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Abstract

In this paper, we determine the radii of B-uniform convexity of order « for six kinds of
normalized Lommel and Struve functions of the first kind. One of the most important
things which we have learned in this study is that the radii of uniform convexity are
obtained as solutions of some transcendental equations.
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1 Introduction and Preliminaries

It is well known that the concepts of convexity, starlikeness, close-to-convexity and
uniform convexity including necessary and sufficient conditions, have a long his-
tory as a part of geometric function theory. It is known that special functions, like
Bessel, Struve and Lommel functions of the first kind have some beautiful geomet-
ric properties. Recently, the above geometric properties of the Bessel functions were
investigated in some earlier results (see [1-5,12]). On the other hand, the radii of
convexity and starlikeness of the Struve and Lommel functions were studied by Bar-
icz et al. [8,10]. Motivated by the above developments, in this paper, our aim was
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to give some new results for the radius of B-uniformly convex functions of order
« of the normalized Struve and Lommel functions of the first kind. In the special
cases of the parameters o and 8, we can obtain some earlier results. The key tools
were some Mittag—Leffler expansions of Lommel and Struve functions of the first
kind and special properties of the zeros of these functions and their derivatives. Let
U(zo,7) = {z € C: |z — z0| < r} denote the disk of radius r and center zo. We use
Ur)y=U@O,r)andU = U(0, 1) ={z € C: |z| < 1}. Let (a,)n>2 be a sequence of
complex numbers with

1
d =limsup|a,|7 > 0, and ry = —.
n—oo d

If d = 0, then ry = 4-00. As usual, we denote by A the class of all analytic functions
f:U(@rf) — Cof the form

f@=24) and". (1.1)
n=2

We say that a function f of the form (1.1) is convex if f is univalent and f (U (7)) is
a convex domain in C. An analytic description of this definition is that

zf"(2)
f'(@)

f € Ais convex if and only if R (1 + > >0, zeU(r).

The radius of convexity of the function f is defined by

17
r = sup{r €O rp): N <1 4 Zj;é?) -0, z€ U(r)}.

In the following, we deal with the class of the uniformly convex functions. Goodman
in [13] introduced the concept of uniform convexity for functions of the form (1.1).
A function f is said to be uniformly convex in U(r) if f is of the form (1.1), it is
convex, and has the property that for every circular arc y contained in U(r), with
center ¢, the arc f(y) is convex. In 1993, Rgnning [21] determined necessary and
sufficient conditions of analytic functions to be uniformly convex in the open unit disk,
while in 2002 Ravichandran [20] also presented simpler criteria for uniform convexity.
Rgnning in [21] gives an analytic description of the uniformly convex functions in the
following theorem:

Theorem 1.1 Let f be a function of the form f(z) = z+ ZZOZZ anz" inthe disk U (r).
The function f is uniformly convex in the disk U (r) if and only if

9 (1 N Zf”(z)> . 2f"(2)
(@

1@

, zeU(r).
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The class of uniformly convex function is denoted by U C. The radius of uniform
convexity is defined by

zf"(2)
f(@)

P4 = sup {r eO.rp): N (1 LY (Z)) >

f(@)

) ZEU(r)}.

In 1997, Bharti, Parvatham and Swaminathan defined S-uniformly convex functions
of order « which is a subclass of uniformly convex functions. A function f € A is said
to be in the class of S-uniformly convex functions of order «, denoted by B-U C («),

if
" "
% (1 i (z)> -8 zf" (@)
/'@ 1@
where 8 > 0, o € [0, 1) (see [11]).

This class generalizes various other classes which are worthy to mention here. For
example, the class B-UC(0) = B-UC is the class of B-uniformly convex functions
[14] (also see [15] and [16]) and 1-UC(0) = UC is the class of uniformly convex
functions defined by Goodman [13] (see also [21]).

Geometric Interpretation. It is known that f € 8-U C(«) if and only if 1 + Z;,N((ZZ))
takes all the values in the conic domain R g , which is included in the right half plane
given by

a’

R« :={w=u~|—iv€(C:u>ﬂ u—D2+02+q, ﬁanndae[O,l)}.

Then, 0R g« is a curve defined by

2
R = {w:u—f—ive@:uz: (ﬁ,/(u—l)z—i—vz—i-a) , B>0anda € [0, l)}.

1.2)
From elementary computations, we see that (1.2) represents conic sections symmetric
about the real axis. Thus, Rg ¢ is an elliptic domain for 8 > 1, a parabolic domain
for B = 1, a hyperbolic domain for 0 < B8 < 1 and the right half plane u > «, for
B =0.

The radius of S-uniform convexity of order « is defined by

zf"(z)
f'@

rﬁ"‘”(” = sup {r €O,rp): R (1 + Z;é?) > B

+a, 20, 2 e0, 1), ZEU(U}-

Our main aim was to determine the radii of B-uniform convexity of order o of
Lommel and Struve functions.
In order to prove the main results, we need the following lemma given in [12]:

Lemmal1.2 i.Ifa > b >r > |z] and A € [0, 1], then

'Z A—| < — A . (1.3)
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In particular,
z z r r
N —A < — A (1.4)
b—z a—z b—r a—r
and
z z r
N < < . 1.5
(b—z>_'b—z “b—r -5
ii. Ifb > a > r > |z|, then
1 1
< .
(a+2)(b—2) (a—r)b+r)

2 Main Results

In this paper our aim was to consider two classical special functions, the Lommel
function of the first kind s, , and the Struve function of the first kind H,. They are
explicitly defined in terms of the hypergeometric function | F> by

7+ (W=v+3) (u+v+3) 2
S,u,v(z)z 1L s s—— >
(w—v+Du+v+1) 2 2 4
3(—puEv—3)¢Nand
Zv+1 2
3 3 9z 3
H (1=, — -2 ), —v—Z¢N.
v(2) = 12( 3 V+2 4> v 2¢

[F v+2

sv(2) = PN (V + %) H, (2).

Itis well known that they are solutions of inhomogeneous Bessel differential equations
[24]. Indeed, the Lommel function of the first kind s, , is a solution of

Observe that

22w (2) + 2w’ (2) + (12 — ) w(z) = H,

while the Struve function H, obeys

%)V—H

VAl (v+3)
We refer to Watson’s treatise [24] for comprehensive information about these functions
and recall here briefly some contributions. In 1970, Steinig [22] investigated the real

zeros of the Struve function Hy,, while in 1972, he [23] examined the sign of s, ,(z)

for real w, v and positive z. He showed, among other things, that for u < %, the

2w’ (2) + zw’ (z)+(z —v)w(Z)=
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function s, , has infinitely many changes of sign on (0, 00). In 2012, Koumandos and
Lamprecht [17] obtained sharp estimates for the location of the zeros of s p-t1 when
n € (0, 1). Turén type inequalities for s pu—i | were established in [6] whlle those
for Struve function were proved in [9]. Geometrlc properties of the Lommel function
S, 11 and the Struve function H,, were obtained in [7,8,10,19,25]. Motivated by those
results, in this paper we are interested in the radii of S-uniformly convex of order «
of following functions. Since neither s j—L 1, mor H, belongs to the class analytic
functions, first we perform some natural normahzatlons as in [8]. Three functions
related to $,—1 1 can be defined as follows:

1

fu@ = f_11@) = (M(M-i—l)slk%’%(z))E

202

—u+tl
gu@ =g, 11@=n+z " s,

and

3-2
(@ =h, 1 @ =p@p+Dz T s,

2

D=

Similarly, we associate with H,, the functions

uy, (z) = <ﬁ2“ r (v + ;) H, (Z))erl ,

vy (2) = /727" T <v + %) H, ()
and
wy (2) = \/EZUZI% r (U + %) H, (\/E) .

Clearly, the functions fy,, g,, hu, uy, v, and w, belong to the class of analytic
functions .A. The main results in the present paper concern some exact values of the
radii of B-uniform convexity of order « for above six functions, for some ranges of
the parameters.

In the following, we present some lemmas given by Baricz and Yagmur [10], on the
zeros of derivatives of Lommel and Struve functions of the first kind. These lemmas
are the key tools in the proof of our main results.

Lemma 2.1 [10] The zeros of the Lommel function S,_11 and its derivative interlace
2:2

when u € (—1,1), u # 0. Moreover, the zeros E//wz of the function s;;—‘ , are all

(S]]
(S]]

real and simple when n € (—1,1), u # 0.

Lemma 2.2 [10] The zeros of the function H,, and its derivative interlace when |v| < %

Moreover; the zeros ), ,, of the function H, are all real and simple when |v| < %

v,n
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Now, the first main result of this section presents the radii of S-uniform convexity
of order « of functions f, g, and h,.

Theorem 2.3 Let n € (0,1), B > 0and a € [0, 1). Then, the radius of B-uniform
convexity of order o of the function f), is the smallest positive root of the equation

B

D=
D=

=0.

rsl’Ll 1 () | rsl’k (r)
1—a)+0+p) 2L 4 -1
S._1 ®+ Syu—1.1(r)

Moreover, rP™“® < ¢
fu fu
zeros of 11 and s’ | |, respectively, and r;- is the radius of convexity of the
I

2°2 n=7,3
Sunction f,.

< 5;;,1 < &1, where §,,1 and 5/;,1 denote the first positive

Proof In [10], authors proved the Mittag—Leffler expansions of Su-11 (z) and
s | 1 (z) as follows:
—22
1
ZM—"rj Z2
S,_11(2) = —— l - —— 2.1
H=7.7 M(M‘l‘l)’g( %ﬁn>
and 1
1\ u—3 2
n=+5)z" 2 Z
sl @)= % I1 (1 - ) : 2.2)
202 pup + 1) ol §in
where §,, , and él/w denote the n-th positive roots of s Py ands’ | |, respectively.
' —72

Observe also that

" /

(2 zs” (@) 1 zs' (@)

+ff‘()=1+ i b R ) [ A
1) s o

Thus, from (2.1), (2.2) and (2.3), we have

2f, (@) 1 272 272
I+ — =1- 1_1 Zz _2_2 n _ 2
fM(Z) m—+ 5 é,u,n < S;,L,n <

n>1 n>1

Now, the proof will be presented in two cases by considering the intervals of w.
First, suppose that € (O, %] Since # — 1 > 0, inequality (1.5) implies for
2

Iz <r < EI/L,I < s,u.,l

2f)(2) 272 1 272
N1 K =1-) N - -1 N —
‘(m;(z)) 2 (s,a%—ﬂ) (w )Z(f—>
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v

2r2 1 22
=) ———-|——-1 e
,;S;/tz,n_rz <ﬂ+% >nX>;S3~”_r2
rfilr)
=1+ 2.4
72 24

On the other hand, if in the second part of inequality (1.5) we replace z by z2 and b
by & l/l« , and &, ,, respectively, then it follows that

2r2

S 2 2 ki
gu,n -

272

s&,n - Z2

2r2
= 2 2
Su,n -r

272

P —— and
won

provided that |z|] < r < El/“ < &,.1. These two inequalities and the conditions
% —1>0and B > 0 imply that

M""z
2f, (@) 272 1 272
B t‘ =p Z 7 7t S = 2
f/l (z) n>1 Eu,n -z n+ b S//,,n -z
272 1 272
=8 +8 =1
Llg, = (w% )Z 7,2

2r? 1 2r2 1 ()
1 - _ .
: ﬁz(ézzn = (w% )é2 _,2) P

n>1

2.5)

From (2.4) and (2.5), we infer

2f}/ (2)
il d -
( " f,L(z)) P

where |z| <r < 5,/1,1’ B>0anda €[0,1).
In the second step we will prove that inequalities (2.4) and (2.5) hold in the case
nwe (%, 1), too. Indeed, in the case p € (%, 1), the roots 0 < £, , < Eun are real

for every natural number n. Moreover, inequality (1.5) implies that

2f,, (@)
1@

rfr)
G

—a>1l—a+{1+p8)

9 272 - 272 - 2r? 2] < ¢ .
¥ < < szl sr<é§, 0 <éun
g//iz,n z2 S;/Lz,n Z2 S;/Lz,n r? a
and
% 272 272 - r2 2] < ¢ .
¢ = = , RIl=r < 1 <Su,l-
gﬁ,n 22 E;%,n z2 Eﬁ,n r? o

@ Springer



1540 Bulletin of the Iranian Mathematical Society (2021) 47:1533-1557

Putting A =1 — u% inequality (1.4) implies
2

0 272 | 1 22\ _ 2 | 1 2r?
N —5—— — — =< el B ,
§ion =2 pty)Sin =) & pty) Sin=r?

for|z| <7 <& | <&, and we get

2f/(2) 272 1 272
R+ 2L ) =1- Rl ———=-—11-
(7)o () )

n>1

2r? 1 2r?
1- ——— —(1-
Z<fﬁn—r2 ( M+%>fﬁ,n—r2)

n>1
rf(r)
IGE

v

(2.6)

Now, if in the inequality (1.3), we replace z by z> and b by & ;/m and &, , we again put
A =1— —L1 it follows that
nts

272 . 1 272 - 2r2 | 1 2r2
§iin =2 ntz) G =@ T gL ntz) &t

provided that |z| <7 < 5;;,1 < &,,1. Thus, for B > 0 we obtain

Z 272 | 1 272
g = \""it)a =

2
272 1 272

< - |1-—
2|e, = ( ,H;)g;,,zz

n>1

2r? 1 2r? rfi (1)
—|1- =— ) 2.7
Sﬂz<s/z — 2 ( H-‘r;)fi,nrz) 5]%(” ( )

n=1 \%Hn

2f, (@)
7.

B =p

Finally, the following inequality be inferred from (2.6) and (2.7) for u € (1, 1),

2f1(2)
R+ 2 ) =
( - f,;(@) P

where |z] <r < é/;,l’ B>0anda €[0,1).

2f, (@)
1@

Q)
£,

—a>1l—a+(1+p8)

)
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Equality holds (2.6) if and only if z = r. Thus, it follows that

2f, (@)
inf [N |1
|g1<r |: ( + fM(Z) )

forr € (0.& ). e €[0,1), = 0and u € (0, 1).
The mapping v, : (0, 5;’“) — R defined by

f”()

zf; (2)
e

i|—1—a+(1+,3)

rfi(

1_a_(1+/3)2 L_ 1_; L
f,m A wt3) Ein—r?

is strictly decreasing for all u € (0, 1), 8 > 0 and @ € [0, 1) . Namely, we obtain

/2 1 4,.2%-
/() —(+ ,un . w,n
e ﬂ);( 2~ 1) ( il )(s —rz)z)

w.n

2)’[ 4r2§
<(1+ﬂ)z<éﬂn_“2)2— )2><0

n>1 (Ep. n

Yu(r) = 1—a+(1+p)

for u € (%, 1), r € (0, E’ 1) and B > 0. Here, we used again that the zeros &, ,, and
&, , interlace, and foralln € N, p € (0, 1) and r < /&, n£], ,, we have that

2 2
2 2 2 2 2 2
Eiin (Su,n -r ) <&un (su,n -r ) .

Letnow u € (0, %] and r > 0. Thus, the following inequality

/2 1 ) 47‘2?;:2 )
Y, (r)=—(1+p) —(1- mz <0
" ; ( ) ( K + (Eu, n r2)2

is satisfied and thus v, is indeed strictly decreasing for all u € (0, 1) and 8 > 0.
Now, since lim,\ ¥, (r) = 1 and lim,/yg/ | Yu(r) = —oo, in view of the
"

minimum principle for harmonic functions, it follows that for nw € (0,1) and
B-uc(a)
z € U(rfM ), we have

2f, (2) z2f,/(2)
NL1
( i f’()) P

71

—a>0

if and only if ', Bruc(@) s the unique root of
rrr)
1+ 0+ 8)—; =a, ae[0,1)and g > 0.
71
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Thus the proof is complete. O

As aresult of the Theorem 2.3, the following corollary is obtained by taking « = 0
and 8 = 1.

Corollary 2.4 Let i € (0, 1) . Then, the radius of uniform convexity of the function f,
is the smallest positive root of the equation

uc c ! I ..
Moreover, rg. < Ty < Eu,l < &1, where &, 1 and Sﬂ’l denote the first positive
zeros of 11 and s’ | |, respectively, and rJCc is the radius of convexity of the
2°2 H—3,3 "
Sfunction f,.

1.0

—3— u=01

—— u=03

b
L]

—— u=035

0.0

-0.5

rs”il | r) rs’ e
The graph of the function r — 1 42 s,"# + (;1 — ) i S
e {0.1,0.3,0.5,0.8) on [0, 1.2]

Theorem 2.5 Let p € (—1,1), u # 0, B > 0 and @ € [0, 1). Then, the radius of
B-uniform convexity of order a of the function g, is the smallest positive root of the
equation

(%_M)S; 1 1(")+”// 11 ()

1 11 u—=3,1
I—0)—(1+p) | 5+n—r 22 2o ) o,
2 (7_M)Su_%,%(")""rs“i%’%(’")
Moreover, riuc(a) < r§M < y//t,l < &1, where &, | and y,, | denote the first positive

zeros of s u—t 1 and gl’L, respectively.
2°2

Proof Let &, , and y,, , denote the n-th positive root of s L1 and g;ﬂ respectively,
2°2

and the smallest positive root of g;l does not exceed the first positive root of s

=
Nl—=

n—
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In [10] with the help of Hadamard’s Theorem [18, p. 26], the following equality was

proved:
28, ()
e ) D e
glj,(z) n>1 y/j, n

By using inequality (1.5), for all z € U(y,,1), we have the inequality

, 28,,(2) 3 2r?
m<1 M())y X (2.8)

n>1 Vic.n

where |z| =r.
On the other hand, again by using inequality (1.5), forall z € U(y,1) and 8 > 0,

we get the inequality

28, (2)

P 8,(2)

22
ﬁZz;_Zz

n=1 Vien

2r2 rg,(r)
<pY 7 2=_ﬂg;f(r)' (2.9)

Finally, the following inequality is inferred from (2.8) and (2.9):

o (14 e St —ara+p5 2 g0 e,
2@ 2@ 2.

where |z| = r. Thus, forr € (0, y,,1), B > 0and « € [0, 1), we obtain

z //(Z) z i (Z) r //(r)
inf |91+ g/" - g/" —a|=1l—a+(+p) g/" :
lzl<r 8,(2) 8,(2) 8,.(r)
The mapping ®, : (0, y,,1) — R defined by
rg,(r) 2r?
O =l-a+1+p—L—=l-a-(1+p)
gu,(r) n>1 YHn —-r
is strictly decreasing since lim,\0 ©,(r) = 1 and lim; »,, |, ©,(r) = —00. As a

result, in view of the minimum principle for harmonic functions it follows that for
a€[0,1), B>0andz € U(ry), we have
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i (14 D)
8,(2)

if and only if r; is the unique root of

28,(2)
8,.(2)

—a>0

rg, (r)

1 1
TR

=o, B>0anda €[0,1)

situated in (0, yy,,1). O

As a result of the Theorem 2.5, the next corollary is obtained by taking o = 0 and
=1

Corollary 2.6 Let u € (—1,1) and pu # 0. Then, the radius of uniform convexity of
the function g, is the smallest positive root of the equation

3w ) +rs” ()

s

=
|
(S]]
NI
[N]
[N]

=0.

-
V() +rs’ r
,z() ﬂ*%»%()

uc C / ..
Moreover, Tew < Tg < Vu1 < &1, where &, 1 and vy, 1 denote the first positive

zeros of s u—11 and g;L, respectively.
22

—— u=—025
—— u=—02

—— u=0.1

—osl 3 5
G=ws! s’ 0

== - for
1 1(n)trs

22 H=75.7

The graph of the function r = 1 — 2 (% +u—r T0s
-

n

u € {—0.25,-0.2,0.1, 0.3} on [0, 0.9]
Theorem 2.7 Let n € (—1,1), u # 0, B > 0 and @ € [0, 1). Then, the radius of

B-uniform convexity of order o of the function h,, is the smallest positive root of the
equation
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H)S 11(«/_)"‘«/_5” 11(«/7

—)s,_1 1 (V) + s u(ﬁ

2

N\

N\

N\
Il
o

41l—o)—(1+B) | 1+2u— 2f(

-
N\
[NT]

Moreover, rf ue@ r}fu < 8; | < &u,1, where &, 1 and §, 1 denote the first positive

zeros of s u—L1 and h;L, respectively.
2°2

Proof Let &, , and §, , denote the n-th positive root of Su-1.1 and h’ respectively,
2
and the smallest positive root of h’ does not exceed the ﬁrst posmve root of s u—l 1.
2°2

In [10] with the help of Hadamard s Theorem [18, p. 26], the following equality was

proved:
Zh// (Z)

+/’l/(Z) _22 _

,un

By using inequality (1.5), for all z € U(8,,1) we obtain the inequality

. //(Z)
.ﬁ(l h/()) - _r, (2.10)

n>1 “n

where |z| =r.
Moreover, again by using inequality (1.5), for all z € U(8,,1) and 8 > 0, we get
the inequality

zh” (2) z
h’u(z) =82 2
n n=1 Chan
Z
<8y
n>1 S‘ZL"’ -z
r rh” (r)
<P 5 =—p @.11)
n>1 Hn -r M(r)

As aresult, from (2.10) and (2.11), we have

h//
Y O
h), ()

where |z| = r. Thus, forr € (0,6,,1), p > 0anda € [0, 1), we have

h//
inf |9 1+Z"(Z) —
lal<r h!,(2)

zh} (2)
h), ()

//()
h,(r)’

—ot>1—oc+(1+,3)

//( )
W,

zh} (2)
h), ()

:|_1—a+(1+,3)
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The mapping @, : (0, §,,1) — R defined by

opr =1—at(+p D o a1pY
N=1l-a+(+ =l-a—(+ - —

0 R, (r) = 82—

is strictly decreasing since limy\o ®,(r) = 1 > « and lim, »5, , $,(r) = —o0.

Consequently, in view of the minimum principle for harmonic functions it follows
that fora € [0, 1), B > 0and z € U(r,), we have

Zh// z Zh// z
R(1+ /‘() -8 /‘() —a>0

h), () h), ()
if and only if r, is the unique root of

rh;i(r)

14+ (1+8) =a, a€l0,l)and B >0

1, (r)

situated in (0, §,.1). O

As aresult of the Theorem 2.7, the following corollary is obtained by taking « = 0
and 8 = 1.

Corollary 2.8 Let u € (—1, 1) and pu # 0. Then, the radius of uniform convexity of
the function h,, is the smallest positive root of the equation

1 G-ws | (s’ ()
R (R v/ — . A =0.
2 Iz '

7 = W8, 1 1(r) +\/7sﬂ_%g%(\/7)

Moreover, r;’f; < ’”Z# < 8,1 < &u1, where &1 and 8,1 denote the first positive
zeros of s u—L1 and h;u respectively.
2°2
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| G-ws | RS (D)

1 E 2°2 2°2

The graph of the function r > 5 — u + \/;(%*u)slk% %(ﬁ)hﬁx,’ =P for
’ ‘T2z

n e {—0.25,—-0.2,0.1,0.3} on [0, 2]
For u = %, Lommel functions defined in terms of the hypergeometric function
1 F> as follows:

100z4/3 23 33 72
_11(@) = 1\l = = —).
52 39 20°20° 4

Then, we have

23 33 72 374 23 33 2
s () =z| 12|55 50— 3@ =z21h(l =, = ——
o= w5 5-5)] oo (:55-5)

and

"20°20° 4
We obtain the following results for the functions f 2,83 and & ER
° f% (z) € UC in the disk U (r; = 0.6623),
° gl%(z) € UC in the disk U (r, = 0.7376),
° h%(z) € UC in the disk U (r3 = 1.4961),

23 33 .
h%@:m(l Z)

where r1, r» and r3 is the smallest positive root of the equations given Corollary 2.4,
2.6and 2.8 for u = 1.

Second, the other main result of this section presents the S-uniform convexity of
order « of functions u,, v, and w,, related to Struve’s one. The first part of next
theorem is an interesting of Lemma 2.2.

Theorem 2.9 Let |v| < %, B > 0and 0 < a < 1. Then, the radius of B-uniform
convexity of order o of the function u,, is the smallest positive root of the equation

) (] @)
(1_a)+(1+'3)<H/(r) +<v+1 _1> H (r)>:O

Moreover, r,fu'”c(a) <r < h; | < hy,1, where h, 1 and h; | denote the first positive

v
zeros of Hy, and H,, respectively.

Proof We note that

v H/ 1 H,
pp @ s u(z)+< 1>Z v(2)

w (z) H(2) v+l ) Hy)

Using the Mittag—Leffler expansions of H,, and H;, [10, Theorem 4] given by

Zv+1 Z2
HG)=—r 1 - 2.12
@= = ) I1 ( h2> (2.12)

n>1
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and
, w+1z" 7?
H = 1 — — 2.13

where &, , and &}, , denote the n-th positive root of H,, and H,, respectively. From
(2.12) and (2.13), we obtain

H@) ZH/(2) 272
1) -2 =2 THo VR e

n>1 n>1 " "Wn

Thus, we have

zu’(2) 1 272 2z2
1 v =1- —1
+u(}(z) v+1 th —Z Zh/Z —

n>1 v,n n>1 v,n

Now, the proof will be presented in two cases by considering the intervals of v.

First, suppose that v € [—%, 0] Since 577 — 1 > 0, inequality (1.5) implies
zu”(z)) ( )
N1+ == =1- N N
( u),(z) ; h/2 — v+1 ; h2 -
2r? 1 2r2
Zl_thjzn—rz_(v—l—l _1>Zh2 _
n>1 " n>1
"
PR LY (2.14)
uy (r)

On the other hand, if in the second part of inequality (1.5) we replace z by z> and b
by h:;,l and h, 1, respectively, then it follows that

- 2r2
— 2
hv,n -

272
2 2
hv,n -z

252

— B2 2
hvn_

212

and
2
hv,n -

provided that [z| < r < A/ 1 < hy1. These two inequalities and the conditions
—1>0and g > 0 imply that

v+1
2! (2) 272 ( 1 ) 272
= + 1)
A u',(z) p ; (h(,zn — 72 v+1 h%’n —z2
1 272
=B Z 2 +B ( - 1> Z 2 2
n>1 hin = v+l n>1 hv’" —<
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2r2 1 252 ru’’(r)
< ST I [ v\
‘ﬂz<h’£n—r2+<v+1 )h%,n—r2> e

n>1
(2.15)

From (2.14) and (2.15), we get

5 (1_+ zuﬁ(z)) iy

u,(2)

rul(r)

ul,(r)

zu})(2)
uy, (2)

—a>1l—a+{0+p8)

where |z] <r < h:;,l’ B >0and o € [0, 1).

Second, in the case v € [0, %] , the roots 0 < h; | < hy,1 are real for every natural
number n. Moreover, inequality (1.5) implies that

2 2 2
! (h’v%jz— Z2> = h;%fz— 2|= h;%jr— 2 Jsr <l <h
and , , .
Putting A =1 — ﬁ, inequality (1.4) implies

0 272 . 1 222\ _ 2 | 1 2r?
SRR, -2 v+ 1) k2, —z>) = h2, —r? v+1) k2, —r?

for |z| <r < h | < hy,1, and we get

zul)(2) 272 1 272
N1 L =1-y 9|l (1= — )
< * M{,(Z)) Z h2, —z? ( v—i—l)h‘%’n—z?

n>1
2r? 1 2r?
>1- —s — |1 - —_—
- g(h(%n—rz ( v+1)h%,n—r2>
"
L 2.16)
u,(r)
o . . 2 . . 1 .
Now, if in the inequality (1.3) we replace z by z* and we again put A = 1 — =7, it

follows that

272 (1 1 ) 272
h2, — 22 v+1) hd, —2?

o L] 2r?
T h2,—r? v+1) h2, —r?
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provided that |z| < r < h:;,l < hy,1. Thus, for B > 0, we have

zul(2) 272 1 272
Bl Z'BZ n2 2 = 1)z — 2
MV(Z) n>1 v,n Z % + v.n Z
272 < 1 ) 272
<p v FE Y
; n2, —z2 v4+1)n2, —z2
2r? 1 2r? ru’ (r)
SﬁZ(h’z -2 (1_ v+1> n2 —r2> =P
n>1 v,n v,n v

2.17)

As a result, the following inequality be inferred from (2.16) and (2.17) such as (2.14)
and (2.15),

ZM”(Z))
N1+ 2 —
(1+35) -
where |z| <7 <k, 1B =0anda €0, 1).

Equality holds (2) and (2.18) if and only if z = r. Thus, it follows that

inf [m (1 + Zu/”/(Z)) - B 40)
lzl<r ), (2)

u,(r)
where r € (0, h;,l), B>0andx € [0, 1).
The mapping v, : (0, 2}, ;) — R defined by

a0 g : - =
Y (r) = +(+/3) )__(Jrﬁ)Z hi? —r2_<_v+1)h%~n—_’2

n>l vn

. ().
—at+ 48" (2.18)
wl,(r)

1
zu,(2) |

u,(z)

zu(2)

u,(z)

:|_1—a+(1+,3)

is strictly decreasing for all |v| < % and B > 0. Namely, we obtain

, X 4rh%, L] 4rh3,
Y =—(1+8)) R —( _v+1)(hgn_r2)2

n>1 -

v,n
rh2 4rh:)2n
< +/3)Z( —r2)2 BT <0

n>1

for v € [0, %] , 7 €(0, k), )and B > 0. Here we used again that the zeros h,, , and
h, , interlace, and for alln € N, |v] < 2 andr < /hy nh, ,, we have that

2 2
2 2 2 2 2 2
W (2 =) <2, (12, =)
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Observe that when v € [%, 0] and r > 0 we have also that v} (r) < 0, and thus ¥, s

indeed strictly decreasing for all |[v| < % and 8 > 0.
Now, since lim,\ o ¥, (r) = 1 and limr/h/ ] Y, (r) = —o0, in view of the minimum

principle for harmonic functions it follows that for |v| < % and z € U(r3), we get

4 "
5 (1 + Z”,”(Z)) _p|Ha
u,(z) uy,(2)
if and only if r3 is the unique root of
1
1+(1+ﬂ)M=a, @ el0,1)and B >0
uy, (r)
situated in (0,4, ). o

As a result of the Theorem 2.9, the next corollary is obtained by taking « = 0 and
B =1
Corollary 2.10 Let |v| < % Then, the radius of uniform convexity of the function u,
is the smallest positive root of the equation

1+2<ng(}’) n ( 1 3 1) rH{,(r)) _o
H,()  \v+1 H,(r) )

Moreover, r,fuc < r,ju < h;’I < hy,1, where h,, 1 and h;’l denote the first positive zeros
of H, and H,, respectively.

The graph of the function r — 1 + 2 (r;l{,v/”/((rr)) + <ﬁ - 1) rII;V,”((rr))) for v €
{—0.3, -0.25,0, 0.5} on [0, 1.2]

Theorem 2.11 Let |v]| < %, B > 0and 0 < a < 1. Then, the radius of B-uniform
convexity of order o of the function v, is the smallest positive root of the equation

(1= vH, () +rH;/<r>) 0

I-—a)—(0+p8) (1 +v—r “OH, (1) + rHL(r)
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Moreover, rfu'uc(a) <ry, < Gu1 <hyi, where h, 1 and gy 1 denote the first positive

zeros of Hy, and v, respectively.

Proof Let hy , and ¢, , denote the n-th positive root of H, and v}, respectively, and
the smallest positive root of v/, does not exceed the first positive root of H,,. In [10],
the following equality was proved:

W@ Gl OREHONINH
= 5 2"

=—-v+z
v, (2) —vH, (z) + zH/,(2) Son—2

n>1

By using inequality (1.5), for all z € U (5y,1), we have the inequality

zv!/(z) 2r?
o] (HW) >1-) . (2.19)

2 _
n>1 Son =T

where |z| = r.
On the other hand, again by using inequality (1.5), for all z € U(¢,,1) and B > O,
we get the inequality

zv;)(2)
v, (2)

B

22
=8> 5

gv,n —<

2 2 "
SBY oy =g (2.20)

gv,n_r v(}(r) ’

Finally, the following inequality is inferred from (2.19) and (2.20):

, Zv”(z)> 7vy)(2) rvy(r)
N1+ =F — el —a >l —a+ (1+ —, B=0,
< o) B Q) o> a+ (1+8) ) B =
where |z| = r. Thus, forr € (0, y,1), B > 0and« € [0, 1), we obtain
. zv”(z)) 20"(2) ] rvll(r)
inf |R(1+ 2 - v —afl=1—a+ 1+ Y,
|z|<r[ ( o ) Fleo | et A+

The mapping ©,, : (0, ¢,,1) — R defined by

" 2
o =1+1+p20 1 a4 p

v, (r) o,
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is strictly decreasing since lim,\ o ®,(r) = 1 and lim, 7., , ©,(r) = —o0. As a
result, in view of the minimum principle for harmonic functions it follows that for
a€[0,1), B>0andz € U(rg), we have

(@)
N (1 +—v{,(z) ) B

if and only if r4 is the unique root of

zv;)(2)
vy, (2)

VA
1+ +ﬁ)r”,”(r) —«, ac0,1)and 8 >0
vy,(r)
situated in (0, ¢, 1). O

As aresult of the Theorem 2.11, the following corollary is obtained by taking @ = 0
and 8 = 1:

Corollary 2.12 Let |v]| < % Then, the radius of uniform convexity of the function v, is

the smallest positive root of the equation

1_2<1 o —r(l —v)HV(r)—i—rHv(r)) _0

—vH, (r) + rH| (r)

Moreover, rl'fvc < rlfv < Gv1 < hy1, where h, 1 and ¢, 1 denote the first positive zeros
of H, and v}, respectively.

The graph of the function r +— 1 — 2 <1 +v— r%) forv e

{—=0.3,-0.25,0, 0.5} on [0, 1.2]

Theorem 2.13 Let |v] < %, B >0and 0 < «a < 1. Then, the radius of B-uniformly

convex of order o of the function w,, is the smallest positive root of the equation

2 —vH, (V) + V1 :)/(\/;))
(1 = VH,(Vr) + VrH(VT)

2(1—a)—(1+ﬂ)<1+v—ﬁ
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Moreover, rﬁ ucle) rwv < 0y,1 < hy,1, where h, | and 0,1 denote the first positive

zeros of H,, and w),, respectively.

Proof Let h, , and o, , denote the n-th positive root of H, and w/,, respectively, and
the smallest positive root of w{) does not exceed the first positive root of H,,. In [10],
the following equality was proved:

2

L e _ 1[ +f(2—v)H(f)+fH(f)]

_Z.

w,@ 2 1= v)H, (V) + VTR, (/7) =~
By using inequality (1.5), for all z € U(o,,1), we obtain the inequality
Zu)//(z) r
N1+ L= )>1- , 2.21
< + wi(z) )~ Z o2 —r 2.21)

l’lzl v,n

where |z| = r.
Moreover, again by using inequality (1.5), for all z € U(oy,,1) and B > 0, we get
the inequality

zw} ()
w},(2)

B

<8 Z _ gt (2.22)

/
iy wy, (r)

As a result, the following inequality is inferred from (2.21) and (2.22):

% (1 + ng(Z))—ﬁ
w},(2)

where |z| = r. So, forr € (0,0,.1), B > 0and « € [0, 1), we have

inf [m (1 + ng(Z)) —B
lz|<r w),(z)

The mapping &, : (0, 0y,1) — R defined by

//( )
w,(r)

VA
zw, (2)

, B>=0andu € [0, 1),
wy,(2)

—a>1- a—i—(l—i—ﬁ)

rw) (r)

w(r)

2w} (2)
w),(2)

—a:|=1—a+(1+ﬂ)

Dy(r) =141 +p) ,(())

n>1
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is strictly decreasing since lim,\o ®,(r) = 1 > « and lim; 7o, , ®,(r) = —o0.
Consequently, in view of the minimum principle for harmonic functions it follows
that fora € [0, 1), B > 0and z € U(rs), we obtain

zwy (@)
m(” w;@) P

if and only if r5 is the unique root of

zw) (z)
wy,(2)

rw!(r)

1+1+8) o, acf0,1)and g >0

wy,(r)
situated in (0, 0y, 1). O

As aresult of the Theorem 2.13, the next corollary is obtained by taking @ = 0 and
B =1

Corollary 2.14 Let |v| < % Then, the uniform convexity of the function w, is the
smallest positive root of the equation

B0 ARG (LR
(= v)H, (/1) + TH, (/)

Moreover, rfj)i < r,f)v < oy,1 < hy1, where h, 1 and 0,1 denote the first positive
zeros of Hy, and w),, respectively.

Q—vH, (/r)+/rH, (/1)
(o, (il (v 10TV €

The graph of the function r +— —v + /r
{—0.3, -0.25,0, 0.5} on [0, 2.7]

Using the following representation of Struve functions of order 1/2 in terms of
elementary trigonometric functions

/2
H%(z) = n_z(l —C082),
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we obtain

2
1 — 3 1—
u;(z):Zg(%y, vé(z)=2<¥> andw%(z)=2(l—cos\/2).

We state the following results for the functions: «1, v1 and w
2 2

BI—

o u1(2) € UC inthe disk U(ry = 1.1382),
e v1(2) € UC in the disk U (r2 = 0.9349),
e w1 (2) € UC in the disk U (ry = 2.4674),

where r1, r2 and r3 is the smallest positive root of the equations

o 54 (=5+8r?)cosr —2r (2r +sinr) =0,
® COST (2r2 — 3) —rsinr +3=0,
o ./rcot \/r = 0, respectively.

Remark 2.15 For 8 = 0, Theorems 2.3, 2.5 and 2.7 reduce to [10, Thm. 3, (a),(b) and
()], respectively.

Moreover, Theorems 2.9, 2.11 and 2.13 reduce to [10, Theorem 4, (a), (b) and (c)],

respectively, by putting 8 = 0, for the case |v| < %
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