class Mx (¢, 8) and its special classes, and is to give upper
bound estimate for |Hy(2)].

To prove our main results, we shall need the following lemma.

Lemma 1.5. [3] Let P be the class of all analytic functions p(z) of the form
p) =1+ prztp®+- =1+ puz", (1.4)
n=1

satisfying Re(p(z)) > 0, z € U and p(0) = 1. Then, |p,| <2, n=1,2,3,....
This inequality is sharp for each n.
Moreover,

2py = pi + (4 - pl)z,
2
dps = p} +2(4 — pH)prz — (4 — pl)pra® + 2(4 — p)(1 — |2|*)z,

for some x, z with |z| <1, |z] < 1.

2. Main Results

In this section, we prove the following theorem on upper bound estimate of
the second Hankel determinant of the function class Mx (¢, 3).

Theorem 2.1. Let the function f(z) given by (1.1) be in the class Mx (¢, 3)
(0 < B <1). Then,

. A(ﬂablaanb?)) Z Oa
H(2-) T (B, by, baby) > 0,
b2 . A(B,b1,b2,b3) > 0,
max{4(3—25)2’H(2_)} Zf C(ﬁ,bhbg,bgg) <0,
b% ’Lf A(ﬁ7b17b2ab3) < 07
4(3-20)* c(B,b1,b2,b3) <0,

) HE) i (G0

asa4 — a§| <

where
H(2—) = |83 — 382 4+ 83 — 12| b% + 6by |2b1 — 4b2 + b3| (2 — )3
- 18(4 —38)(2 — B)4 )
H(to) = b% 02(57 b17b27b3)

4(3—-2B)2  576(4 — 383)(3 — 268)2(2 — B)*A(B, by, ba, b3)

b — —c(B,b1,b2,b3)

* T\ A(B, b1, b2, bs)

A(B,b1,b2,b3) = 2(3 —26)2 |82 — 362 + 88 — 12| b + 12(3 — 26)%(2 — B)3b1

X (| 201 — 4bz + bs| — b1 — 2|b2]) +9(4 — 38)(2 — 8)?63 ((2 — B)® — (3 = 28)b1),

c(B, b1, b2, bs) = 6b1(2 — B)* (3(3 — 26)(4 — 33)bT + 8 b2 (2 — B)(3 — 2)*
+4b1(2 — B)(3 — 26)% — 6b1(4 — 36)(2 - §)?).



MJOM Second Hankel Determinant for a Subclass Page 5 of 17 119

Proof. Let f € Mx(¢,3) and g = f~!. Then, according to Definition 1.1,
there are analytic functions u,v : U — U, with u(0) = 0 = v(0), satisfying

(Zj:(i;))ﬂ 1+ Zﬁ;ij))l_ﬂ = §(u(2)) and

(wg'<w>>ﬁ 1+ wg”<w>)1‘5 _ 6(ofw)). (21)

g(w) g'(w)
Let also the functions p, ¢ € P be defined as follows:

Z

-1 1 2 3
w0 =29 L (e = D)2 4 -+ Bt )
(2.2)
and
_ax -1 1 @ @ s
v(2) 1 2 @zt (2 = 5)2" + (a3 —@ge + )" + :
(2.3)
From (2.2) and (2.3), considering (1.3), we can easily show that
b b 2 1
ou(e)) = 1+ At (G n = )+ Joupt)
by Py, bapn pi,, bap? 5
+<2(p3 P2+ )+ (2= )+ )2 (2.4)
and
biqa by
—14+ 21 _ 4
o) =1+ W+ (B - )+ ot ) 0?
by 4, b g, | b\ s
e — 24t o L5 cee (2
+<2(Q3 Q1Q2+4)—|— 5 (g2 2)—1— g ) w T (2.5)

By substituting the expressions (2.4) and (2.5) in (2.1), and equating the
coeflicients, we get

(2= Bas = blTpl’ (2.6)
2(3—2B)a3+é((ﬁ—2) —3(4 - 3ﬁ)a (p—p;>+ <bapt, (2.7)

3(4—3B)as + ((28 — 3)* + 233 — 27 ) a2a3 - % (B + 21&2 + 2083 — 48) a3
Zgl(p3—p1p2+ ) )—l—bs%

(2.8)
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and
b
~(2-P)az = —12(11, (2.9)
1 b 2 1
—2(3 —28)az + 3 (8 =118+ 16) a3 = 51 (q2 - (121) + Zqu%’ (2.10)

—3(4—30)as + (452 — 34ﬂ+42) asaz + % (53 _ 9782 + 1583 — 192) o
3 5 B
=43 (q3—q1qz+%) +b22i(q2_q71) 4 et

(2.11)
From (2.6) and (2.9), we obtain
bip —biqu
ag = - 7 2.12
*Tae-p) 220 212
which is equivalent to
p1 = —q1. (2.13)
From (2.7) and (2.10), considering (2.12), we can easily obtain that
2,2 _
az = blpl + bl <p2 q?) (214)

42-p)*  8(3-28)
On the other hand, subtracting (2.11) from (2.8) and considering (2.12) and
(2.14), we get
bip? (0% —30% — 465 +60)  Sbipi(p2—q2) . bulps —as)
M- AP(A-38) | 3Re-5)6-20) 12430
(b2 = bi)pi(p2 +q2)  pP(bi — 2bs +b3)
12(4 — 38) 24(4 — 3)
Thus, from (2.12), (2.14), and (2.15), we established that

3_38%4+88—12)b*—6(2—8)3b1 (b1 —2ba+b b2 (p2—q2)*?
a2a47a:25: (B°—3B"+88—12)b1 —6(2—/3)"b1 (b1 —2b> 3)p1117 61((1[;’2_;5))2 2.16)

ay =

n (2.15)

5 o 288(2—5)4(42—35) )
+ 4b1P1(P2—Q2) o+ b1p3 (b2—b1)(p2+q2) + bip1(ps—q3)
6

(3-2B)(2—-p) 24(4-3p)(2-P) 24(4-36)(2-8)"
According to Lemma 1.1, we have
2p2 =pi+ (A —pi)z and 2¢3 =i + (4 —qi)y (2.17)
and

dps = pt + 204 = phipiz — (4= pDpra® + 24 = ph) (1 = |2)z,

dgs = qf +2(4 = ai)qy — (4 — aD)ay® +2(4 — ¢7) (1 — [y )w,

for some z,y, z, and w with |z| <1, |y| <1, |2| <1l,and |w| < 1.
Since p; = —q1, from (2.17) and (2.18), we get

(2.18)

i 4-pi

2

4—0p
— Laz—y), pt+e=r+

p2— a2 = (x+y) (219

and
3 4—p2 4—p?
ps = a3 =3 + PO g y) - PEER 2 4 y?)

2 (1= o)z = (1= fyP ). 220
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According to Lemma 1.1, we may assume without any restriction that ¢ €
[0,2], where t = |p1].

Thus, substituting the expressions (2.19) and (2.20) in (2.16) and using
the triangle inequality, letting || = ¢, |y| = 1, we obtain

lagas — a3| < e1 + ca(C+n) + es(CC +0°) +ea(C+n)* = F(¢n), (221)

where

_ _t(|B°—38+88—12|b{t>+6(2—B)b1|2b1 —4ba+bs |t +1207 (4—17) (2—B)*)
c1 =c(t):= 288(2—A)*(4—35)

bi(4 — £2)62 (363(4 — 38) + 8 bal (2 — B)(3 — 28))

>0

)

@2 = erlt) = 384(2— B)2(3 — 26)(4 — 30) =0
- A -t)(t—-2) B _ bi(4—1t?)?
Cg_cB(t)_96(2—ﬂ)(4—36)§0’ C4—C4(t).—m20.

Now, we need to maximize the function F({,n) in the closed square Q =
{(¢,n): ¢,ne|0,1]} for ¢ € [0,2]. Since the coefficients of the function
F(¢,n) are dependent to variable ¢, we must investigate the maximum of
F(¢,n) according to t taking into account these cases t = 0, t = 2, and
te€(0,2).
Let t = 0. Then, we write
2

F(¢n) = 16(3bl2ﬁ)2(< +n)%.

We can easily see that the maximum of the function F(¢,n) occurs at (¢,n) =
(1,1) and

max {F(¢,n): ¢(,n€[0,1]} = F(1,1) = 1 b (2.22)

(3-283)%
Now, let ¢ = 2. In this case, F'({,n) is a constant function as follows:
B3 — 362 4+ 86 — 12| b + 6(2 — 3)3by [2b1 — 4by + b

18(2 — B)*(4 - 3p)
In the case t € (0,2), we will examine the maximum of the function

F(¢,n) taking into account the sign of Fee(¢,n)E,,(¢,n) — [Fey(C, 17)]2 .
By simple computation, we can easily see that

Fec(Cm) Fn(Cym) — [Fen(¢om))* = des(t) [es(t) + 2 (D).
Since c3(t) < 0 and

F(¢,n) = | . (2.23)

b3 (4—1%)(2—t)
a0 +240) = 550 - ama -39

where W(t) = A(B)t + B(5) > 0 for all t € (0,2) and § € [0,1], and
A(B) = 3(2 = B)(4 = 30) — 4(3 — 28) = 95° — 228 + 12,
B(B) = 6(2 - B)(4 — 38) = 185" — 603 + 48,

we conclude that

3
6

Fee(Cm) Fon(Com) — [Fey(C.m)])? < 0
for all (¢,n) € Q.
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Thus, the function F((,n) cannot have a critical point in Q. Conse-
quently, the function F(¢,n) cannot have a local maximum in €. Therefore,
we must investigate the maximum of the function F'(¢,n) on the boundary
of the square 2.

For (=0and 0 <7 <1 (the case n =0 and 0 < ¢ <1 is examined in
a similar manner), we write

F(0,1) = c1(t) + ca(t)n + [es(t) + ca(t)] n* == D1(n).

By simple computation, we have
(1) = ea(t) + 2 [ea(t) + ea()] -

Now, we will examine the sign of the function <I>/1(n) depending on the
different cases of the sign of ¢3(t) 4 c4(t) as follows.

(i) Let ¢s(t) + ca(t) > 0, then &) (5) > 0. That is, ®; (1) is an increasing
function.

(ii) Let c3(t) + ca(t) < 0. In this case, it is clear that

ca(t) + 2[cs(t) + ca(t)]n > ca(t) + 2 [es(t) + ca(t)] for all ¢ € (0,2) and
n € [0,1]. In addition, we can easily show that ca(t) + 2[c3(t) + ca(t)] > 0
for all ¢ € (0,2). Thus, we conclude that ®(n) > 0. That is, ®1(n) is an
increasing function.

Consequently, in both cases:

mas {F(0,n) : 7 € [0,1]} = max {1(n) - n < [0,1])
= (131(1) = Cl(t) + CQ(t) + Cg(t) + C4(t).

For (=1and 0 <7 <1 (thecase n =1 and 0 < { < 1 is examined in
a similar manner), we write

F(1,n) = e1(t) + ea(t) + e3(t) + ca(t) + [e2(t) + 2ea(t)] n + [e() + ca(t)] 1
1= Da(n).

Similarly to the previous case, we can easily show that ®o(n) is an
increasing function.
Therefore,

max {F(1,n): n€[0,1]} = max{®5(n): ne[0,1]}
= Do(1) = c1(t) + 2 [ea(t) + c3(t)] + 4eq(t).
On the other hand, the following inequality holds for all ¢ € (0, 2):
c1(t) + 2[ea(t) + e5(t)] + dea(t) > er(t) + ca(t) + es3(t) + calt).

Thus,

max {F(¢,n) : ¢,n € [0,1]} = F(1,1) = c1(t) + 2 [c2(t) + e3(t)] + dea(t).
(2.24)
Since ®1(1) < P2(1) for all ¢ € [0,2],
max {F(¢,n) : ¢;n€[0,1]} = F(1,1) = $(1).
Thus, the maximum of the function F(¢,n) occurs at (¢,n) = (1,1).



MJOM Second Hankel Determinant for a Subclass Page 9 of 17 119

Let us define the function H : (0,2) — R as follows:

H(t) :=c1(t) + 2 (ca(t) + e5(t)) + dey(t). (2.25)
Substituting the value ¢;(t), j =1,2,3,4 in the (2.25), we obtain
b% A(ﬁ7b17b23b3)t4 +2C(ﬁ7 b17b27b3)t2

HO =I5 T 5630320072 p)

where
A(B, b1, b2, bs) = 2(3 = 26) |5° — 36° + 80 — 12[ b1 +12(3 — 26)*(2 ~ §)°hx
X (|21 — 4ba + bs| — by — 2|b2|) +9(4 — 38)(2 — B8)%b% ((2 - B)> — (3 —20)b) ,
¢(B, by, ba, bs) = 6b1(2 — B)? (3(3 — 28)(4 — 36)57 + 8|2 (2 — B)(3 — 28)?
+4b1(2 — B)(3 — 2B)* — 6b1(4 — 38)(2 — B)?) .
Now, we must investigate the maximum of the function H(t¢) in the interval
(0,2).
By simple computation, we can easily show that

Hl(t) _ A(ﬂ7b17b2ab3)t2 + C(ﬂ7b1,b2,b3)

144(4-30)(3 2022 - B)F

We will examine the sign of the function H'(t) depending on the different
cases of the signs of A(f3,b1,ba,b3) and ¢(5, b1, ba, b3) as follows.
(1) Let A(B,b1,b2,b3) > 0 and ¢(3, b1,ba,b3) > 0, then H'(t) > 0, so
H(t) is an increasing function. Therefore,
max {H(t): t € (0,2)}

— H(>-)

|8 =337 + 88— 12| bt + 6by [2by — 4by + bs| (2 — B)?

- 18(4 = 33)(2 - B)* '

(2.26)

That is,
max {max {F(¢,n) : ¢,ne[0,1]}: t € (0,2)} = H(2-).

(H) Let A(ﬁ,bl,bg,b:;) > 0 and C(ﬁ,bl,bg,bg,) < 0, then

b — —c(B,b1,b2,bs)
0 = \/ "A(B,b1,b2,b3)

that to € (0,2). Since H" (to) > 0, to is a local minimum point of the function
H(t). That is, the function H(t) cannot have a local maximum.

(1) Let A(B,b1,b2,b3) < 0 and ¢(8,b1,ba,b3) < 0, then H'(¢) < 0.
Thus, H(t) is an decreasing function on the interval (0, 2). Therefore,
B
4(3 —28)2°

(1v) Let A(B,b1,b2,b3) < 0 and ¢(8, b1,bs,b3) > 0, then tg is a critical
point of the function H(t). We assume that to € (0,2). Since H" (o) < 0,
to is a local maximum point of the function H(¢) and the maximum value

occurs at t = tg.
Therefore,

is a critical point of the function H(t). We assume

max {H(): t€(0,2)} = H(0+) = (2.27)

max {H(t) : t € (0,2)} = H(ty), (2.28)
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where
b% o C2(,8,b1,b2,b3)
(3-28)* 576(4—38)(3—28)*(2— B)*A(B,b1,b2,b3)

Thus, from (2.22) to (2.28), the proof of Theorem 2.1 is completed. [

H(to) = 1

In the special cases from Theorem 2.1, we arrive at the following results.

Corollary 2.2. Let the function f(z) given by (1.1) be in the class
Ms(¢,8) (0<B<1), b1 =2|bo| <1, and
|2b1 — 4by + b3| — b —2 |b2| > 0. Then,

|3% — 38% + 88 — 12| bf + 6b1 |2b1 — 4by + b3| (2 — )3
18(4 = 303)(2 - B)* '
In particular if 2by = 4by = 1 and b3 = 1, then
2| < 1 |3 — 367 + 88 — 12|
TT6(A-30)(2-8) 28814 -30)(2- )1

Corollary 2.3. Let the function f(z) given by (1.1) be in the class
ME(¢>ﬁ)(O S 6 S 1)! bl < 17 bl # 2|b2|; and
|2b1 - 4b2 + b3| - bl —2 |b2| Z 0. Then,

’a2a4 - a%‘ <

lazas —

|a a fa2| < max L
2Tl = 4(3 - 26)2
3% — 362 + 83 — 12| b + 6by [2b1 — 4by + bs| (2 — B)?
18(4 - 3p8)(2 — B)* '
In particular if 2by = 2bs = 1 and by = 2, then

2| o |8° - 367 + 83 — 12]
G = sasme—p t ssa—me—p

|a2a4 -

Corollary 2.4. Let the function f(z) given by (1.1) be in the class
Ms(¢,8)(0<3<1),b >1 and
|2b1 — 4by + bg| —b—2 |b2| >0 (07’ |2b1 — 4by + b3| —b—2 |bQ| < 0)
Then,
b2
—dd < —21 .
|a2a4 a3|7 4(3—2ﬂ)2
In particular if by = 1 and |2by — 4bgy + b3|—b1 =2 |ba| > 1 (or |2by — 4by + bs]
— by — 2|b2| < 1), then
’a2a4 — ag‘ < ;
~ 4(3-20)2
Corollary 2.5. Let the function f(z) given by (1.1) be in the class
Ms(¢,0)(0<8<1), b =2b2] > 1 and
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|2b1 — 4by -|—bg| — b — 2|b2| >0 (OT’ ‘2()1 — 4by +b3| — b — 2|b2| < 0)
Then,

|a2a4 —a§|

3 362 + 83 — 12| b4 + 6by |2b; — 4b bal (2 — 3)3
gmaX{H(to),w (32 + 86 — 12| b + 6by |2b; — 4by + b] ( ﬂ)}.

18(4 —36)(2 — p)*
In particular if by = 2by = 1 and by = 4, then

4 +|63—352+8ﬂ—12\
4-3p)2-p)  18(4-3p)(2-p)*

The following theorems are the direct results of Theorem 2.1.

’a2a4 —a§| < 3(

Theorem 2.6. Let the function f(z) given by (1.1) be in the class SE& (o).

1. If by, ba, and bs satisfy the conditions:
4b3 — 3b3 — by + 4(2by — 4by + bs| — 8 |ba| > 0, 303 — 2by + 8 |by| > 0,
then

3 _
1205 — ] < 2L AF 0= A0n 20D

2. If by, bo, and b3 satisfy the conditions
4b3 — 3b3 — by + 4(2by — 4by + bs| — 8 |ba| > 0, 363 — 2b; + 8 |by| < 0,
then

2 3 % — 4
’a2a4a§|§max{12’ by (b3 + | b13 b2+b3|)}'

3. If by, ba, and b3 satisfy the conditions
4b3 — 3b% — by + 4201 — 4by + bs| — 8 |bo| < 0, 3b7 — 2by + 8 |by| < 0,
then

2
’a2a4 — a§| < Zl

4. If by, ba, and bs satisfy the conditions

403 — 3b7 — by + 4|2b — 4by + bz| — 8 |ba| < 0, 3b] — 2by + 8 |by| > 0,

then
by (b3 + |21 — 4by + b
lazas — a3|< max{ (4 13 2 3|)7
B by (362 — 2by + 8 |ba])
4 48(4b?—b%—b1+4|2b1—4b2+b3|—8|b2|) '

Theorem 2.7. Let the function f(z) given by (1.1) be in the class Kx(¢).

1. If by, ba, and by satisfy the conditions:
303 — 603 — 4by + 12 [2by — 4by + b3| — 24 |ba| > 0, 3b7 — 2by + 12]ba| > 0,
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then

by (b‘r{’ +412by — 4by + b3|)
96 '

2. If by, bo, and bz satisfy the conditions:

303 — 6b7 — 4by + 122by — 4by + bg| — 24 |ba| > 0, 3b3 — 2by + 12 |by| < 0,
then

|a2a4 — ag’ < max{gé b (

|azas — aj| <

b:% +4 |2b1 — 4by + b3|)
96 ’
3. If by, ba, and bs satisfy the conditions
303 — 6b% — 4by + 122by — 4by + bs| — 24 |ba| < 0, 3b2 — 2by + 12 |by| < 0,

then
2

36'
4. If by, bo, and bs satisfy the conditions
303 — 6b7 — 4by + 12|2by — 4by + bs| — 24 |ba| < 0, 3b3 — 2by + 12 |by| > 0,

|a2a4 — a3| <

then

by (b3 +4|2b) —4bo+b
a2a4—a§l<max{ 1 (b4l S 3‘)7

2
b by (367 —2b1+12(bo|)
36 288(3b3 —6b2 —4bq +12|2b1 —4bo+b3|—24|b2])

3. Concluding Remarks
If the function ¢(z) is given by

¢@yziizj=1+xa—w;;pw”4w(—1gb<agm, (3.1)

then by = a — b, by = —b(a — b), and bz = b*(a — b).
By taking a =1 —2aand b= —1in (3.1), we get

¢(z)=wzl+2(1—a)zzn 0<a<l). (32

Hence, by = by = b3 = 2(1 — ).
Furthermore, by taking o = 0 in (3.2), we get

#(z) = ii 1+222 (3.3)

Hence, bl = b2 = bg =2.
By choosing ¢(z) of the form (3.1) in Theorem 2.1, we arrive at the
following corollary.
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Corollary 3.1. Let the function f(z) given by (1.1) be in the class M (%igj , ﬁ)
(0<B<1).
1. If a and b satisfy the conditions: A(B,a,b) >0, ¢(B,a,b) > 0, then
|33 =362+ 88— 12| (a—b)* +6|b* + 4b+ 2| (a — b)*(2 — 3)*
18(4 - 33)(2 - B)* '
2. If a and b satisfy the conditions: A(B,a,b) > 0, ¢(8,a,b) < 0, then

|a2a4 — a§| <

(a=b)®

I3—2a)2"

|8 —38+83—12|(a—b)*+6|b>+4b+2|(a—b)*(2—8)* } )
18(4-3p8)(2—p)*

3. If a and b satisfy the conditions: A(B,a,b) <0, ¢(B,a,b) <0, then

(a—b)?
|a,2a4 — a§| S m

4 If a and b satisfy the conditions:A(«, a,b) < 0, ¢(a,a,b) > 0, then

|a2a4 — a§| < max{

9 H(t0)7
|azas — a3| < max |2 —36%+86—12|(a—b)*+6[b2+4b+2|(a—b)?(2-5)® (
18(4—38)(2—p)*

Here,
~ (a—b)? c2(B,a,b)
Hllo) = 3325 ~ 5760 —35)3— 2022 — B/ A(Boa, D)’
po = | =CBa:b)
"7\ AB ab)’

2(3 —26)%|3% — 38% + 88 — 12| (a — b)?
A(B,a,b) = (a — b)? (+12(3 —28)2(2— B)* (|b* + 4b+ 2| — 2 b — 1)
+9(4-38)(2 - 8)* (2 - B)* — (3—20)(a — b))
c(B8,a,0) = 6(a —b)*(2 — £)* (3(3 — 23)(4 — 33)(a — b)
+80] (2 - 8)(3—26)* —2(2 - B)(B* - 65 +6)).

By taking ¢(z) of the form (3.1) in Theorems 2.6 and 2.7, we can easily
give the following corollaries.

Corollary 3.2. Let the function f(z) given by (1.1) be in the class S% (}igj)
1. If a and b satisfy the conditions
4(a—1b)*>—3(a—b) +4|b* +4b+2| - 8[b] -1 >0, 3(a—b) +8[b] —2 >0,
then

@((a—b)2+|b2+4b+2|).

|azay — a3| <
2. If a and b satisfy the conditions

4(a—1b)*>—3(a—b) +4|b* +4b+2| - 8|b] =1 >0, 3(a—b) +8|b| —2 <0,
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then
a—"b)? (a—0b)?
4 7 3
3. If a and b satisfy the conditions
4(a—1b)*>—3(a—b) +4|b* +4b+2| = 8|b] =1 <0, 3(a—b) +8|b| —2 <0,
then

|a2a4a§|§max{( ((ab)2+|b2+4b+2|)}.

(a—b)?
2

lagay — a§| <
4. If a and b satisfy the conditions
4(a—1b)*>—3(a—b) +4|b* +4b+2| = 8|b] — 1 <0, 3(a —b) +8[b| —2> 0,

then
|a2a4 — a§| < max {@ ((a —b)2 + |b2 + 4b + 2|) ,
(a=b)> _ (a=b)*(3(a—b)+8b|—2)* }
4 48(4(a—b)2—3(a—b)+4[b2+4b+2[—8[b]-1) [ *

Corollary 3.3. Let the function f(z) given by (1.1) be in the class K, (}i‘;j)

1. If a and b satisfy the conditions

3(a—1b)*—6(a—0b)+12|b> +4b+2| —24[b| — 4 >0, 3(a — b) + 12[b| — 2 > 0,
then
(a —b)?
96
2. If a and b satisfy the conditions

|asay — a3 < ((a—b)* +4|b* +4b+2|).

3(a—1b)* —6(a—0b)+12|b> +4b+2| —24|b| — 4 > 0, 3(a — b) + 12[b| — 2 < 0,
then
a—>b)? (a—0b)?
36 7 96
3. If a and b satisfy the conditions

|a2a4a§|§max{( ((ab)2+4|b2+4b+2|)}.

3(a—1b)? —6(a—b)+12|b> +4b+2| —24[b| — 4 <0, 3(a —b) +12[b| — 2 <0,
then

(a—b)?*

|a2a4 - a%\ < 36

4. If a and b satisfy the conditions

3(a—1b)* —6(a—0b)+12|b> +4b+ 2| —24[b| — 4 <0, 3(a — b) + 12[b| — 2 > 0,
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then
2
azay — a3| < max { (agé’) ((a—0b)*+ |b? + 4b+2|),
(a=b)® (a—b)*(3(a—b)+8[b|—2)° }
6 288(3(a—b)2—6(a—b)+ 1262+ 4b+2]—24]6|—4)

By choosing ¢(z) of the form (3.2) in Theorem 2.1, we have the following
corollary.

Corollary 3.4. Let the function f(2) given by (1.1) be in the class
My (=222, ) = My (0, 8) (0< @ <1,0< B < 1). Then,

|a2a4 —a%‘

8|3°—387+88—12|(1—a)* +12(2—8)* (1—a)?
9(2—p)*(4-3p) ’
8|32 —38%24+83—12|(1—a)*+12(2—3)3 (1—a)?
max {H(to), | 9(2‘,@4(4,3[3) } , «ac¢E (1 — ), 1) s

a€0,1—agl,
<

where

_ 8(3—28)|8°—38°+85—12]|-9(4—38)(2—B)*
0= 8(3—20)[3° 352180 12]
\/81(4 36)2(2—B)1+24(2—B)3| 33 —332+83—12|(8(3—26)2—3(4—35)(2—5))
8(3—28)|8%—3B%+85—12| ’
(1—a)? B A(a, ) o —c(a, B)
(3—2B)% 576(4—36)(3 —28)*(2 - B)*Ala, B)’ Ala,3)
(o, B) = 144(2 = §)*(1 = a)* {8 = 20)(4 = 38)(1 — )
+2-0)(2B3-28)%-(4-39)(2-0)) },
Ao, B) = 4(1 — )? {8(3 —26)%|3* = 33% + 88 — 12| (1 — a)?
—18(4 —30)(3 - 28)(2 - B)*(1 — a)
+3(2-0)° (3(4 - 30)(2—6) —8(3-26)) }.

H(ty) =

Proof. The proof of Corollary 3.4 is similar to the proof of Theorem 2.1.
Therefore, the details of the proof of Corollary 3.4 may be omitted. 0

Remark 3.5. Numerous consequences of the results obtained in this study can
be deduced by choosing suitable values of the parameters involved. Many of
these consequences were proved by recently studies on the subject (see, for
example, [2]).

For example, by taking # = 1 and g = 0 in Corollary 3.4, we obtain
the results for the classes S5 (a) and Kx(«), which improves to the results
obtained in Theorem 2.1 and 2.3 of [2], respectively. The results obtained in
Theorem 2.1 and 2.3 of [2] can also be obtained by choosing ¢(z) of the form
(3.2) in Theorem 2.6 and 2.7.

By taking 5 =1, § =0, and a = 0 in Corollary 3.4, we get the bound-
ary estimates for the second Hankel determinant in the classes of bi-starlike
and bi-convex functions as ’a2a4 - a%‘ < % and |a2a4 — a%’ < % These con-
sequences verifies to Corollary 2.2 and 2.4 of [2], respectively. The results
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obtained in Corollary 2.2 and 2.4 of [2] can also be obtained by choosing
o(z) = w in Theorem 2.6 and 2.7.

Thus, we can say that the results obtained in this paper are improvement
of the results available in this area.
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