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Abstract
In this paper, we are mainly interested to find the sufficient conditions on parameters A, B, b
and c that will ensure the generalized Struve function uv,b,c satisfies the subordination
uv,b,c (z) ≺ (1 + Az) / (1 + Bz).

Keywords Struve functions · Differential subordination · Janowski functions

Mathematics Subject Classification 30C45 · 33C10 · 30C80

1 Introduction

LetA be the class of functions f which are analytic in the open unit discU = {z : |z| < 1} and
normalized by the conditions f (0) = f ′ (0)−1 = 0.An analytic function f is subordinate to
an analytic function g (written as f ≺ g) if there exists an analytic functionw withw (0) = 0
and |w (z)| < 1 for z ∈ U such that f (z) = g (w (z)). In particular if g is univalent in U,

then f (0) = g (0) and f (U) ⊂ g (U). Let P [A, B] denote the class of analytic functions p
such that p (0) = 1 and

p (z) ≺ 1 + Az

1 + Bz
, −1 ≤ B < A ≤ 1, z ∈ U .

Note that for 0 ≤ β < 1, P [1 − 2β,−1] is the class of analytic functions p with p (0) = 1
satisfying Re p (z) > β in U .
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For − 1 ≤ B < A ≤ 1, the class S∗[A, B] defined by

S∗[A, B] :=
{
f ∈ A : z f

′ (z)
f (z)

≺ 1 + Az

1 + Bz
, z ∈ U

}

is the class of Janowski starlike functions [6]. For 0 ≤ β < 1,S∗[1 − 2β,−1] := S∗(β) is
the usual class of starlike functions of order β;

S∗[1 − β, 0] := S∗
β = { f ∈ A : |z f ′(z)/ f (z) − 1| < 1 − β}

and

S∗[β,−β] := S∗[β] = { f ∈ A : |z f ′(z)/ f (z) − 1| < β|z f ′(z)/ f (z) + 1|}.
These classes has been studied in [2,3]. A function f ∈ A is said to be close-to-convex

of order β with respect to a function g ∈ S∗ if Re z f
′(z)

g(z) > β.
The struve functions Hv appeared as special solutions of the second order inhomogeneous

differential equations of the form

z2w′′(z) + zw(z) + (z2 − v2)w(z) = 4
( 1
2 z

)v+1

√
π�

(
v + 1

2

) (1.1)

known as inhomogeneous Bessel differential equation. The solutions are given by

w (z) = Hv(z) + c1 Jv(z) + c2Yv(z),

where c1, c2 are arbitrary constants, Jv and Yv are Bessel functions of the first and second
kinds, Hv is Struve functions. In the solution of Eq. (1.1), a function appeared in an article by
H. Struve (1882), was later ascribed Struve’s name and the special notation Hv. It is defined
as

Hv(z) =
∞∑
n=0

(−1)n
( z
2

)2n+v+1

�
(
n + 3

2

)
�

(
n + v + 3

2

) ,

where �(z) is the gamma function. However, the modified Struve function Lv appeared
into mathematical literature by Nicholson [11, p. 218]. Modified Struve function Lv special
solutions of the second order inhomogeneous differential equations of the form

z2w′′(z) + zw(z) − (z2 + v2)w(z) = 4
( 1
2 z

)v+1

√
π�

(
v + 1

2

) (1.2)

and its power series representation is given by

Lv(z) =
∞∑
n=0

( z
2

)2n+v+1

�
(
n + 3

2

)
�

(
n + v + 3

2

) .

Applications of Struve functions occur in water-wave and surface-wave problems,
unsteady aerodynamics, resistive MHD instability theory and optical diffraction. More
recently Struve functions have appeared in many particle quantum dynamical studies of
spin decoherence and nanotubes. For some details see [1,12].

Now consider the second order inhomogenous differential equation

z2w′′(z) + bzw′(z) + [
cz2 − v2 + (1 − b)v

]
w(z) = 4

( z
2

)v+1

√
π�

(
v + b

2

) , (1.3)
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On the Janowski class of generalized Struve functions 25

where b, c, v ∈ C. Equation (1.3) generalizes the Eqs. (1.1) and (1.2). In particular for
b = c = 1 and b = c + 2 = 1 we obtain (1.1) and (1.2), respectively. Its particular solution
has the series form

wv(z) =
∞∑
n=0

(−1)n cn
( 1
2 z

)2n+v+1

�
(
n + 3

2

)
�

(
n + v + b+2

2

) . (1.4)

It is known as Generalized Struve function of order v. Consider the transformation

uv,b,c(z) = 2v
√

π�(v + (b + 2)/2)z(−v−1)/2wv,b,c(
√
z)

=
∞∑
n=0

(−c/4)n zn

(3/2)n (k)n
(1.5)

where b, c, v ∈ C and k = v + (b + 2)/2 
= 0,− 1,− 2,− 3, . . . with

(γ )n = � (γ + n)

� (γ )
=

{
1, n = 0, γ ∈ C\ {0} ,

γ (γ + 1) . . . (γ + n − 1) , n ∈ N, γ ∈ C.

The function uv,b,c is analytic in U and is the solution of the differential equation

4z2u′′ (z) + 2 (2k + 1) zu′ (z) + (cz + 2k − 2) u (z) = 2k − 2 (1.6)

and satisfies the relation

uv(z) + 2zu′
v(z) + cz

2k
uv+1(z) = 1.

The function uv (z) = uv,b,c is introduced and studied by Orhan and Yagmur [13]. There
has been several works [5,13,15,18,19], studying geometric properties of the Struve func-
tion, such as on its close-to-convexity, starlikeness, and convexity, radius of starlikeness and
convexity.

Recently Ali et al. [4], Mondal and Dhuain [9], and Radhika et al. [14] studied the
close-to-convexity, starlikeness of generalized Bessel function in Janowski class. Sangal and
Swaminathan [16] studied the starlikeness of Gaussian Hypergeometric functions. Mondal
and Dhuain [10] discussed the Janowski class of generalized Bessel–Struve Kernal function.
For the sufficient conditions about the Janowski function also see [2,3,17].

This paper studies the Struve function uv (z) given by the power series (1.5). Sufficient
conditions on the parameters A, B, c, b are determined that ensure the Struve function uv (z)
to satisfy the subordination relation uv (z) ≺ 1+Az

1+Bz . The advantage of such generalized
assertions is that, even by handed selections of the parameters A and B, they direct towards
many previously renowned applications of this special function. Sufficient conditions are
also obtained for 2k

cz

[
1 − 2u′

v (z) − uv(z)
] ∈ P[A, B].

The following lemma is needed for our main results.

Lemma 1.1 [7,8] Let � ⊂ C, and � : C
2 × U → C satisfy

�(iρ, σ ; z) /∈ �

whenever z ∈ U , ρ real, σ ≤ −(1 + ρ2)/2. If p is analytic in U with p(0) = 1, and
�(p(z), zp′(z); z) ∈ � for z ∈ U , then Re p(z) > 0 in U . In the case � : C

3 × U → C,
then the condition in Lemma 1.1 generalized to

�(iρ, σ, μ + iν; z) /∈ �

ρ real, σ + μ ≤ 0 and σ ≤ − (1 + ρ2)/2.
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26 S. Noreen et al.

2 Inclusion of generalized Struve function in the Janowski class

Theorem 2.1 Let −1 ≤ B ≤ 3 − 2
√
2 ≈ 0.171573. Suppose B < A ≤ 1, and b, c ∈ R

satisfy (
k − 1

2

)
+ (k − 1)(1 + B)

2
≥ max

{
0,

(1 + A) (1 + B)

4 (A − B)
|c|

}
. (2.1)

Further let A, B, b and c satisfy either the inequality[(
k − 1

2

)2 + (
k − 1

2

)
(1+B)
(1−B)

+ (1+B)2

(1−B)
(k−1)

2 + (
k − 1

2

)
(k − 1) − (k−1)2(B2−1)

4

]

−
∣∣∣[(k − 1

2

)
(A+B)
2(A−B)

+ (1+A)(1+B)2

4(A−B)(1−B)
+ A(1−B2)

4(A−B)
(k − 1)

]
c
∣∣∣ ≥ (1−A2)

(
1−B2)

16(A−B)2
c2,

(2.2)

whenever∣∣∣∣
[
2

(
k − 1

2

)
(A + B) (1 − B) + (1 + A)(1 + B)2 + A (1 − B) (1 − B2)(k − 1)

]
c

∣∣∣∣
≥ 1

2
(A − B) (1 − B) c2, (2.3)

or the inequality

[(
k − 1

2

)
(A + B)

2(A − B)
+ (1 + A)(1 + B)2

4(A − B)(1 − B)
+ A(1 − B2)

4(A − B)
(k − 1)

]2
c2

≤ c2

4

[ (
k − 1

2

)2 + (
k − 1

2

)
(1+B)
(1−B)

+ (1+B)2

(1−B)
(k−1)

2

+ (
k − 1

2

)
(k − 1) − (k−1)2(B2−1)

4 − (1−AB)2

16(A−B)2
c2

]
, (2.4)

whenever∣∣∣∣
[
2

(
k − 1

2

)
(A + B) (1 − B) + (1 + A)(1 + B)2 + A (1 − B) (1 − B2)(k − 1)

]
c

∣∣∣∣
<

1

2
(A − B) (1 − B) c2. (2.5)

If (1 + B) uv 
= (1 + A), then uv (z) ∈ P [A, B].

Proof Define the analytic function p : U → C by

p (z) = − (1 − A) − (1 − B) uv (z)

(1 + A) − (1 + B) uv (z)
.

Then simple computation yields

uv (z) = (1 − A) + (1 + A) p (z)

(1 − B) + (1 + B) p (z)
, (2.6)

therefore

u′
v (z) = 2 (A − B) p′ (z)

((1 − B) + (1 + B) p (z))2
, (2.7)

and

u′′
v(z) = 2 (A − B) ((1 − B) + (1 + B) p (z)) p′′ (z) − 4 (1 + B) (A − B) p′2 (z)

((1 − B) + (1 + B) p (z))3
. (2.8)
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On the Janowski class of generalized Struve functions 27

Thus, using the Eqs. (2.6)–(2.8), the differential equation (1.6) can be rewritten as

z2 p′′ (z) − 2z2 (1 + B) p′2 (z)

(1 − B) + (1 + B) p (z)
+ z (2k + 1) p′ (z)

2

+
[

(1 + A)(1 + B)cz

8 (A − B)
+ (k − 1)(1 + B)

4

]
p2 (z)

+
[

(1 − AB) cz

4 (A − B)
− B(k − 1)

2

]
p (z) +

[
(1 − A) (1 − B) cz

8 (A − B)
+ (k − 1) (B − 1)

4

]

= 0. (2.9)

Assume � = {0}, and define �(r , s, t; z) by

�(r , s, t; z) = t − 2s2(1 + B)

(1 − B) + (1 + B)r
+ (2k + 1)

2
s

+ r2
[

(1 + A)(1 + B)

8 (A − B)
cz + (k − 1)(1 + B)

4

]

+ r

[
(1 − AB) cz

4 (A − B)
− B(k − 1)

2

]

+
[

(1 − A)(1 − B)cz

8(A − B)
+ (k − 1) (B − 1)

4

]
. (2.10)

It follows from (2.9) that �(p(z), zp′(z), z2 p′′(z); z) ∈ �. To ensure Rep(z) > 0 for
z ∈ U , from Lemma 1.1, it is enough to establish Re�(iρ, σ, μ + iν; z) < 0 in U for any
real ρ, σ ≤ −(1 + ρ2)/2, and σ + μ ≤ 0. With z = x + iy ∈ U in (2.10), a computation
yields

Re�(iρ, σ, μ + iν; z)
= μ − 2(1 + B)(1 − B)σ 2

(1 − B)2 + (1 + B)2ρ2 + 1

2
(2k + 1)σ

−
[

(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
ρ2

− cy
(1 − AB)

4(A − B)
ρ +

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]
. (2.11)

Since σ ≤ −(1 + ρ2)/2, and B ∈ [−1, 3 − 2
√
2],

2
(
1 − B2

)
(1 − B)2 + (1 + B)2 ρ2

σ 2 ≥ 2
(
1 − B2

)
(1 − B)2 + (1 + B)2 ρ2

(
1 + ρ2

2

)2

≥ 1 + B

2 (1 − B)
.
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Thus

Re�(iρ, σ, μ + iν; z)
≤

{
μ + 1

2
(2k + 1)σ

}
− (1 + B)

2(1 − B)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
ρ2

− (1 − AB)ρ

4(A − B)
yc +

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]

≤ {μ + σ } − 1

4
(2k − 1)

(
1 + ρ2) − (1 + B)

2(1 − B)

−
[

(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
ρ2

− (1 − AB)ρ

4(A − B)
yc +

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]

= p1ρ
2 + q1ρ + r1 = Q (ρ) ,

where

p1 = −1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
,

q1 = − (1 − AB)

4(A − B)
yc,

r1 = −1

2

(
k − 1

2

)
− (1 + B)

2(1 − B)
+

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]
.

Condition (2.1) shows that

p1 = −1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]

< −1

2

[(
k − 1

2

)
−

{
(1 + A)(1 + B)

4 (A − B)
cx + (k − 1)(1 + B)

2

}]
.

Since max
ρ∈R {p1ρ2 + q1ρ + r1} = (4p1r1 − q12)/(4p1) for p1 < 0, it is clear that Q(ρ) < 0

when

(1 − AB)2

16(A − B)2
y2c2 < 4

(
−1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

])

×
(

−1

2

(
k − 1

2

)
− (1+B)

2(1−B)
+

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

])
,

with |x | , |y| < 1. As y2 < 1 − x2, the above condition holds whenever

(1 − AB)2

16(A − B)2

(
1 − x2

)
c2 ≤

[
−

(
k − 1

2

)
− (1 + A)(1 + B)

4 (A − B)
cx − (k − 1)(1 + B)

2

]

×
[
−

(
k − 1

2

)
− (1 + B)

(1 − B)
+ (1 − A)(1 − B)cx

4(A − B)
+ (k − 1) (B − 1)

2

]
,
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On the Janowski class of generalized Struve functions 29

that is, when

c2

16
x2 +

[(
k − 1

2

)
(A + B)

2(A − B)
+ (1 + A)(1 + B)2

4(A − B)(1 − B)
+ A(1 − B2)

4(A − B)
(k − 1)

]
cx

+
[(

k − 1

2

)2

+
(
k − 1

2

)
(1 + B)

(1 − B)
+ (1 + B)2

(1 − B)

(k − 1)

2
+

(
k − 1

2

)
(k − 1)

− (k − 1)2 (B2 − 1)

4
− (1 − AB)2

16(A − B)2
c2

]
≥ 0. (2.12)

To establish inequality (2.12), consider the polynomial R given by

R (x) := mx2 + nx + r , |x | < 1,

where

m := c2

16
,

n :=
[(

k − 1

2

)
(A + B)

2(A − B)
+ (1 + A)(1 + B)2

4(A − B)(1 − B)
+ A(1 − B2)

4(A − B)
(k − 1)

]
c,

r :=
[ (

k − 1
2

)2 + (
k − 1

2

)
(1+B)
(1−B)

+ (1+B)2

(1−B)
(k−1)

2

+ (
k − 1

2

)
(k − 1) − (k−1)2(B2−1)

4 − (1−AB)2

16(A−B)2
c2

]
.

The constraint (2.3) yields |n| ≥ 2 |m|, and thus R(x) ≥ m + r − |n|. Now inequality (2.2)
readily implies that

R(x) ≥ m + r − |n|

= c2

16
+

[ (
k − 1

2

)2 + (
k − 1

2

)
(1+B)
(1−B)

+ (1+B)2

(1−B)
(k−1)

2

+ (
k − 1

2

)
(k − 1) − (k−1)2(B2−1)

4 − (1−AB)2

16(A−B)2
c2

]

−
∣∣∣∣
[(

k − 1

2

)
(A + B)

2(A − B)
+ (1 + A)(1 + B)2

4(A − B)(1 − B)
+ A(1 − B2)

4(A − B)
(k − 1)

]
c

∣∣∣∣ ≥ 0.

Now considers the case of the constraint (2.5). which is equivalent to |n| < 2m. Then the
minimum of R occurs at x = −n/(2m), and (2.4) yields,

R(x) ≥ 4mr − n2

4m
≥ 0.

Evidently � satisfies the hypothesis of Lemma 1.1, and thus Rep(z) > 0, that is

− (1 − A) − (1 − B) uv (z)

(1 + A) − (1 + B) uv (z)
≺ 1 + z

1 − z
.

Hence there exists an analytic self-map ω of U with ω(0) = 0 such that

− (1 − A) − (1 − B) uv (z)

(1 + A) − (1 + B) uv (z)
= 1 + ω (z)

1 − ω (z)
,

which implies that

uv (z) ≺ 1 + Az

1 + Bz
.
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30 S. Noreen et al.

Theorem 2.1 gives rise to simple conditions on c and k to ensure uv (z) maps U into a
half-plane. 
�

Corollary 2.2 Let c ≤ 0 and 4k ≥ 3 + c2. Then Reuv (z) > c/ (c − 1).

Proof Choose A = − (c+1)
(c−1) and B = −1 in Theorem 2.1. Then condition (2.1) becomes

k ≥ 1/2. Also condition (2.2) will give

(
k − 1

2

)2

≥
(
k − 1

2

)
c2

2
−

(
k − 1

2

)
(k − 1) . (2.13)

Since k ≥ 1
4

(
3 + c2

)
, follows that

(
k − 1

2

)2

+
(
k − 1

2

)
(k − 1) −

(
k − 1

2

)
c2

2

=
(
k − 1

2

) [(
k − 1

2

)
+ (k − 1) − c2

2

]
≥ 0,

which satisfies (2.13). 
�

Corollary 2.3 Let c and k be real such that

k ≥
{ 1

2 , c ≤ 0
1
2 + c

4 , c ≥ 0.

Then Re uv (z) > 1/2.

Proof Choose A = 0 and B = −1 in Theorem 2.1. The condition (2.1) becomes k ≥ 1/2,
which holds in all cases. Condition (2.2) and (2.3) becomes as

4

(
k − 1

2

)
− c ≥ 0, (2.14)

and (
k − 1

2

)2

+
(
k − 1

2

)
(k − 1) −

(
k − 1

2

)
c

2
≥ 0. (2.15)

Case 1: For c ≤ 0 both (2.14) and (2.15) holds for k ≥ 1
2 .

Case 2: For c ≥ 0 and
(
k − 1

2

) ≥ c
2 gives 4

(
k − 1

2

) − c ≥ c ≥ 0, and(
k − 1

2

) [(
k − 1

2

) + (k − 1) − c
2

] ≥ 0. 
�

Theorem 2.4 Let 3 − √
2 ≤ B < A ≤ 1 and c, b ∈ R satisfy

(
k − 1

2

)
+ (k − 1)(1 + B)

2
≥ max

{
0,

(1 + A) (1 + B)

4 (A − B)
|c|

}
. (2.16)
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On the Janowski class of generalized Struve functions 31

Suppose A, B, b and c satisfy either the inequality

[(
k − 1

2

)2

+ 16

(
k − 1

2

)
B(1 − B)

(1 + B)3
+

(
k − 1

2

)
(k − 1)

− (B2 − 1)
(k − 1)2

4
+ 8 (k − 1) B(1 − B2)

(1 + B)3

]

−
∣∣∣∣
[(

k − 1

2

)
(A + B)

2(A − B)
+ 4(1 + A)(1 − B2)

(A − B)(1 + B)3
+ A(1 − B2)

4(A − B)
(k − 1)

]
c

∣∣∣∣
≥ (1 − A2)

(
1 − B2

)
16(A − B)2

c2 (2.17)

whenever

∣∣∣∣
[
2

(
k − 1

2

)
(A + B) (1 + B)3 + 16B(1 + A)(1 − B2) + A(1 − B2) (1 + B)3 (k − 1)

]
c

∣∣∣∣
≥ c2

2
(A − B) (1 + B)3 , (2.18)

or the inequality

[(
k − 1

2

)
(A + B)

2(A − B)
+ 4(1 + A)(1 − B2)

(A − B)(1 + B)3
+ A(1 − B2)

4(A − B)
(k − 1)

]2
c2

≤ c2

16

⎡
⎣

(
k − 1

2

)2 + 16
(
k − 1

2

) B(1−B)

(1+B)3
+ (

k − 1
2

)
(k − 1) − (B2 − 1) (k−1)2

4

+ 8(k−1)B(1−B2)

(1+B)3
− (1−AB)2

16(A−B)2
c2

⎤
⎦
(2.19)

whenever

∣∣∣∣
[
2

(
k − 1

2

)
(A + B) (1 + B)3 + 16B(1 + A)(1 − B2) + A(1 − B2) (1 + B)3 (k − 1)

]
c

∣∣∣∣
<

c2

2
(A − B) (1 + B)3 . (2.20)

If (1 + B)uv(z) 
= (1 + A), then uv(z) ∈ P[A, B].

Proof First, proceed similar to the proof Theorem 2.1 and derive the expression of
Re�(iρ, σ, μ+iν; z) as given in (2.11). Now for σ ≤ −(1+ρ2)/2, ρ ∈ R, and B ≥ 3−√

2,

2
(
1 − B2

)
(1 − B)2 + (1 + B)2 ρ2

σ 2 ≥ 2
(
1 − B2

)
(1 − B)2 + (1 + B)2 ρ2

(
1 + ρ2

2

)2

≥ 8B (1 − B)

(1 + B)3
,
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and then with z = x + iy ∈ U, and μ + σ < 0, it follow that

Re�(iρ, σ, μ + iν; z)
≤ {μ + σ } − 1

4
(2k − 1)

(
1 + ρ2) − 8B(1 − B)

(1 + B)3

−
[

(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
ρ2

− (1 − AB)ρ

4(A − B)
yc +

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]

= p2ρ
2 + q2ρ + r2 = Q1 (ρ) ,

where

p2 = −1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

]
,

q2 = − (1 − AB)

4(A − B)
yc,

r2 = −1

2

(
k − 1

2

)
− 8B(1 − B)

(1 + B)3
+

[
(1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

]
.

Observe that the inequality (2.16) implies that p2 < 0. Thus Q1(ρ) < 0 for all ρ ∈ R

provided q22 ≤ 4p2r2, that is, for |x | , |y| < 1,

(1 − AB)2

16(A − B)2
y2c2 < 4

(
−1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

])

×
(

−1

2

(
k − 1

2

)
− 8B(1 − B)

(1 + B)3
+ (1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

)
,

with y2 < 1 − x2, it is enough to show for |x | < 1,

(1 − AB)2

16(A − B)2

(
1 − x2

)
c2 < 4

(
−1

2

(
k − 1

2

)
−

[
(1 + A)(1 + B)

8 (A − B)
cx + (k − 1)(1 + B)

4

])

×
(

−1

2

(
k − 1

2

)
− 8B(1 − B)

(1 + B)3
+ (1 − A)(1 − B)cx

8(A − B)
+ (k − 1) (B − 1)

4

)
,

which is equivalent to
R (x) := m1x

2 + n1x + r1 ≥ 0, (2.21)

where,

m1 := c2

16
,

n1 :=
[(

k − 1

2

)
(A + B)

2(A − B)
+ 4B(1 + A)(1 − B2)

(A − B)(1 + B)3
+ A(1 − B2)

4(A − B)
(k − 1)

]
c,

r1 :=
⎡
⎣

(
k − 1

2

)2 + 16
(
k − 1

2

) B(1−B)

(1+B)3
+ (

k − 1
2

)
(k − 1) − (B2 − 1) (k−1)2

4

+ 8(k−1)B(1−B2)

(1+B)3
− (1−AB)2

16(A−B)2
c2

⎤
⎦ .

If (2.18) holds, then |n1| ≥ 2 |m1|. Since R1(x) ≥m1+r1−|n1|, which is non-negative from
(2.17). On the other hand, if (2.20) holds, then |n1| < 2 |m1| , R1(x) ≥ (4m1r1 − n21)/4m,

and implies R1(x) ≥ 0. Either case establishes (2.21). 
�
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Reasoning along the same lines as the proof of the Theorem 2.1 we obtain the following
theorems. We omit the details.

Theorem 2.5 Let −1 ≤ B ≤ 3 − √
2 ≈ 0.171573.Suppose B < A ≤ 1, b, c ∈ R, c 
= 0,

and satisfying (
k + 1

2

)
+ k(1 + B)

2
≥ max

{
0,

(1 + A) (1 + B)

4 (A − B)
|c|

}
. (2.22)

Suppose that A, B, b and c satisfy either[(
k + 1

2

)2 + (
k + 1

2

)
(1+B)
(1−B)

+ k (1+B)2

2(1−B)
+ k

(
k + 1

2

) − k2(B2−1)
4

]

−
∣∣∣(k + 1

2

)
(A+B)
2(A−B)

+ (1+A)(1+B)2

4(A−B)(1−B)
+ A(1−B2)

4(A−B)
k
∣∣∣ ≥ (1−A2)

(
1−B2

)
16(A−B)2

c2,
(2.23)

whenever∣∣∣∣
[
2

(
k + 1

2

)
(A + B)(1 − B) + (1 + A)(1 + B)2 + A(1 − B2)(1 − B)k

]
c

∣∣∣∣
≥ 1

2
(A − B) (1 − B) c2. (2.24)

or the inequality
[(

k + 1

2

)
(A + B)

2(A − B)
+ (1 + A)(1 + B)2

4(A − B)(1 − B)
+ A(1 − B2)

4(A − B)
k

]2
c2

≤ c2

16

[(
k + 1

2

)2

+
(
k + 1

2

)
(1 + B)

(1 − B)
+ k

(1 + B)2

2(1 − B)

+ k

(
k + 1

2

)
− k2(B2 − 1)

4
− (1 − AB)2

16(A − B)2
c2

]
, (2.25)

whenever∣∣∣∣
[
2

(
k + 1

2

)
(A + B)(1 − B) + (1 + A)(1 + B)2 + A(1 − B2)(1 − B)k

]
c

∣∣∣∣
<

1

2
(A − B) (1 − B)c2. (2.26)

If (1 + B) uv+1 (z) 
= (1 + A) and cz 
= 0, then 2k
cz

[
1 − 2u′

v (z) − uv(z)
] ∈ P [A, B] .

Theorem 2.6 Let 3 − √
2 < B < A ≤ 1. Suppose b, c ∈ R, a 
= 0, such that(

k + 1

2

)
+ k(1 + B)

2
≥ max

{
0,

(1 + A) (1 + B)

4 (A − B)
|c|

}
.

Suppose that A, B, b and c satisfy either[(
k + 1

2

)2

+ k

(
k + 1

2

)
− k2

4
(B2 − 1) + 16(k + 1

2
)
B(1 − B)

(1 + B)3
+ 8k

B(1 − B)2

(1 + B)3

]

−
∣∣∣∣
[(

k + 1

2

)
(A + B)

2(A − B)
+ 4

(1 + A)(1 − B2)B

(A − B)(1 + B)3
− A(1 − B2)

4(A − B)
k

]
c

∣∣∣∣
≥ (1 − A2)

(
1 − B2

)
16(A − B)2

c2

123



34 S. Noreen et al.

whenever∣∣∣∣
[
2

(
k + 1

2

)
(A + B)(1 + B)3 + 16(1 + A)(1 − B2)B + A(1 − B2)(1 + B)3k

]
c

∣∣∣∣
≥ 1

2
c2 (A − B) (1 + B)3 ,

or the inequality

[(
k + 1

2

)
(A + B)c

2(A − B)
+ 4

(1 + A)(1 − B2)Bc

(A − B)(1 + B)3
− A(1 − B2)

4(A − B)
kc

]2
c2

≤ c2

16

[(
k + 1

2

)2

+ k

(
k + 1

2

)
− k2

4
(B2 − 1) + 16(k + 1

2
)
B(1 − B)

(1 + B)3
+ 8k

B(1 − B)2

(1 + B)3

]
,

whenever∣∣∣∣
[
2

(
k + 1

2

)
(A + B)(1 + B)3 + 16(1 + A)(1 − B2)B + A(1 − B2)(1 + B)3k

]
c

∣∣∣∣
<

1

2
c2 (A − B) (1 + B)3 .

If (1 + B) uv+1 (z) 
= (1 + A) and cz 
= 0, then 2k
cz

[
1 − 2u′

v (z) − uv(z)
] ∈ P [A, B] .
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5. Baricz, A., Dimitrov, D.K., Orhan, H., Yağmur, N.: Radii of starlikeness of some special functions. Proc.

Am. Math. Soc. 144(8), 3355–3367 (2016)
6. Janowski, W.: Some extremal problems for certain families of analytic functions I. Ann. Polon. Math. 28,

297–326 (1973)
7. Miller, S.S., Mocanu, P.T.: Differential subordinations and inequalities in the complex plane. J. Differ.

Equ. 67, 199–211 (1987)
8. Miller, S.S., Mocanu, P.T.: Differential Subordinations. Monographs and Textbooks in Pure and Applied

Mathematics, vol. 225. Dekker, New York (2000)
9. Mondal, S.R., Dhuian, M.A.: Inclusion of generalized Bessel functions in the Janowski class. Int. J. Anal.

2016, Article ID 4740819 (2016)
10. Mondal, S.R., Dhuian, M.A.: One some differential subordination involving the Bessel–Struve kernel

function. arXiv:1601.07920 (2016)
11. Nicholson, J.W.: Notes on Bessel functions. Q. J. Math. 42, 216–224 (1911)
12. Olver, F.W.J., Lozier, D.W., Boisvert, R.F., Clark, C.W. (eds.): NIST Handbook of Mathematical Func-

tions. Cambridge University Press, Cambridge (2010)
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