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RADII OF STARLIKENESS AND CONVEXITY OF THE DERIVATIVES
OF BESSEL FUNCTION

E. Deniz,' S. Kazimoglu,”> and M. Caglar>* UDC 517.5

We find the radii of starlikeness and convexity of the derivatives of Bessel function for three different
kinds of normalization. The key tools in the proof of our main results are the Mittag-Leffler expansion
for the nth derivative of the Bessel function and the properties of its real zeros. In addition, by using
the Euler—Rayleigh inequalities we obtain some tight lower and upper bounds for the radii of starlikeness
and convexity of order zero for the normalized nth derivative of the Bessel function. As the main results
of our investigations, we can mention natural extensions of some known results for the classical Bessel
functions of the first kind.

1. Introduction

We denote by D, = {z € C: |z| <} (r > 0) adisk of radius r. Also let D = D; and let A be the class of
analytic functions f in the open unit disk D satisfying the ordinary normal conditions

Traditionally, the subclass of A formed by univalent functions is denoted by S. We say that the function f € A
is starlike in the disk D, if f is univalent in D,, and f(ID,) is a starlike domain in C with respect to the origin.
Analytically, the function f is starlike in I, if and only if

Re<sz£i§)> >0, ze€D,.

For § € [0,1), we say that f is a starlike function of order 3 in D, if and only if

Re(z}céj)) > B, zeD,.

By a real number

2f'(2)
f(2)

we define the radius of starlikeness of order 5 for a function f. Note that *(f) = r;(f) is the largest radius such
that the image region f (DT;( #) is a starlike domain with respect to the origin.

r5(f) :sup{r € (0,7¢): Re( ) > (3 forall z G]DJT}
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A function f € A is convex in the disk D, if f is univalent in D, and f(D,) is a convex domain in C.
Analytically, the function f is convex in I, if and only if

2f"(2)
f'(2)

Re<1+ )>O, z € D,.

For 3 € [0,1), we say that f is a convex function of order 3 in D, if and only if

2f"(z)
f'(2)

Re<1—i— >>ﬁ, z € D,.

The radius of convexity of the order 3 of the function f is defined as the real number

2f"(2)
f'(2)

T%(f) :SUP{TG (0,7¢): R€(1+ > > [ forall zEDT}.

Note that r°(f) = r{(f) is the largest radius such that the image region f(ID,<(s)) is a convex domain.
The Bessel function of the first kind of order v is defined as follows [18, p. 217]:

o

(_1)m 2\ 2m+v
Tul2) = mZ:o m!l'(m+v+1) (5) , z€C

We now consider the nth derivative of the Bessel function of the first kind:

(n) _ oo (=1)™r@2m+v+1) z 2m—n—4v

Here, it is worth noting that, for n = 0, J,Sn) reduces to the classical Bessel function .J,,. Since the function J,En)

does not belong to A, we first introduce and consider the following normalized forms:

1

fual2) = [2T(r =n+ 1I()] 7

Gun(2) =2"T(v —n+ 1)z1+"_”Jl£”)(z), (1.1)

n—v

hua(2) = 2T = n+ 1223 00 (/)

where v > n — 1.

The first studies of the geometric properties of Bessel functions of the first kind were carried out in 1960
by Brown, Kreyszig, and Todd [10, 16]. They determined the radius of starlikeness of the functions f, o(2)
and g, (%) for the case v > 0. Recently, in 2014, Baricz, et al. [3] and Baricz and Szdsz [4] have obtained,
respectively, the radius of starlikeness of order 3 and the radius of convexity of order 3 for the functions f, o(2),
gv0(2), and h, o(z) in the case where v > —1. On the other hand, we know that if » € (—2, —1), then the Bessel
function has exactly two pure imaginary conjugate complex zeros, whereas all other zeros are real [21, p. 483].
In 2015, Szasz [20] investigated the radius of starlikeness of order /3 for the functions ¢, (z) and h,(z) in the case
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where v € (—2,—1) by using certain inequalities. In the same year, Baricz and Szdsz [5] obtained the radius of
convexity of order /3 for the functions g,(z) and h,(z) in the case where v € (—2, —1). Later, in 2016, Baricz
et al. [7] determined the radius of a-convexity of the same three functions for ¥ > —1. In a year, Caglar, et al.
[11] extended this result to the case where v € (—2,—1). In 2017, Deniz and Szédsz [12] determined the radius
of uniform convexity of f,0(2), g,.0(2), and h,(z) for v > —1. They also established necessary and sufficient
conditions for the parameters of these three normalized functions under which these functions are uniformly convex
in the unit disk. Moreover, in [1, 2], the authors established tight lower and upper bounds for the radii of starlikeness
and convexity of the functions g, 0(z) and h,o(z). The key tools in their proofs were some new Mittag-Leffler
expansions for the quotients of Bessel functions of the first kind, special properties of the zeros of Bessel functions
of the first kind and their derivatives, Euler—Rayleigh inequalities, and the fact that the smallest positive zeros of
some Dini functions are smaller than the first positive zero of Bessel function of the first kind.

Another study of Bessel functions deal with the properties of the derivatives and zeros of these derivatives.
In the last three decades, the zeros of the nth derivative of Bessel functions of the first kind for n € {1, 2, 3} have
been also studied by numerous researchers, including Elbert, Ifantis, Ismail, Kokologiannaki, Laforgia, Landau,
Lorch, Mercer, Muldoon, Petropoulou, Siafarikas, and Szego; for more details see the papers [13, 15] and the
references therein. Very recently, in 2018, Baricz, et al. [8] have obtained some results for the zeros of the nth
derivative of Bessel functions of the first kind for all n € N by using the Laguerre—Pdlya class of entire functions
and the so-called Laguerre inequalities.

Motivated by the results outlined above, in the preset paper, we deal with the radii of starlikeness and convexity
of order /3 for the functions f,,,(2), gu.n(2), and h, ,(z) in the case where v > n — 1 for n € N. In addition,
we establish tight lower and upper bounds for the radii of starlikeness and convexity of these functions.

2. Preliminaries
In order to prove our main results, we need the following preliminary results.

Lemma 2.1 [8]. The following assertions are valid:

(a) If v > n—1, then z — Jﬁn)(z) has infinitely many zeros, which are all real and simple, except the
origin.

(b) If v > n, then the positive zeros of the nth and (n + 1)th derivative of J,, are interlacing.

(c) If v >mn—1, then all zeros of z — (n —v) J,En)(z) + zJ,En—H)(z) are real and interlace with the zeros
of z +— Jﬁn) (2).

The next lemma (see [9, 19]) is also required for our presentation.

Lemma 2.2. Let

f(z) = Zanx", an € R, and g(z) = Z bpx™, by >0,
n=0 n=0

for all n > 0, converge on the interval (—r,r) for some r > 0. If the sequence {a, /by }n>0 is decreasing
(increasing), then the function x — f(x),/ g(x) is also decreasing (increasing) on (0,r). Hence, the same result
holds for

f(z) = Z anx®" and  g(z) = Z ",
n=0 n=0
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2.1. Zeros of Hyperbolic Polynomials and the Laguerre—Pélya Class of Entire Functions. In this section,
we present some necessary knowledge about polynomials and entire functions with real zeros. An algebraic poly-
nomial is named hyperbolic if its all zeros are real. In what follows, we use the following lemma given in [6] and
obtain new results:

Lemma 2.3. Assume that
p(z) =1 — a1z + agz® —aza® + ...+ (=) a2 = (1 —z/z1) ... (1 — x/x,)

is a hyperbolic polynomial with positive zeros 0 < x1 < x9 < ... < x,, and that it is normalized by p(0) = 1.
Then the polynomial q(x) = Cp(x) — xp'(x) is hyperbolic for any constant C. Moreover, the smallest zero 1y is
in (0,21) ifand only if C' < 0.

Clearly, a real entire function %) is in the Laguerre—Pdlya class LP if it has the form

W(x) = cxMe P H <1 + x) e_ﬁa

X
E>1 k

with ¢, 8,z € R, a > 0, m € NU {0}, and Za:;z < oo. Similarly, we say that ¢ is of type Z in the
Laguerre—P6lya class denoted by ¢ € LPZ if ¢(x) or ¢(—x) can be represented as

=T (1 2),

k>1

withc € R, 0 >0, m € NU{0}, x; > 0, and Z :c,?l < 00. The complement of the space of hyperbolic poly-
nomials in the topology induced by the uniform convergence on compact sets of the complex plane is the class LP
if the complement of the hyperbolic polynomials whose zeros possess a preassigned constant sign is LPZ. For any
entire function ¢ of the form

.T}k
o(x) =Dty

k>0
its Jensen polynomials are given by

Pp(p;w) = Po(z) = <m> .
k=0 k

The following lemma is a well-known characterization of functions from the class LP (see [14]):

Lemma 24. ¢ is in the class LP (LPZ, respectively) if and only if all polynomials P,,(p;x), m =
1,2,..., are hyperbolic and such that they are hyperbolic with zeros of the same sign. Moreover, the sequence
P (¢;z,/n) is locally uniformly convergent to ¢(z).

The following lemma is necessary for the proof of our main results:

Lemma 2.5. Let v > n — 1 and a < 0. Then the functions

20— (20 —n+v)J(2) — 2D (2)



1690 E. DENIZ, S. KAZIMOGLU, AND M. CAGLAR

can be written in the form

2" I (v 41 —n) ((Qa —n+v)JM(z) - zJ,E"H)(z)) = (g)y_n Wyn(2),

where W, ,, are entire functions from the Laguerre—Pdlya class LP. Moreover, the smallest positive zero of W, ,,

(n) (n)

cannot exceed the first positive zero j, |, where j,m is the mth positive zero of Jﬁn)(z), m € N, n € Np.

Proof. It is obvious from the infinite product representation of
20— T (2) = 2T (v 4+ 1 —n)(2)" VI (2)
that this function belongs to the class £P. This means that the function
2= IP(2) = TV (27)
is in the class LPZ. Thus, by Lemma 2.4, all its Jensen polynomials
P (30 ¢) = i (m> ppx”
k=0 \k
are hyperbolic. However, it can be seen that the Jensen polynomials of Wyn(z) =W, n(2V/z) are, clearly,
Pr(Wyni6) = aP (30756) — <Py (35V;6).

Moreover, Lemma 2.3 tells us that all zeros of P, (Wy,n; S ) are real and positive and that the smallest zero

precedes the first zero of P, (.,]] ,(,n); c). By Lemma 2.4, the last result immediately implies that Wym € LPTL and
e
— 52
Wy to W, by setting ¢ = 1

that its first zero precedes j Finally, the first part of the statement of the lemma follows if we go back from

Lemma 2.5 is proved.

2.2. Euler-Rayleigh Sums for Positive Zeros of JIE") (z). Baricz, et al. [8] proved the Weierstrassian de-

composition of J,Sn)(z) as follows:

Lyn 2

() 2 _
o (Z)_Z”F(V—}—l—n)H ! <.<n)>2 ’ @1

m>1 Jv.m

where jﬁ"n)l is the mth positive zero of Jﬁn)(z), m € N, n € Ny. Therefore, we can write

252

Gon(2) =2°T(v —n+ 1)1V M (2) = 2 H I-—=. (2.2)
m>1 (ﬁ%)
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On the other hand, the series representation of g, ,(2) is

[e.e]

)PC2m+ v+ 1Dy —n+1) 9.

Gun(2 Z:()m4mf‘2m—n+y—|—1)r(m+y—l—1)

(2.3)

We would now like to mention that, by using equations (2.2) and (2.3), we can get the following Euler—
Rayleigh sums for the positive zeros of the function g, ,,. It follows from equality (2.3) that

v+2 3
z
dv—n+2)(v—n+1)

Gon(2) = 2 —

(v+4)(v+3)
+ R -n+4)v-n+3)(v-n+2)v-n+1) 22— 2.4

Further, if we consider (2.2), then some calculations imply that

2

1 1 1 1
Oy P\ Eey) By

By equating the first few coefficients with the same degrees in equations (2.4) and (2.5), we get

1 V42
mz>:1 (ﬁ%) T Av-n+2)(w-n+1) 2.6)

and

1 1
Z .(n)>4 C16(v—n+2)(rv—n+1)

(v +2)? (v+4)(v+3)
><<(V—n—|—2)(1/—n+1) (V_”+4)(V—n+3)>' (2.7

Here, it is worth noting that, for n = 0, equations (2.6) and (2.7) are reduced to

1 1 1 1
Z (Jvm)? T A+ 1) and Z (Gom)? T 16w+ 2) (v + 1)2

m>1 m2>1

respectively, where j, ., denotes the mth zero of the classical Bessel function J, .
In another special case, for n = 1, 2, equations (2.6) and (2.7) are reduced to

Z 1 i V+2 Z 1 . 14 +81/+8
(jllfm)Q (v 1)’ (j,’,m)4 C16v2(v +1)2(v + 2)

m>1 m>1
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and

= (jam)? 4(v—1)v’

> 1 v+ 2 > 1 130841907 4 261 4 8
0%04_1Mu—n%ﬂ@+lﬂy+%’

m>1

where j;, ., and j, ., denote the mth zeros of the functions .J;, and J}/, respectively.

3. Main Results

3.1. Radii of Starlikeness and Convexity for the Functions f, 5, gu.n and h, ,. The first principal es-
tablished result concerns the radii of starlikeness and can be formulated as follows. Here and in what follows,

I,, denotes the modified Bessel function of the first kind and order v. Note that I,,(z) =i~V J,(iz).

Theorem 3.1. The followings assertions are true:

(a) Ifv>nand B €0,1), then

5 (fum) = 27,

(n+1)
where x(ynl) is the smallest positive root of the equation t ((g) —6=0.
’ (v —n)Jy" (r)
In addition, if n — 1 <v <n and B € [0,1), then
Tg(fl/m) = 1'1(,72),
I(”+1)
where :Jcl(:;) is the smallest positive root of the equation Ty (r) -B=0.

(v —n) IS (r)
(b) Ifv>n—1and 5 €[0,1), then

r5(gun) = 407,

T (r)

(n)

1 1s the smallest positive root of the equation

where y

(c) Ifv>n—1and B €[0,1), then

7';} (hun) = ziﬁ),

(n)

where 21

is the smallest positive root of the equation E/n)
J

+n+l—-v—-p=0.

+n+2—-v—-28=0.

Proof. First, we prove part (a) for v > n and parts (b) and (c) for v > n — 1. It is necessary to show that the

following inequalities:

W) n w(E) s ()

3.1
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are valid for z € ID)T;( fom)s Z € DT;(gu,n) and z € Dr;(hy,ny respectively, and each inequality presented above
cannot hold in larger disks.

If we write equation (2.1) in the definitions of the functions f, ,,(2), gvn(2), and h, ,(z), then, by using the
logarithmic derivation, we get

2fn(z 1 JISnH) 1 22
f,(): Z o (Z):l_ Z 22 , v>n,
Jom(z) v —n g0 VTR (i) -2
5 I/jn Jlgn-i-l) ) 2
97():7’L+1—V‘|‘ (n) <2)—1_Z ZQ ) V>n_17
Gun(2) J" (2) m>1 (]Vnm> — 22
h _ (n+1)
2”7771(2)214-” I/+1\/EJ(V) (V?) :1_2727 v>n—1.
(2 2 2 ) n= (35) — =
It is known [4] that if z € C and A € R are such that A > |z|, then
2] z
>R . 3.2
A— 2 =\ =z G2
Thus, the inequality
2 2
‘22| > Re

holds for every v > n — 1. Therefore,

Zf,i’n(Z) _ 1 222
Re< ) > =1-— ”mz Re TN

1 2122 lzlfa(lzD)
— 2 - ’

_ Z 2‘Z|2 _ |Z’91//,n(’2‘)
=T NGl
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3 2] LD
Z 1 - 2 = h )
() _ vn([2])

m21\ Jum |2|

where the equalities are attained only for z = |z| = r. By using the last inequalities and the minimum principle
for harmonic functions, we conclude that the corresponding inequalities in (3.1) hold if and only if

|z] < xl(,nl), |z] < yif‘f, and 2] < 2571),

(n) (1)

respectively, where x|, vy, |, and P

are the smallest positive roots of the equations

v,1
) o rial) )
fon(r) ’ Gun(r) ’ Py () ’
respectively, which are equivalent to
n+1 n+1
M_ﬁzo ‘]lg+)()+n+l—u—/3:
(v = m)J" (r) A |

and
VI ()
T )

The result follows from Lemma 2.5 if, instead of a, we take the values

+n+2—-v—-28=0.

B-Dw=n) p-1

92 9 92 ’ and B_ 17

respectively. In other words, Lemma 2.5 shows that all zeros of the indicated three functions are real and their first
(n) (n)

v,1 v
hold. This completes the proof of part (a) for v > n and parts (b) and (c) for v > n — 1.
To prove the statement of part (a) for v € (n — 1,7n), we use the counterpart of (3.2), i.e.,

z —|z|
> .
Re(/\—z>_)\+]z]’ (3-3)

which holds for all z € C and A € R such that A > |z]| (see [3]). If, in inequality (3.3), we replace z by 2% and A
2
by (]i%) , then we get

positive zeros do not exceed the first positive zeros j, { and /7. 7. This guarantees that the above inequalities

n)

provided that |z| < j£,1-
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Thus, for n — 1 < v < n, we obtain

(i)

9 Aotgl (s
>14 L 2€| _ el funCil=D)

In this case, equality is attained for z = i|z| = ir. Moreover, the last inequality implies that

Re<zfll”"(z)> > 3

fun(2)
i - (n) (n) iy ] (ir) L
if and only if |z| < z, 5, where z, 4 denotes the smallest positive root of the equations T i) = [, which is
) ) vn r
equivalent to
z'rJlEnH)(ir) -B=0 or —rLEnH)(r) - =0

(v —n)J5" (ir) (v —n) I (r)

for n — 1 < v < n. It follows from Lemma 2.5 that the first positive zero of

2 ir D (i) — By — n) I (ir)

v

cannot exceed j,snl) and, hence, the above inequalities are verified. Thus, it remains to show that the function
presented above has actually only one zero in (0, c0). Note that, by virtue of Lemma 2.2, the function

irJlSnH)(ir) Q1
> — =
Iy Q2

where
0 i 2m—-—n+v)I'C2m+v+1) om
= T
! — mI22" T (2m —n+v+1D)0(m+rv+1)
Qs = i rem+v+1) 2m
2T A= ml22m T (2m —n+ v+ DI (m+ v +1) ’

is increasing on (0, 00) as a quotient of two power series whose positive coefficients form an increasing “quotient
sequence” {2m — n + v};,>0. On the other hand, the above function tends to ¥ — n as r — 0 and, hence, its
graph may cross the horizontal line y = 3(v — n) > v — n only once. Thus, the proof of part (a) of the theorem
is completed for v € (n — 1,n).

Theorem 3.1 is proved.
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Table 3.1

r5(f25n) 75(92.5n) r5(h2.sn)

B=0 B=0.5 B=0 B =0.5 =0 B =0.5

0 3.6328 2.7569 2.5011 1.8192 11.1696 6.2556

1 2.1056 1.5926 1.7975 1.3307 5.4265 3.2312
2 0.8512 0.6229 1.1285 0.8512 2.0284 1.2735

3 0.4586 0.3051 0.4819 0.3703 0.3543 0.2323

With regard for Theorem 3.1, we tabulate the radius of starlikeness for f, ,,, g,,, and h,,, for fixed v = 2.5,
n = 0,1,2,3, and, respectively, 8 = 0 and S = 0.5. These values are presented in Table 3.1. Moreover, in
Table 3.1, we see that the radius of starlikeness is decreasing according to the order of the derivative and the order
of starlikeness. In other words, all these results enable us to conclude that

15(fro) > 15(fo1) > 15(fo2) > o > rp(fun) > ...

for 5 €[0,1) and v > n — 1, n € Ny. In addition, we can write

15, (fun) <75, (fum)

for 0 < By < 1 < land v >n — 1, n € Nyg. The same inequalities are also true for rg(gyyn) and r;(hz,m).
For n = 0 in Theorem 3.1, we obtain the results of Baricz, et al. [3]. Our results is a common generalization

of these results.
The second established principal result concerns the radii of convexity and can be formulated as follows:

Theorem 3.2. The following statements hold:

(a) If v>mnand 5 €0,1), then the radius Tg(f,,m) is the smallest positive root of the equation

(n+2) (n+1)
rdy () N < 1 1> rdy () _o.
v—mn

1- 6+
TS () T (r)

14

Moreover,

15 (fom) < 35T < 5.

(b) If v >n—1and B € [0,1), then the radius 5 (gun) is the smallest positive root of the equation

(n—v+ 2)7“J,En+1)(7“) +r2 gt (r)

=0.
(n—v+ 1) I () +r ISV ()

n+l—v—p+
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(¢c) Ifv>n—1and g €]0,1), then the radius rg(hl,,n) is the smallest positive root of the equation

n+2-v=28 Vi (m-v 3 + Vi)

? 2 (n—V+2)J£")(\/17)+\/;Jlgnﬂ)(\/;) =0.

Proof. (a) Since

and, in view of (2.1),

we conclude that

1+Z,L/’”((;)):1—<Vin—1>z —Z

v o () m>1 (n+1) 22'
) S )

We now suppose that v € (n,n + 1]. If we use inequality (3.2) for all z € Dj(n), then we get the inequality
v,1

Re(1+ Z%z))) () o

a—(uin—l)z PR e

<92 b
m>1 <],Sn)l) m>1 (]Vnﬁl ) —7r2

where |z| = r. Moreover, we conclude that if we use the inequality [4] (Lemma 2.1)

. . R
_Z ) > _
’“‘Re<a—z) Re(b—z) e L

where @ > b > 0, p € [0,1], and z € C such that |z| < b, then we see that the above inequality is also true
for v > n+ 1. Here, we have used the fact that the zeros of the nth and (n + 1)th derivatives of .J, are interlacing

according to Lemma 2.1. For r € (0, 35"1)) the above inequality implies that

(1 O\ L )
0 e G P 1 S N (S
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On the other hand, we define the function ¢, ,, : (n, j,g?l)) — R as follows:

1
rfn(r)
Prn(r) =1+ —7.
o vn(7)

Since the zeros of the nth and (n + 1)th derivatives of .J, are interlacing according to Lemma 2.1 and

T < j,%ﬂ) < j(n) <0r r < j(n)j(nﬂ))

v,1 v,1Jv,1

for all ¥ > n, we have

(j,ﬂ"%) (<j£7$1)>2 B r2> _ <jl(/%r1)> <<31(,n%>2 _ 7«2) < 0.

Thus, the inequality

dipy (1) o < 1 1> Z 4r <juflm)2 4r (jz(/zil)>2
dr v—n me1 <<]£’%>2 B 7“2)2 o1 ((jl(,%rl)y _7"2)2

m21 <(j,fm>2 — 7“2>2 mz;l ((jz(z%l))Q — r2>2

()" ()" o2 = otaa)” (i) )
st << (n) )2 2>2 (( ~<n+1))2 2)2 =
= Jvom ) —T Jv,m -r

is satisfied. Consequently, the function ¢, ,, is strictly decreasing. We also observe that

lim ¢,,(r)=1>8  and Hm @,,(r) = —oo,

which means that, for z € D,,, we have

2fn(2)
Re<1 + = ) > f
v (2)

: o : rfin(r) ()
if and only if 7y is the unique root of 1 + ——= ) = f3, located in (0, j;,7 ).
v,n r ’
(b) Note that
2g" (2 49y, gD 2 7(n+2)
1+ gu,n():(n_y+1)+(n v+2)zJy T (2) + 22 (2)

9 (2) (n—v+1)J"(2) + 278 (2)
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By using (1.1) and (2.1), we find

Gon(2) = 2T =+ 1)2"7 |(n— v+ I (=) + 2 (2)]

o0

Z 2m+1)r(2m+lj+1)r(y—n+1) <Z>2m (3.4)
= m'FQm—n+V—1—1)F(m+V+1) 2 ’
and
. mlogm 1
lim ——— = —,
m—oo \(m,n,v) 2
where

A(m,n,v) = [2mlog2 + logI'(m + 1)
+log'2m —n+v+1)+logl'(m+v+1)

—logT'(2m+v+1) —logl'(v — n+ 1) — log(2m + 1)].

Here, we have used the equalities

loe T’ b
ml=T(m+1) and  lLim 28L@m*b)
m—oo  mlogm

where a and b are positive constants. Thus, by applying Hadamard’s theorem [17, p. 26], we can write the infinite-
product representation of g, ,(2) as follows:

2

’ _ _ z
gy,n(z)—ng1 1 (%%)2 , (3.5)

where 'y( ") denotes the mth positive zero of the function g, ,,. According to Lemma 2.5, for v > n — 1, the func-

(n)

tion g,,,, € LP and the smallest positive zero of gj,,, does not exceed the first positive zero of .J,
By means of (3.5), we obtain

+29L: -y =
gl/n( m>1< ) — 2

If we use inequality (3.2), then, for all z € D L 5 We get the inequality

Yv,m

Zgl,/,n(z)> 2?”2
Re( 1+ : >1-—
( 950 (2) 2

2 bl
m>1 (qxﬁn,%) —7r2

where |z| = r.
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Thus, for r € (O,’ygll)), we get

20l (2) rgll ()
inf {Rel( 1 ? =1 2 .
“D{ ( e NS

A function G, : (0, 7£nl)) — R defined by

/!
9y (r)
Gun(r) =1+ ===,
o G (1)
is strictly decreasing and, moreover,
lim Gy p(r)=1>p and lim G,,(r) = —oc.
™0 T’/"y(n)

Thus, in view of the minimum principle for harmonic functions, for z € D,,, we get

Re<1 + Zg”’"(z)> > f
9y n(2)

iVn"(i)) = B located in (07%(/?1))'

if and only if 73 is the unique root of 1 +

(c) Observe that

th,n(z) n—v+2 £ (n—v+ 3)J(”+1)(\[) I \[J(n+2)(\/2)

1+

By using (1.1) and (2.1), we find

Pyn(2) = 277100 = n+1)2"5 [ (n = v+ 2) I (V) + VEI (V7))

i "m+1)I'Cm+rv+ DIy —-—n+1) <3>m
— m'FZm—n—i—V—i—l)F(m—i—y—i—l) 4
and
. mlogm 1
lim ——— = —,
m—oo T(m,n,v) 2
where

T(m,n,v) = [2mlog2 + logI'(m + 1)
+logI'Cm —n+v+1)+logl'(m+v+1)

—logT(2m +v+1) —logI'(v — n+ 1) — log(m + 1)].

al®) 22 (e IR 4 AR

(3.6)
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Hence, by applying Hadamard’s theorem [17, p. 26], we can write the infinite-product representation of hﬁj,n(z)
as follows:

z
() =TT (1= |- 3.7)
m>1 51/,m

(n

where 0,7, ), denotes the mth positive zero of the function A;, ,,. According to Lemma 2.5 for v > n—1, the function

hy,n € [,77 and the smallest positive zero of h;, ,, does not exceed the first positive zero of J,En).
By virtue of (3.5), we obtain

Zhl/
RO
h ( m>1 4 TL
By using inequality (3.2), forall z € D st > we get the inequality

zh! . (2) r
R 1+ ——=1>1- EE—

m>1Ovm — T

where |z| = r. Thus, for r € (0,5,(/71)), we have

L fe (LGN L )
= e IS S T

The function H, , : (O 5( )) — R defined by

Thy (1)

Hon(r) =14 57 07

is strictly decreasing and, moreover,

lim Hu,n(r) =1> ﬂ and hm Hun( ) = —0Q.
™\0 T/5V1

As aresult, in view of the minimum principle for harmonic functions with z € D,.,, we conclude that
R zh’ ' n(2) 8
>
RSRTNE)

rhy (1)

_ (n)
R () = f3, located in (0 (5 )

if and only if r3 is the unique root of 1 + ———

Theorem 3.2 is proved.

In view of Theorem 3.2, we tabulate the radii of convexity for f,,, ¢, , and h,,, for fixed v = 3.5, n =
0,1,2,3, and, respectively, 8 = 0 and 8 = 0.5. These values are presented in Table 3.2. Moreover, in Table 3.2,
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Table 3.2

r5(f35,n) r5(93.5n) r5(h3.5n)

8= B =0.5 g = B=0.5 B = B =0.5
0 2.7183 2.0865 0.5234 1.1461 6.2189 3.7194

1 1.8179 1.3998 1.2017 0.9084 3.7394 2.2873
2 1.0592 0.8123 0.8833 0.6715 1.9450 1.2190

3 0.4141 0.3131 0.5683 0.4350 0.7726 0.4968

we see that the radius of convexity is decreasing as a function of the order of the derivatives and the order of
convexity. In other words, all these results imply that

rG(fu0) > r5(fu1) > r5(fo2) > ... > r§(fom) > ...

for 5 €[0,1) and v > n — 1, n € Ny. In addition, we can write

16, (fun) < 75, (fum)

for 0 < By < f1 <1land v >n—1, n € Ny. The same inequalities are also true for r5(gy,») and 75(hy,5).
For n = 0 in Theorem 3.2, we get the results obtained by Baricz and Szisz [4]. Our results is a common
generalization of these results.

3.2. Bounds for the Radii of Starlikeness and Convexity of the Functions g, ,, and h, 5. In this section,
we consider two different functions g, , and h,, that are normalized forms of the derivatives of the Bessel
function of the first kind given by (1.1). In this case, our first aim is to show that the radii of univalence of these
functions correspond to the radii of starlikeness.

Theorem 3.3. The following inequalities hold:

(a) If v>n—1, then v*(g,,) satisfies the inequalities

™ (gun) < V24/amm,

1

2v3 I
3 9ay,n, — Bbyy

Qv < 1 (gun) < 2V3

(b) If v>n—1, then r*(h,,) satisfies the inequalities

r*(hyp) < Qa;}”
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8

2a, 1 < r*(h < —
¢ " ( Vm) 4a1/,n - 3bu,n’

v,n

where
S v+2
Y (v=n+2)(v—n+1)
and
oo (v+4)(v+3)
T w—n+4)v-n+3)(v+2)

Proof. (a) By using the first Rayleigh sum (2.6) and the implicit relation for 7*(g,,,), obtained by Kreyszing
and Todd [16], for all v > n — 1, we get

1 2
T (#52)" — " (gun))?

2 - v+2
” Z <j(n))2 S 2v—n+2)(v—-n+1)

m>1 v,m

Further, by using the Euler—Rayleigh inequalities, it is possible to get tighter bounds for the radius of univalence
(and starlikeness) 7*(g,,»). We define a function ¥, ,(2) = g, ,,(2), where g, is defined by (3.5). Thus, by
n)

taking the logarithmic derivative of both sides of (3.5) for |z| < ’yl(, » we obtain

‘Ij:an(z) _ 2z
\Iju,n(z) B Z )

(i) =
m>1 | Yv,m —Z

1
=—2 Z Z )2(k+1)22k+1

m>1k>0 (’y,(,n%

= —220k+122k+17 (3.8)
k>0

where

o= (+) -

m>1

is the Euler—Rayleigh sum for the zeros of W, ,,. In addition, by using (3.4), from the infinite-sum representation
of ¥, ,,, we obtain

2m+1
U (z Z Uz
V,n( ) _ m2>0 (39)

U, n(2) Z . v, 22" )
m>
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where
U - 2(-1)"HTr2m + v+ 3)I'(v —n+1)(2m + 3)
midm™ T (2m —n+ v+ 3)I'(m+ v + 2)
and
v, = (—D)"T'2m+v+1)I'(v—n+1)2m+1)

mldmI'(2m —n+v+1)I'(m+v +1)
By comparing the coefficients with the same degrees of (3.8) and (3.9), we arrive at the Euler—Rayleigh sums

3(v+2)
dv—n+2)(v—n+1)

g1 =

and

3(v+2)
16(v—n+2)(v—n+1)

o9 —

v—-n+2)vr—-n+1) 3v-n+4)v—-—n+3)(rv+2)

. <( 3(v +2) 5(v 4+ 4) (v + 3) )

By virtue of the Euler—Rayleigh inequalities

_1 2 o
o "< (’y,gnl)) < . k
E+1

for v >n—1, k € N and k = 1, we arrive at the following inequality:

4v—n+2)(rv—m+1)

3(V + 2) < (T*(gV,n))Q

3(v+2) 5(v+4)(v+3) ’

v—m+2)v—n+1) 3wv—-—n+4)(v—n+3)(r+2)

and it is possible to get tighter bounds for the other values of k£ € N.

(b) By using the first Rayleigh sum (2.6) and the implicit relation for r*(h, ) obtained by Kreyszing and
Todd [16], for all v > n — 1, we get




RADII OF STARLIKENESS AND CONVEXITY OF THE DERIVATIVES OF BESSEL FUNCTION 1705

Further, by using the Euler—Rayleigh inequalities, it is possible to get tighter bounds for the radius of univa-
lence (and starlikeness) r*(h, ). We define a function

CI)VJZ(Z) = h;/,n<z)7

where hfj,n is given by (3.6) or (3.7). Thus, taking the logarithmic derivatives of both sides of (3.7), we obtain

v, B 1
‘I’u,:(Z) - Z n

m>1 Ovm — 2

-y

Er1”
m>1k>0 (51(,"m>

=3 ezt |zl <60y, (3.10)
k>0

where

pr= (5%1)%

m>1

is the Euler—Rayleigh sum for the zeros of ®,,. Moreover, by using (3.6), from the infinite-sum representation
of ®, ., we obtain

m
D), n(2) ZmZO Kz

— : (.11)
Dy (2) g - L,2™
m>

where
o (=)™ 2m + v + 3)I (v — n+ 1)(m + 2)
" m4mHIT(2m —n+v +3)I'(m+ v+ 2)
and
L - (=)"T2m+v+ 1Dy —mn+1)(m+1)

mldmT'(2m —n+v+ 1)I(m+v+1)
By comparing the coefficients with the same degrees of (3.10) and (3.11), we get the following Euler—Rayleigh
sums:

v+2
2v—n+2)(v—n+1)

pL=

and
v+2
dv—mn+2)(r—m+1)

p2 =

x( v+2 B 3(v+4)(v+3) )
v—n+2)v—n+1) 4v-n+4)v-n+3)r+2)/)
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If we use the Euler—Rayleigh inequalities

1
pk k < 51(/?1) < &
Pk+1

for v >n —1, k € N and k£ = 1, then we obtain the following inequality:

2v—n+2)(r—m+1)
v+2

< 1*(hyn)

v+2 3(v+4)(v+3) ’

v—n+2)v—n+1) 4v-n+4)(v—n+3)(v+2)

and it is possible to get tighter bounds for other values of k£ € N.
Theorem 3.3 is proved.

If we take n = 0 in Theorem 3.3, then we get the results obtained by Aktas, et al. [1]. Our results is a common
generalization of the indicated results. For special cases of the parameters v and n, Theorem 3.3 reduces tight
lower and upper bounds for the radii of starlikeness and convexity of numerous elementary functions. Thus,

for v = 5 and n = 2 in Theorem 3.3, we have

2 3
- <r*<g%72(2):4sinz—4zcosz) < -
and
3 2940
= <r* (h%Q(z) = 4+/zsin/z — 4z cos \/§> < 969"

The next result establishes the bounds for the radii of convexity of the functions g,,, and h, .

Theorem 3.4. The following statements hold:

(a) If v>n—1, then v°(gyr) satisfies the inequalities

2 Jask < “(gym) < 6 !
-\/a T —_
g Vv S T v 81a,, — 250,

(b) If v>n—1, then v°(h,y,) satisfies the inequalities

16

—1 c
< h <
Ay < 1 (hwn) < =gy

v,n

where a,,, and b, are given in Theorem 3.3.

Proof. (a) By using the Alexander duality theorem for starlike and convex functions, we can say that the func-
tion g, »(2) is convex if and only if zg,, ,(2) is starlike. However, the smallest positive zero of z — z(zg,, ,(2))’
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is actually the radius of starlikeness of z > (2g,,,,(2)) according to Theorems 3.1 and 3.2. Therefore, the radius
of convexity 7°(g,,,) is the smallest positive root of the equation (zg,,,,(2))" = 0. Hence, it follows from (3.4)
that

o0

Z me2m+1)2T2m+v+ D0y —n+1) o,
z4m,
m'4mF Cm—n+v+1DI'(m+v+1)

Alﬁn(z) zgun
=0

Since the function g, ,(2) belongs to the Laguerre—Pélya class of entire functions and LP is closed under
differentiation, we can say that the function A, ,(z) € LP. Therefore, all zeros of the function A, ,, are real.
(n)

Suppose that d,,, are zeros of the function A, ,. Then the function A, , has the following infinite-product
representation:

Ayn(z) = 1——= 1. (3.12)
| (a2’

By taking the logarithmic derivative of (3.12), we get

A’z

Ayp z:—2z

m>1 <d "721) — 22

— _9 Z Z L 2kl

m>1k>0 (d(” ) (k4D

=2 ke [z < dY, (3.13)
£>0

where
_ )\ "

is the Euler—Rayleigh sum for the zeros of A, ,,. On the other hand, by considering the infinite-sum representation
of A, (2), we obtain

e Z,:po Yzm (3.14)
where
X — 2(=1)™ T (2m + v + 3)I (v — n+ 1)(2m + 3)?
midm T (2m —n+ v+ 3)I'(m+ v + 2)
and
Y, — (- 2m+v+ D)y —n+1)(2m + 1)?

mdml'(2m —n+v+DI(m+v+1)
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By comparing the coefficients of (3.13) and (3.14), we find

9(v+2)
dv—n+2)(v—n+1)

R1 =

and

9(v+2)
16(v —n+2)(r—n+1)

K9 =

y ( 9I(v+2) 25(v +4)(v+3) >
v—n+2)v—-n+1) Iv-n+4)v-n+3)r+2)/)

By using the Euler—Rayleigh inequalities

/ﬁ‘/]:% < (d(n)>2 < L

v,1 K1
forv >n—1, k€N, and k = 1, we get the inequality
dv—n+2)(rv—n+1) . 2
< 4
(v +2) 25(v+4)(v+3)

v—n+2)v—n+1) 9wv-—n+4)(v—n+3)(v+2)
Moreover, it is possible to get tighter bounds for other values of k£ € N.

(b) By using the same procedure as in the previous proof, we can show that the radius of convexity 7¢(h,, )
is the smallest positive root of the equation

(zh;n(z))/ =0

according to Theorem 3.2. From (3.6), we get

= (=)™ (m (2m + v v—n
(Z))/:Z( D™(m+ 1) T(2m+ v+ 1)I( +1) m

v,n = h/
Oun(2) = (2 ml4mT (2m —n + v+ D0(m + v + 1)

v,n

(3.15)

m=0

Moreover, we know that h, ,(z) belongs to the Laguerre—Pélya class of entire functions £P and, conse-
quently, ©, ,,(z) € LP. In other words, all zeros of the function O, ,, are real. Assume that l,(,n% are the zeros of

the function ©, . In this case, the function ©,,, has the following infinite-product representation:

2
Oun(z) =] [1- # . (3.16)
m>1 (ly,m)
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By taking the logarithmic derivatives of both sides of (3.16) for |z| < ll(,nl) , we get

vnlZ) 1
Oun(z) Z l(n)

m>1

z

M P

kt1”
m>1 k>0< m)

k>0

where
-k
W = Z (l&”%)
m>1

In addition, by using the derivative of the infinite-sum representation for the infinite-sum representation of (3.15),
we obtain

(2)
=3 Tn2™/ > Sm™, (3.18)
(2) m>0 m>0
where
T (=)™ 2m + v + 3)I (v — n + 1)(m + 2)?

T mAmHIT2m —n+ v+ 3)D(m + v + 2)
and

g _ (-D)mT2m +v+ DI(v —n+1)(m + 1)?

mdmT'2m —n+v+DI'(m+v+1)
By comparing the coefficients of (3.17) and (3.18), we get

v+2
(v—n+2)(r—n+1)

w1 =

and

v+2
(v—mn+2)(v—n+1)

w9y =

v+2 I(v+4)(v+3)
X — .
v—n+2)v—n+1) 16(v—n+4)(rv—n+3)(r+2)
By using the Euler—Rayleigh inequalities
_1
w, * < ll(,nl) < 2k
' WEk+1

forv >n—1, k€ N, and k£ = 1, we arrive at the following inequality:
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v+2 3 (v +4)(v+3)
v—mn+2)v—n+1) 16(r—n+4)(v—n+3)(v+2)

Moreover, it is possible to get tighter bounds for the other values of k£ € N.
Theorem 3.4 is proved.

If we take n = 0 in Theorem 3.4, then we get the results obtained by Aktas, et al. [2]. For special cases
n = 1,2, 3, we arrive at the following result:

Corollary 3.1. The following inequalities hold:

% a1 <r(gu1) <6 M’ v>0,
a;& <71hy1) < 16%711?%”71, v >0,
SVond <o) <6\ [, v L
a;% <71hy2) < 16%’21?%%2, v>1,

% a3 < (gu3) <6 M’ v>2,
a;é <71%(hy3) 16 v>2,

< Qo
16(1”73 - 9by73
where a,,,, and b, for n =1,2,3 are given in Theorem 3.3.

The present research was supported by the Kafkas University Scientific Research Projects Coordination Unit
(Project No. 2018-FEF-15).
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