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Abstract

In the present paper, making use of the operator Dg (A, u, 1), two new subclasses
th#,l(A, B; o, p) and STi’#J(A, B; o, p) of p—valent functions are investigated in the
open unit disk. Some interesting relations and characteristics such as inclusion relationships,
neighborhoods, partial sums and some applications of fractional calculus of functions belong-
ing to each of these subclasses S I(A B; o, p) and S’T A, (A, B; 0, p) are investigated.
Relevant connections of the deﬁmtlons and results presented in this paper with those obtained
in several earlier works on the subject are also pointed out.
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1 Introduction and definitions

Let A(n, p) denote the class of functions normalized by

f@=2"+ ) @ (p.neN:={1,2,3..) (L.1)
k=n+p

which are analytic and p—valent in the open unit disk i/ = {z: z € Cand |z| < 1}.
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Let f(z) and g(z) be analytic in /. Then, we say that the function f is subordinate to g
if there exists a Schwarz function w(z), analytic in ¢/ with w(0) = 0, |w(z)| < 1 such that
f(z) = g(w(z2)) (z € U). We denote this subordination f < gor f(z) < g(2) (z € U).
In particular, if the function g is univalent in U/, the above subordination is equivalent to
f0) =g, fU) C gUh). For f € A(n, p) given by (1.1) and g(z) given by

o0
g@)=z"+ Y b (p.neN:={1,2,3...) (1.2)
k=n+p

their convolution (or Hadamard product), denoted by (f * g), is defined as

(f*)@ ="+ Y abd = (¢ H) el). (13)

k=n+p
Note that f x g € A(n, p). In particular, we set
Alp, D) :==Ap, Al n) :=An), A1, 1) = A = A

For f € A(n, p) given by (1.1), Deniz and Orhan [13] defined the multiplier transformations
Df, (A, w, 1) as follows:

Definition 1 Let f € A(n, p). For the parameters §, A, u,l € R; A > u > 0and s,/ >0
define the multiplier transformations Df, (A, i, 1) on A(n, p) by the following

Dy (s 11, f(2) = f(2)
(p+DD, 0, 1, D f(2)

= @D+ A=+ A = paw) zf' @) + (p(L =2+ ) +1) f(2)
(p+ DDy 1. D f(2)

= M2’ [Py Gy 1, DF @1 + 0o = e+ (1= paw) 2Dy (h, p, D f ()T
+(pI =1+ w) + DDy, 1. 1) f(2)
D3 O, 11, DD (1, 1, 1) £ (2))
= DY (hy p, DY Oy 11, D) f (2) (1.4)
forzel and p,n e N:={1,2,...}.

If f is given by (1.1) then from the definition of the multiplier transformations D‘Sp r, w, D),
we can easily see that

o
D Df@) =2+ Y &K x . Daz* (15)
k=n+p

where

(k—p)(mkH—m+p+l}‘S

%S, A, 1, 1) =
p A, 1) [ Py

(1.6)

It should be remarked that the operator D‘; (X, i, 1) is a generalization of many other operators
considered earlier. In particular, for f € A(n, p) we have the following:

(€)) D‘f(l, 0,0)f(z) = D’f(2), (8§ € Ng:=NU {0}the Salagean differential operator
[26].

@ Springer



Certain subclasses of p— valent functions... Page3of19 9

2) D‘f *,0,0)f(2) = Di f(2), (6 € Np) the generalized Sdlagean differential operator
introduced by Al-Oboudi [2].
3) D‘]S A, 1,0 f(2) = th’ " f(z), the operator studied by Deniz and Orhan [12], in special
case 0 < u < A <1 the operator was studied firstly Raducanu and Orhan [24].
) D‘f (1,0, f(2) = If f(2), (6 € Np) the operator considered by Cho and Srivastava [9]
and Cho and Kim [10].
5) D‘]s(l, 0,1)f(z) = I°f(z), (8 € Ng) the operator investigated by Uralegaddi and
Somonatha [36].
(6) D(1,0,0)f(z) = D f(2), (§ € RT U{0}) the operator studied by Acu and Owa [1].
(7) DE(A,0,D) f(z) = I(8, 1, 1) f(2), (8 € RT U {0}) the operator introduced by Catas [6].
(8) D‘;(l, 0,0)f(z) = Df,f(z), (6 € Np) the operator considered by Shenan et al. [27].
9 D)(,0,0)f(z) = D} ,f(2),(8 € No) the operator investigated by Kwon [16].
(10) D‘;,(l, 0,0 f(z) =1,(5,1) f(z), the operator considered by Kumar et al. [30].
(11) Df, *,0,0)f(z) =1,(, A, 1) f(z), the operator studied recently by Catas et al. [7].
For special values of parameters A, u, [/ and p, from the operator ij (A, w, 1) the following
new operators can be obtained:
o DY(h, i, 1) = D50, 1)
o Di(h, w, 1) =Dk, . 1).
Now, by making use of the operator Df, (A, u, 1), we define a new subclass of functions
belonging to the class A(n, p).

Definition2 Let A > u > 0; 1,8 > 0; p € N and for the parametres o, A and B such that
—1<A<B<l1,and 0 <o < p,

we say that a function f(z) € A(n, p) is in the class Sf%l(A, B; o, p) if it satisfies the
following subordination condition:

1 (D50, w1, D f(T 1+ A
p—o ( [ng((&: ) ”) < Ty G0 4
If the following inequality holds true,
Dy (D@1
D3, (ot D) £ (2) <1(zel) (1.8)

DY) f (D))

B D5, (kD) £ (2)

—[pB+(A—B)(p—o0)]

the inequality (1.5) is equivalent the subordination condition (1.6).

We note that by specializing the parameters X, u, [, §, o0, A, B and p, Sf.ﬂ (A, B; o, p)
reduces to the following well-known subclasses of analytic functions: '

(i) S? 0,0(—1, 1;0,1) = S8* (0) (Silverman [28]);

(ii) S?’O,O(A, B; 0, p) = T* (A, B) (Goel and Sohi [14]).
Also, by making use of the operator Df, (A, u, 1), Caglar et al. [S] defined a different subclass
of A(n, p).

Furthermore, we say that a function f(z) € STf\’M(A, B; o, p) is in the subclass
Sﬁ,u,l(A’ B; o, p) if f(z) is of the following form:

o0

f@=2"= Y laldt (p.neN:=1{1,23_}. (1.9)

k=n+p
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In our present paper, we shall make use of the familiar integral operator Iy , defined by
(see, for details, [4, 17, 19, 36])

.[9 Z
(Zo.p)(2) = %/ﬂ 7V f@yde (f € A, p); 94+ p>0; peN)  (1.10)

as well as the fractional calculus operator D for which it is well known that (see, for details,
[22,31] and [32, 33])
F'(p+1)

2 =Ty

7V (p>—1; veR) (1.11)

in terms of Gamma function.

The main object of the present paper is to investigate the various important properties
and characteristics of two subclasses of A(n, p) of normalized analytic functions in &/ with
negative and positive coefficients, which are introduced here by making use of the mul-
tiplier transformations Df, (A, wu, 1) defined by (1.4). Inclusion relationships for the class

th . (A, B; o, p) are investigated by applying the techniques of convolution. Furthermore,
several properties involving generalized neighborhoods and partial sums for functions belong-
ing to these subclasses are investigated. Finally, some applications of fractional calculus
operators are considered. Relevant connections of the definitions and results presented here
with those obtained in several earlier works are also pointed out.

2 Basic properties of the function class STf’u,,(A, B; 0, p)
We first determine a necessary and sufficient condition for a function f(z) € A(n, p) of the
form (1.4) to be in the class ST‘S)\’MJ(A, B; o, p).
Theorem 1 Let the function f(z) € A(n, p) be defined by (1.9). Then the function f(z) is in
the class ST‘SMLJ(A, B; o, p)if and only if
o
S Mk =p) 1+ B)+ (B —A)(p— o) &5G. 4w ) lar] < (B — A)(p—0) 2.1)
k=n+p

where 431;)(8, A, i, 1) is given (1.6).
Proof If the condition (2.1) hold true, we find from (1.8) and (2.1) that

2D} Gh . D @ = PP . D F )|

- (Bsz,@, 1w, Df @) = [pB+ (A= B)(p—0)D)0, 1)

o]
= D k= p) @6 A D lar]
k=n+p

—|:(A—B)(p—0)z”+ Z (B(k—p)+ (B—A)(p—0)) Py, 1, 1, 1) Iaklzkﬂ

k=n+p
< Y lk=p)(+B)+ (B—A)p—o)] 5,2, 1, 1) lax

k=n+p
—(B—-A)(p—0)<0 (zedd={z:z€Cand |z| =1}).
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Hence, by the Maximum Modulus Theorem, we have

f(2) € ST3 , (A, B; o, p).
Conversely, assume that the function f(z) defined by (2.7) is in the class ST i wil (A, B; 0, p).
Then we have

ADS ) f @)
D3 (i) [ (@)

DO (pB + (A= BY(p— )]

Sy k= p) DK, Ay 1, 1) |
Y iy (=B (k= p)+ (B —A)(p— o) K. A, . D) lax| K + (B — A)(p — 0)zP
<1 (zel). (2.2)

B

Now, since |9(z)| < |z| for all z, we have

9% i p k=)@ (8 A Dlag|* P
TN R p = BUh=p)+(B—A) (p=0) 195, (8.2, 10.D)ax [F=P+(B—A) (p—0) 2P

< 1. (2.3)

We choose values of z on the real axis so that the following expression:
2[D)(h, 1, D f @)Y
DY i D f (2)

is real. Then, upon clearing the denominator in (2.3) and letting z — 1~ though real values,
we get the following inequality

Z [k—p)(1+B)+(B—A)(p—o)] d>’;(8,?~, . D) lagl < (B — A)(p — o).
k=n+p

This completes the proof of Theorem 1. O

Corollary 1 Let the function f(z) € A(n, p) be defined by (1.2). If the function f(2) is in the
class Sf%l(A, B; o, p), then

S lk—p)A+B)+(B—A)(p— o)K@, a1, D) la] < (B—A)(p—0). (2.4)
k=n+p

Corollary 2 Let the function f(z) € A(n, p) be defined by (1.9). If the function f(z) €
ST()S»,/A,I(Av B; 0, p), then

(B—A)p—o0)

k. peN). 2.5
[(k—p)(l+B)+(B_A)(p_g)]@;(&k,“,l)( peN) 2.5)

lag| <

The result is sharp for the function f(z) given by

(B—A)p—o0)

_ k
=P (T B) +(B—A) (p— o Bh 1w ny° P EN 2O

fl) =27
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We next prove the following growth and distortion properties for the class S7° ‘f\ ui(A,Bio,p).

Theorem 2 [f a function f(z) be defined by (1.2) is in the class ST&A,M,I(A’ B; o, p), then

p! (B—A)(p—o)@n+p)! n\1.p—q
1 n+p [zI" ) Izl
P=9' +p—!n(1+B)+ (B —A)(p—0)]P, (6 k1)
p!
(r—q)!
(B—A)(p—o0)n+p)!
Tt =D+ B T (B A)p— o) @7, ke, D)
forq € No, p > q andall 7 € U. The result is sharp for the function f(z) given by
(B—A)(p—o)

‘f(q)(z)‘ (

|z|"> lzIP79 (2.7)

(2)=2"— "7 (p eN).
S = 4B+ B e
(2.8)
Proof In view of Theorem 1 we have
X [(k—p)(1+B)+ (B—A)(p— o) DX, A, 1)
> el < 1,

L (B—A)(p—0)

which readily yields we obtain

n+p—n(+B) +B—A)p—-—o) 0y 6 aul) & k!

Z lag| <1,
(B—A)(p—o)n+p)! Pt (k —q)!
or
i k! il < (B—A)(p—o)n+p)!
S, k= a)! (n+p—@!n(+B)+ (B—A)(p—0) Py, A1)
(2.9)
From last inequality,
@ [P o N~ K .
’f"(z)‘— (p_q)!z” 1 k;p( ),Iaklz | (g eNo; p>9q)
. (B—A)(p—o)n+p)!
eI n+p—n(l+B)+ (B —A)(p— )@, h 1, 1)
(2.10)
Similarly
@ [P o N~ K .
’fq(z)‘— (p_q)!z” 1 k;p “—o a1 22791 (g € Nos p > )
. _pr (B—A)(p—o)n+p)!
T =D (4 p—!n(+B)+(B—A)(p—o) Py, A, w1
(2.11)
This completes the proof of Theorem 2. O
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Forg = 0in Theorem 2, we get obtain the following distortion result for ST‘)S\’N (A, B; o, p).

Corollary 3 Ler f(z) € ST‘S/\’MJ(A, B; o, p). Then we have

1 (B—A)p—o0) n\op
- T =" | Izl
(n(1+B)+(B—A)(p—-0)]®, "6, A 1)

<1/ @) < (1 + B - A=) |z|”> 2|?

[ (1+ B) + (B = A)(p — )] @, (5. 1, D)
In Theorem 2 for g = 1, we get obtain the following growth result for ST‘}S\’MJ(A, B; o, p).

Corollary 4 Let f(z) € STi,u,l(A’ B; o, p). Then we have

(B—A)p—0o)n+p) n) -1
- s lzI" | Izl
[n(1+B)+(B—=A)(p—0)®, " (8 A p,1)
B—A)(p-—
<17 < <p+ (= A)p =)0+ ) |Z|n) e
[n(1+B)+ (B—A)(p—0)]®, "5 2, p1)
Theorem3 Let ;1 ,1(z) = z” and
(B—A)p—o) k

= p_ ’
D =~ T B+ B= M) (p — SEG. 1D

Then f(z) € ST‘;MJ(A, B; o, p) if and only if it can be expressed in the form f(z) =
Z,fin+p_l Vi fx(z) where v, > 0 and Z,fin+p_1 vk = 1.

Proof Suppose

o0
&= Y nh@.
k=n+p—1
Then we have
f@ =Y Wwh@ =Vurpifurp1 @+ Y nfi@
k=n+p—1 k=n+p
=1- > w|L+ ) nh@
k=n+p k=n+p
. (B—A)(p—o0) L
— P _ — ’P + s ’P
: k;p [ ST+ B-A (-0l O6, L u D } "
. (B—A)(p—o) k
— P _
’ k:nzﬂ, M=+ B+ B=A) (p =6, D)

Thus, f(z) € STf\,H’Z(A, B; o, p).
Converselly, suppose f(z) € STi,M,l(A’ B; o, p). Since

(B—-A)p—o0)
[(k—p)(1+B)+ (B —A)(p—0)Ph©. A, 1,1

lak] < (k=n+p,n+p+1,...),
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We may set

[k=p A +B)+(B-4) (p— o)X G, A, . D)

_ P
ne=c< (B-A)(p—-o0)

k=n+p,n+p+1,..)),

and
o0

Yatp—1=1— Z Vi Jx(2)-

k=n+p—1

Then f(2) = 3302, po1 Vi fi(2)-
This complete the proof.

Corollary 5 The extreme points ofST‘SAVMJ(A, B;o,p)is

) = 2 (B—A)(p—0)

al,

k

k=n+p,n+p+1,...).

Tk AT B + (B—A)(p— o OhG.h )

Theorem4 If f € S’T‘S}L%,(A, B; o, p), then f is starlike of order « in the disk

|z] < rp =inf
(k—a)(B—A)(p—o0)
where 0 < a < pand p < k.

Proof For 0 < o < p we need to show that

')
f @

P‘ <p—a
that is,

Sy (P — k) lag) 2F

zP — Zlﬁin+p |ak| Zk

f'(@) ‘ _
f@

_ XZapk = p) lagl 1217

k—
L= 20 lael 1217

= k—o
> (—) Jaxl 12177 < 1.
p—a

k=n+p

or

By using Theorem 1, the above inequality holds if

<p—u«

(P—Oé)[(k—p)(1+3)+(3—A)(P—U)]qﬂ,‘,(&k,u,l)}"‘”

|zF=P <
(k—a)(B— A)(p —0)

This completes the proof of theorem.

We now determine the radius of convexity for functions in S7" i u (A, B; o, p).

@ Springer
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Theorem5 If f € ST‘;,M_[(A, B; 0, p), then f is convex of order a in the disk

1
p(p—a)[(k—p)(1+B)+ (B —A)(p— o) @5, 2, D) | 77
k(k —a)(B—A)(p — o)

lz] <rp =inf{

where 0 <o < pand p <k.

Proof It sufficies to show that

S )
+1—-pl<p—«a
J'(@)
for |z|] < ra. Then proof is similar to the proof of Theorem 4 and therefore we omit the
details. O

3 Inclusion relations involving neighborhoods

Following the earlier investigations (based upon the familiar concept of neighborhoods of
analytic functions) by [15], [25] and others including Srivastava et al. [31-34], [20, 21],
Deniz et al. [11], Aoufetal. [3] (see also [6]).

Firstly, we define the (n, ) —neighborhood of function f(z) € A(n, p) of the form (1.1)
by means of Definition 3 below.

Definition 3 For 7 > 0 and a non-negative sequence S = {s¢};2, where

[((k—p)(1+B)+ (B —A)(p—0)] PG, Ay, 1)

o e (k—p)( ( ) (p »( u e, 3.1
(B—A)(p—o)

The (n, T)—neighborhood of a function f(z) € A(n, p) of the form (1.1) is defined as

follows:

(o] o0
N () =1g: g =2"+ Y bbeAm pyand Y silbx —axl <7 (r > 0)
k=n+p k=n+p

(3.2)

For sy = k, Definition 3 would correspond to the N; —neighborhood considered by [25].
Our first result based upon the familiar concept of neighborhood defined by (3.1).

Theorem 6 Ler f(z) € Sf u (A, B; o, p) be given by (1.1). If f satisfies the inclusion
condition:

(fx)+ez”) 1 +e)7le Sg%l(A, B;o,p) (e€C; |el<1; T>0), (3.3)

then
Ni(f) C Sy (A, Bio, p). (3.4)
Proof 1t is not difficult to see that a function f belongs to S;SL, " (A, B; o, p) if and only if

AD, G DF @V
Df,(x,u,l)f(z)

D5 0e) f Q)Y
Bl ~ B+ (A= B)(p o)

#w (zel; wel, |[ow|=1), 3.S5)
B
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9 Page100f19 E. Deniz et al.

which is equivalent to

(f*h)(2)/ 72" #0 (z €elU), (3.6)
where for convenience,

[(k— 1) — kB — (B — A)(p — o) ] Dk (S, ho i, )
=B —A)(p—o0) ©

h(z) ==z + Z st =P +
k=n+p
3.7)
We easily find from (3.7) that
[(k—1)— (kB —(B—A)(p—o0)m] q>’,‘,(5, Ay s D)
@ (B —A)(p—o0)
[(k—1) — (kB — (B —A)(p—0)] D), 4, . 1)
(B—A)(p—o)

lek] <

(keN). (3.8

= ‘

Furthermore, under the hypotheses of theorem, (3.3) and (3.6) yields the following inequal-
ities:
(F@ +ez") (1 +e)7") * h(z)

#0 (zel)
zP
or P
f (@) *h(z) Lo (el
zP
which is equivalent to the following:
h(z
Mzr(xeu;r>0). 3.9

zP
Now, if we let

g@) =2+ Y b e NJ ,(f),

k=n+p

then we have

(f(z) — g(@) *h(z)

o0
= Z (ar — bz ™?

zP
k=n+p
2 [k=1)= (kB —(B—A)(p—o0)] q>’,‘,(5, Ay, D) ke
<y lar — bl |27 < T
ket p (B—A)(p—o)
(zelU; T >0).

Thus, for any complex number z such that || = 1, we have

(g*xM)(2),/ 2" #0 (zell),

which implies that g € Sf,M,I(A, B; o, p). The proof is complete. O

We now define the (n, T)—neighborhood of a function f(z) € 7 (n, p) of the form (1.9)
as follows:

@ Springer
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Definition 4 The (n, T)—neighborhood of a function f(z) = Z,finﬂ, lak| z* of the form
(1.9) is given by

Ni(fr=1g: gy =2"— Y |nlz" and
k=n+p
i [(k = p) (1+B) + (B = A) (p = )] 58, 1 . 1)
(B—A)(p—o)

k=n+p

1br| = lakll < =
(3.10)

Theorem 7 If the function f (z) defined by (1.9) is in the class ST} "} (A, B; o, p), then

NI (f) C ST, /(A B:o, p) (3.11)

where
. — nfip(n + p) + 1 — pul
nipn+p)+r—ul+p+1°

The result is the best possible in the sense that T cannot be increased.

Proof For a function f(z) € ST i*’ﬂl (A, B; 0, p) of the form (1.9) Theorem 1 immediately
yields

i [(k=p) L+ B)+(B—A)(p—o)] P, 4, 1, 1)
(B—=A)p—o)

k=n+p

lak] (3.12)

< p+!
T a4+ p)+r—ul+p+1
Similarly, by taking

(3.13)

N ke i _ bt p)+a—pd )
= k:z;pmz € N9 (T nipn+p)+r—pl+p+1)’

we find from the definition Definition 4 that

i [(k=p) 1+ B)+(B—A)(p—a)] G, 4, 1, 1)
(B—=A)p—o)

k=n+p

1okl = laxll = T (z > 0).

(3.14)
With the help of (3.12) and (3.14) , we have

. [k—=p)(1+ B)+(B—A)(p—0)] P56, 4, 1) b

2

k|

P (B—A)p—o0)
X [(k—p)(1+B)+(B—A)(p—o)®X©, A, p1, 1)

=2 : (B — A)( fa) P
k=n+p p
X [k—p)(A+B)+(B—A)(p—o)P G, A p. D)

+ Z (B_A)(p_o_) . ||bk|_|ak||

p+I1
< +
niun +p)+r—pul+p+I

@ Springer



9 Page120f19 E.Denizetal.

Hence, in view of the Theorem 1 again, we see that g(z) € ST;S\J;} (A, B; o, p).

To show the sharpness of the assertion of Theorem 7, we consider the functions f(z) and
g(z) given by

(B—-A)(p—o) S5+1
) =zP — "t STt (A, B o,
f(z) < |:[n(1 —|—B)+(B B A) (p-O’)] q);l7+p(8,)»,lt,l):|z € )L,p,,l( a P)
(3.15)
and
o) = 2P — (B—A)(p—o0)
(n(1+ B) + (B — A) (p — o) D) P (8, A, 1, 1)
[n(1+ B)+ (B —A) (p — )], (6, &, 1, )

where 7* > t.Clearly, the function g(z) belong to ./{7,?;( f). On the other hand, we find
from Theorem 1 that g(z) ¢ ST ‘;ful ;(A, B; o, p).This evidently completes the proof of
Theorem 7. ]

4 Partial sums of the function class STfI:’,(A, B; 0, p)
Following the earlier work by [29] and recently [18] and Deniz et al. [11], in this section we

investigate the ratio of real parts of functions involving (1.9) and its sequence of partial sums
defined by

zP, m=12,....,n+p—1,

k> ;
=30 lakl, m=n+pantp+1,... kzntpinpel)

4.1)

km(2) = {

and determine sharp lower bounds for 0 { £ (z) «km (2)}, Ni{km(2),/ f(2)}.

Theorem 8 Letr f € A(n, p) and iy, (z) be given by (1.9) and (4.1), respectively. Suppose
also that

0 k—p)(1+B B—A)(p—0)] DG, A, u,l
Z A laa] < 1 Ak=[( p) (14 B)+( ) (p — o) P ( w, 1) @)
(B—A)(p—o0)

k=n+p

Then for m > k + p, we have

1
N ( f@ ) >1-— 4.3)
Km (2) Am+1
and .
0" (Knl(z)) - m+1 ) (4.4)
(@ L+ Amsi
The results are sharp for every m with the extremal functions given by
1
f@) =2 - "t 4.5)
Am+1

Proof Under the hypothesis of the theorem, we can see from (4.2) that

M1 > A > 1 (k> n+ p).
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Therefore, we have

m oo o0
Yoodad + e Y el < D0 Mlaxl <1 (4.6)
k=n+p k=m+1 k=n+p

by using hypothesis (4.2) again.Upon setting

1
o0 =t [5G -(1- 55

Mt Dogeg k| 27
1 — Z?:n—}—p |Clk| Zkip

By applying (4.6) and (4.7), we find that

_)Lm+l Z/Czim_'_] |ak| Zkip
2 - 2 Zznzn+p Iakl Zk_p - )"m+l ZI?O:er] |ak| Zk_p

_ Am+1 Zlfo:m+l |a| <1 (zelU; k=n+p), (48
- 2- ZZZ=n+p lax] — Am+1 Zlgierl lak| — T 7

which shows that i (w(z)) > 0 (z € U). From (4.7), we immediately obtain the inequality
(4.3).To see that the function f given by (4.5) gives the sharp result, we observe for z — 1~
that

-1 — “4.7)

‘w(z)—l‘
w(z) +1

f(z)_l_ 1z’“*1’“—>1— 1

Km (2) B Am+1 Am+1 '

Kkm (2) Am+1
=(1 m -
V@ = Ay [ f@ 1+}\m+1:|

(14 A1) Yope gy lal 27
11— Z;cn:n+p lag| 257

which shows that the bound in (4.3) is the best possible. Similarly, if we put and make use
of (4.6), we can deduce that

'lﬁ(z)—l’
V() +1

, (4.9)

(U Do) D72y lax] 2577
2-2 ka:rH»p |a] k=P + Am+1 — 1) Zlfinﬂ»l |ty | Zk=p

1+ 4 b1 la
_ _ m1) Dt | k|oo <1 el k=n+p),
2 =230 p lakl = Gungr = 1) 35074 larl

(4.10)

which leads us immediately to assertion (4.4) of the theorem.The bound in (4.4) is sharp with
the extremal function given by (4.5). The proof of theorem is thus completed. O

5 Applications of fractional calculus operators

Various operators of fractional calculus (that is, fractional integral and fractional derivatives)
have been studied in the literature rather extensively (cf,, e.g., [23, 32, 33, 35]; see also [8, 32,
33] the various references cited therein). For our present investigation, we recall the following
definitions.
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Definition 5 Let f(z) be analytic in a simply connected region of the z- plane containing the
origin. The fractional integral of f of order v is defined by

L f©)
rw Jo @@=

9. f)= d¢ (v >0), (5.1

where the multiplicity of (z — ¢)"~! is removed by requiring that log(z — ¢) is real for
z—¢>0.

Definition 6 Let f(z) be analytic in a simply connected region of the z- plane containing the
origin. The fractional derivative of f of order v is defined by

v 1 d T fE)
sz(z)_il"(l—v)dz/o (z—{)”d§(05v<1)’ (5.2)

where the multiplicity of (z—¢) ™" isremoved by requiring thatlog(z—¢) isreal forz—¢ > 0.

Definition 7 Under the hypotheses of Definition 6, the fractional derivative of order n 4 v is
defined, for a function f(z), by

DI f(2) =

Y@} (0<v<1; neNy). (5.3)
In this section, we shall investigate the growth and distortion properties of functions in the
class ST s I(A B; o, p), which involving the operators Z, , and D} . In order to derive our

results, we need the following lemma given by Chen et al. [8].

Lemma 1 (see [8]). Let the function f(z) defined by (1.9). Then

) _ T+ ., — @+pTk+D
DA@op D@} = 10,07y Xip @+ Ok +1— )™
weR; ¥ >—p; pnelN) 54
and
y @+ pTe+Dd ., e @+ p)Lk+1) kv
Dol DY = G =+ 1 - k:’;p @ +k—wIk+1—v) "
veR; ¥ >—p; pneN) (5.5)

provided that no zeros appear in the denominators in (5.4) and (5.5).
Theorem 9 Let the functions f(z) defined by (1.9) be in the class ST%MJ(A, B; o, p). Then

C(p+1)

T(p+1+v)

_ O +protpt DE-Ap-0) W}
@4+n+pln+p+1+v)[nl+B)+(B—Ap—0)]d, "6 A unl)
2Pz et v>0; 9 > —p; pneN) (5.6)

‘D;V{(zﬁ,pf)(Z)}’Z{
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and
. e+
|D; {(Iﬂ,pf)(Z)}|§{F(p+l+v)
N @+pln+p+1H(B—-A)(p—o0) 2"
@ +n+pTa+p+1+v)[nd+B)+(B—A)(p—o) &y 6,4, 1l
Izl (zel; v>0; & > —p; p,neN). 5.7

Each of the assertions (5.6) and (5.7) is sharp.

Proof In view of Theorem 1, we have

[n(1+ B) + (B — A)(p — ) O} (@S, byt )

>

(B—A)p—o) kmtp
P [k—=p)A+B)+(B—A)(p—0)] D56, 1, 1.l
-y [(k—p)(1+ B) +( )(p—0) P, A, 1 )|ak|§1, 5.9
e (B—A)(p—o)
=n—+p
which readily yields
> B—A)(p—
3 Jal < E-Ap o) . (5.9)
kmtp [n(1+B)+ (B—A)(p—0)] P, " (5, A, pu, 1)

Consider the function F(z) defined in I/ by

r 1 —
Foy= P opeg, )

. i @ +pTk+DT(p+14+v)

@+ OTk+ 1+l +1) 1“2
k=n+p p

o0

== ) Omlal e
k=n+p
where
@+pTk+DC(p+1+v)
Ok) = k>p+n; pneN; v>0). 5.10
= Ok 1wl F=PHm P ). 610
Since O (k) is a decreasing function of k when v > 0, we get
@G+p)Tn+p+D(p+14+v)

@+n+pln+p+1+v)I(p+1)
(v>0;, v >—p; pneN). (5.11)

0<Ok =OMn+p) =

Thus, by using (5.9) and (5.11) , for all z € U, we deduce that

o0
IF @) = |zI” = O + p) |z|"*P Z lag| = |zI?
k=n+p

@+pTn+p+DI(p+1+v)(B - A)(p—o0)

_ | |"+P
@4nt P+ pt 1+ 0L+ Din(l+B) + (B —Ap— o)l P G a )
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and

oo
IF@I < |zI” + O+ p) lzI"P Y laxl < I2l”
k=n+p
N @ +p)Ln+p+DL(p+1+v)(B - A)(p—0)
@+n+pTa+p+1+0T(p+ D0+ B) + (B —A)(p—o) 56, 4 u, D)

|Z|n+p

which yield the inequalities (5.6) and (5.7) of Theorem 9. Equalities in (5.6) and (5.7) are
attained for the function f(z) given by

Cip+1)
'p+1+4+v)
_ @+ pTn+p+1D)(B—-A)(p—o)
@ +n+pTn+p+1+v)nd+B)+ (B —A)p—o) )76, 1)

DT, p 2} = {

Zn Zp+v

or, equivalently, by

@+ p)(B-A)(p—o)

T — P _
@) =2 (zwrmtp)[n(l+B)+(B—A)(p—a)]c1>’},+”(¢s,x,u,1)Z

n+p

Thus, we complete the proof of theorem. O

Theorem 10 Let the functions f(z) defined by (1.9) be in the class ST‘}SL’MJ(A, B; o, p).
Then

. e+,
Do, @Y= {7F(p+ s
_ (19 +P)(B - A)(P - U) ‘Z‘” |Z|p—\;
@+n+pTa+p+1—v)nd+B)+ B —A)(p—o) 7Gx w i)
(zeU; v>0; 9 >—p; pneN) (5.12)
and
, Tp+) .,
DH(Zs.p (@D} < {7“[) PR

n @+ p)(B - A)p—o0)
@+n+pTa+p+1—v)[n(l+B) + (B —A)(p—0)] 057G, 1, p,

f Izl"} lz[77" (5.13)

(zeU; v>0; 9 >—p; p,neN).

Each of the assertions (5.12) and (5.13) is sharp.

Proof It follows from Theorem 1 that

o0

NTE (n+ p)(B—A)(p —0)
S, B+ (B = A)(p— )]Gk 1)

(5.14)
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Consider the function Q(z) defined in U/ by

_ F(p+1-v) Vv
Q(z) = To+) 2D @y, p (D)}
. @+ pT®C(p+1—v) ‘
— P _
- k; (19+k)F(k+1—v)F(p—|—1)k|ak|z
=n+p
== Y pklal @eu)
k=n+p

where, for convenience,

_ @+pr®r(p+1-v) : .
o (k) == BTG L=+ D k=p+n; poneN; 0<v<1). (515

Since g (k) is a decreasing function of k when 0 < v < 1, we find that

@+pTn+pl(p+1-v)
@+n+pTn+p+1—v)(p+1)
O<v<l; ¥>-—p; pneN). (5.16)

O<pk)=pn+p) =

Hence, with the aid of (5.14) and (5.16) , for all z € U/ , we have

9]
1Q@)| = |zI” — o (n + p) 2" Z klag| > |z|?
k=n+p

@+ pTa+pTp+1-v)(B-A)(p-o)

_ | |n+p
@ +n+pTa+p+1+0L(p+ D0+ B) = (B—A)(p—o)]®p "6, 1, 1,1 ’

and

o0

Q@) < IzI” + (1 + p) 21" Y klax| < Izl?
k=n+p

@ +p)Fn+pp+1—-v)(B—-A)(p—o0)

+ 'n+p
@+n+pTn+p+1+0T(p+ D0+ B) — (B—A)(p—o)] 56, 4, p, D) !

which yield the inequalities (5.15) and (5.16) of Theorem 10. Equalities in (5.15) and (5.16)
are attained for the function f(z) given by

DY{(Zy,p )2}
_ I'(p+1) @+pln+p+1DH(B—-A)(p—o0) al _p—v
= - Z Z
F(p+1=v) @ +n+pla+p+1—v)1+B7P6E, 4wl

or, equivalently, by

@+ p)(B—-A)(p—o) e

7, )=z —
Trp @) =2 @ +n+p)n+ p)(L+ B, (S kD)

Consequently, we complete the proof of Theorem 10. O
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