
Annals of Fuzzy Mathematics and Informatics

Volume 5, No. 1, (January 2013), pp. 73–85

ISSN: 2093–9310 (print version)

ISSN: 2287–6235 (electronic version)

http://www.afmi.or.kr

@FMI
c© Kyung Moon Sa Co.

http://www.kyungmoon.com

Inverse and direct systems of soft modules

Taha Yasin Ozturk, Cigdem Gunduz(Aras), Sadi Bayramov

Received 12 November 2011; Revised 21 May 2012; Accepted 22 May 2012
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1. Introduction

To solve complicated problems in social sciences, economics, engineering and
environment etc., we cannot use classical methods. The solutions of such problems
involve the use of mathematical principles based and uncertainty and imprecision.
Thus classical set theory, which is based on the crispand exact case may not be
fully suitable for handling such problems of uncertainty. A number of theories have
been propesed for dealing with unceartainties in an efficient way. Some of these are
theory of fuzzy sets [3], theory of intuitionistic fuzzy sets [6], theory of vague sets,
theory of interval mathematics [9][22] and theory of rough sets [20]. However, these
theories have their own difficulties. In 1999, Molodtsov [8] introduced the concept
of soft set theory which is a completely new approach for modeling uncertainty. He
presented the fundamental results of the new theory and succesfully applied it to
several directions such as smoothness of functions, game theory, operations research,
Rieman-integration, Peron integration, theory of probability etc. Maji et al. [22][21]
worked on soft set theory and presented an aplication of soft sets in decision making
problems.

The theory of fuzzy sets,first developed by Zadeh [14] in 1965, perhaps the most
appropriate framework for dealing with uncertainties. A fuzzy set is defined by
its membership function, whose values are defined on the closed interval [0, 1].
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Some or all elements of a fuzzy set are thus assigned only partial membership. This
approach puts the generalized theory of uncertainty into a much broader perspective,
as outlined in [15]. The basic ideas of fuzzy set theory and its extensions, as well as
many interesting applications, can be found in a number of books (e.g.,[7][10][13]).

H. Aktaş and N. Çağman [12] has established a connection betwen soft sets and
fuzzy sets and they introduced soft groups.U. Acar and F. Koyuncu [24] introduced
soft rings. Qiu-Mei Sun and his friends introduced soft modules[23].

L. Jin-Liang and A. Aygunoğlu [16][1] presented fuzzy soft sets and fuzzy soft
groups. Ç. Gunduz and S. Bayramov [4] presented fuzzy soft modules.

The problem which obtained in new categories are closed according to algebraic
operations is very important. Since inverse limit and direct limit contain most of
the operations, the proof of presence of the limits is actual problem.

The inverse (direct) limit is not only an important concept in category theory,
but also plays an important role in topology, algebra, homology theory etc. To the
date, inverse and direct saystems and their limits were defined in different categories.
Furthermore, some of their properties were investigated.

Sheng-Gang Li [18] defined inverse (direct) syatem of fuzzy topological spaces and
their limits and obtained their properties for the case of category L−Top. M. Ghadri
and Davvaz [11] introduced direct system and direct limit of Hv−modules. V. Leo-
reanu [17] proved that the direct limit (inverse limit) of an SHR direct (respectively,
inverse) family of SHR semigroups is an SHR semigroup.

In this study, we firstly give the concepts of inverse and direct systems in the
category of soft modules and prove that their limits always exist in this category.

2. Preliminaries

In this section, we recall some basic concepts of soft set theory. Throughout this
subsection U refers to on initial universe E is a set of parameters, P (U) is the power
set of U , and A ⊆ E.

Definition 2.1. [8] A pair (F, A) is called a soft set over U where F is a mapping
given by F : A → P (U).

In other words, a soft set over U is a parameterized family of subsets of the
universe U . For ε ∈ A, F (ε) may be considered as the set of ε-elements of the soft
set (F, A), or as the set of ε-approximate elements of the soft set.

Definition 2.2. [22] For two soft sets (F, A) and (G,B) over U , (F, A) is called soft
subset of (G,B) if

(1) A ⊂ B and
(2) ∀ε ∈ A, F (ε) and G(ε) are identical approximations. This relationship is

denoted by (F, A)
∼⊂ (G,B).

Similarly, (F, A) is called a soft superset of (G, B) if (G,B) is a soft subset of
(F, A). This relationship is denoted by (F,A)

∼⊃ (G,B).
Two soft sets (F,A) and (G,B) over Uare called soft equal if (F, A) is a soft

subset of (G,B), and (G,B) is a soft subset of (F,A).
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Definition 2.3. [22] The intersection of two soft sets (F, A) and (G,B) over U is
the soft set (H, C), where C = A ∩ B and ∀ε ∈ C, H(ε) = F (ε) ∩ G(ε). This is
denoted by (F, A)

∼∩ (G,B) = (H, C).

Definition 2.4. [22] If (F,A) and (G,B) are two soft sets, then (F, A) AND (G,B)
is denoted (F, A)∧ (G,B). (F, A)∧ (G, B) is defined as (H,A×B), where H(α, β) =
F (α) ∩G(β),∀(α, β) ∈ A×B.

Definition 2.5. [22]The union of two soft sets (F,A) and (G,B) over is the soft
set (H, C), where C = A ∪B and ∀ε ∈ C,

H(ε) =





F (ε), if ε ∈ A−B,
G(ε), if ε ∈ B −A,
F (ε) ∪G(ε) if ε ∈ A ∪B.

This relationship is denoted by (F, A)
∼∪ (G,B) = (H,C).

Throughout this subsection, let M be a left R-module, A be any nonempty
set. F : A → P (M) refer to a set-valued function and the pair (F,A) is a soft set
over M .

Definition 2.6. [23] Let (F, A) be a soft set over M .(F,A) is said to be a soft
module over M if and only if F (x) < M for all x ∈ A.

Proposition 2.7. [23] Let (F, A) and (G,B) be two soft modules over M .

(1) (F, A)
∼∩ (G,B) is a soft module over M .

(2) (F, A)
∼∪ (G,B) is a soft module over M if A ∩B = ∅.

Definition 2.8. [23] Let (F, A) and (G,B) be two soft modules over M . Then
(F, A) + (G,B) is defined as (H, A × B), where H(x, y) = F (x) + G(y) for all
(x, y) ∈ A×B.

Proposition 2.9. [23] Let (F, A) and (G,B) be two soft modules over M . Then
(F, A) + (G,B) is soft module over M .

Definition 2.10. [23] Let (F, A) and (G,B) be two soft modules over M and N
respectively. Then (F, A)× (G, B) = (H, A×B) is defined as H(x, y) = F (x)×G(y)
for all (x, y) ∈ (A×B).

Proposition 2.11. [23] Let (F,A) and (G,B) be two soft modules over M and N
respectively. Then (F, A)× (G, B) is soft module over M ×N .

Direct product and direct sum are same when the dimension is finite, so ” ⊕ ”
can be used instead of ”× ” in the above proposition.

Now, let parameter set of {(Fi, Ai)}i∈I be fixed point. We denote fixed point
of Ai as a0i and let Fi(a0i) = 0. For A =

∏
i∈I Aiand M = ⊕

i∈I
Mi, we define the

mapping F : A → M by F (a) = ⊕
i∈I

F (ai), for all a = {ai} ∈ A. Then, (F, A) is a

soft module over M [4].

Definition 2.12. [4](F, A) is said to be direct sum of {(Fi, Ai)}i∈I and denoted as
⊕
i∈I

(Fi, Ai).
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The mapping ϕj : Aj →
∏

i∈I Ai is defined by ϕj(aj) = {ai} such that if i 6= j,
then ai = a0i and if i = j, then ai = a. Also for embedding mapping qj : Mj →
⊕
i∈I

Mi, (qj , ϕj) : (Fj , Aj) → (F,A) is a soft homomorphism of soft modules [4].

Definition 2.13. [23] Let (F, A) and (G, B) be two soft modules over M . Then
(G,B) is soft module of (F, A) if

(1) B ⊂ A and
(2) G(x) < F (x), ∀x ∈ B

this denoted by (G,B)<̃(F, A).

Proposition 2.14. [23] Let (F, A) and (G,B) be two soft modules over M , and
(G,B) be soft submodule of (F, A). If f : M → N is homomorphism of module,
then (f(F ), A) and (f(G), B) are all soft modules over N , and (f(G), B) is soft
submodule of (f(F ), A).

Definition 2.15. [23] Let (F, A) and (G, B) be two soft modules over M and N
respectively, f : M → N , g : A → B be two functions. Then we say that (f, g) is a
soft homomorphism if the following conditions are satisfied:

(1) f : M → N is homomorphism of module;
(2) g : A → B is a mapping;
(3) f(F (x)) = G(g(x)), ∀x ∈ A.

At the same time, we say (F,A) is soft homomorphic to (G,B), which denoted
by (F,A) ' (G,B).

In this definition, if f is an isomorphism from M to N and g is a one-to-one
mapping from A onto B, then we say that (F,A) is a soft isomorphism and that
(F, A) is a soft isomorphic to (G, B), this is denoted by (F, A) ∼= (G,B).

3. Inverse and direct systems of soft modules

We can say that soft modules and their soft homomorphisms form a category.
This category is denoted by SMod. In this category, we define operation of product
and coproduct.

Let {(Fi, Ai)}i∈I be a family of soft modules over the family {Mi}i∈I of modules.
We define the mapping F : A → M by F ({ai}) = Π

i∈I
F (ai) for every {ai} ∈ A where

A = Π
i∈I

Ai, M = Π
i∈I

Mi. Since F (ai) ⊂ Mi, Π
i∈I

F (ai) is a submodule of M.Thus, the

pair (F, A) is a soft module over M . We denote this soft module by Π
i∈I

(Fi, Ai) and

{(Fi, Ai)}i∈I is said to be the product of family of soft modules.
If qi0 : Π

i∈I
Ai → Ai0 and pi0 : Π

i∈I
Mi → Mi0 are projection mappings, then

(pi0 , qi0) : Π
i∈I

(Fi, Ai) → (Fi0 , Ai0) is a soft homomorphism of soft modules. Let

{(fi, gi) : (Fi, Ai) → (Ki, Bi)} be a family of soft homomorphism of soft modules.
Then

( Π
i∈I

fi, Π
i∈I

gi) : Π
i∈I

(Fi, Ai) → Π
i∈I

(Ki, Bi)

is a soft homomorphism of soft modules. Indeed,
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(Π
i
fi) ◦Π

i
Fi = Π

i
(fi ◦ Fi) = Π

i
(Ki ◦ gi) = Π

i
Ki ◦Π

i
gi.

For every i ∈ I, the following diagram of soft modules is commutative.

Π
i∈I

(Fi, Ai)
(pi,qi)−→ (Fi, Ai)

(Πfi,Πgi) ↓ ↓(fi,gi)

Π
i∈I

(Ki, Bi) −→
(p′i,q

′
i)

(Ki, Bi)

Proposition 3.1. Product operation is defined in the category of soft modules is a
functor.

Let the family set {(Fi, Ai)}i∈I of parameters of soft modules be fixed point sets.
The fixed point of the set Ai denoted by a0i

and we suppose that Fi(a0i
) = 0. We

define the mapping F : A → M by F ({ai}) = ⊕
i∈I

F (ai) for every a = {ai} ∈ A

where A = Π
i∈I

Ai, M = ⊕
i∈I

Mi. In this case, (F, A) is a soft module over M . This

soft module is said to be a direct sum of the soft modules {(Fi, Ai)}i∈I and denoted
by ⊕

i∈I
(Fi, Ai).

The mapping ϕj : Aj → Π
i∈I

Ai is defined by ϕj(a) = {ai}, such that ai = a0i and

if i 6= j, then aj = a. If ij : Mj → ⊕
i
Mi is a embedding homomorphism, then

(ij , ϕj) : (Fj , Aj) → (F, A)
is a soft homomorphism of soft modules.

Now, let {(Fi, Ai)}i∈I and {(Ki, Bi)}i∈I be two family of soft modules over the
families {Mi}i∈I and {Ni}i∈I of modules respectively and for every i ∈ I let (fi, gi) :
(Fi, Ai) → (Ki, Bi) be a soft homomorphism of soft modules, where gi : (Ai, a0i) →
(Bi, b0i) is a mapping of fixed point sets. That is, gi(a0i) = b0i . Then

(⊕
i∈I

fi, Π
i∈I

gi) : ⊕
i∈I

(Fi, Ai) → ⊕
i∈I

(Ki, Bi)

is a soft homomorphism of soft modules and for every i ∈ I, the following diagram
of soft modules is commutative.

(Fi, Ai) −→ ⊕
i∈I

(Fi, Ai)

(fi,gi) ↓ ↓(⊕fi,Πgi)

(Ki, Bi) −→
(p′i,q

′
i)

⊕
i∈I

(Ki, Bi)

Proposition 3.2. Direct sum operation is defined in the category of soft modules is
a functor.

Now, let the set of I be directed set and for every i ∈ I, (Fi, Ai) be a soft module
over Mi and for every i < i

′
, (pi

′

i , qi
′

i ) : (Fi′ , Ai′ ) → (Fi, Ai) be a soft homomorphism
of soft modules.

Definition 3.3. If the following conditions are satisfied,
(1) For i = i

′
; qi

i : 1Ai , pi
i : 1Mi
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(2) For i < i
′
< i

′′
; qi

′′

i = qi
′

i ◦ qi
′′

i′ , pi
′′

i = pi
′

i ◦ pi
′′

i′

then the family

(3.1)
(
{(Fi, Ai)}i∈I , {pi

′

i , qi
′

i }i<i′
)

is said to be inverse system of soft modules.

Theorem 3.4. Every inverses system in respresentation 3.1 has a limit in the cat-
egory of SMod and this limit is unique.

Proof. By definition, the inverse system 3.1 of soft modules consists of the inverse
system 3.2 sets

(3.2)
(
{Ai}i∈I , {qi

′

i }i<i′
)

and consists of the inverse system 3.3 of modules

(3.3)
(
{Mi}i∈I , {pi

′

i }i<i′
)

.

Let the inverse limit of the system 3.2 be a A = lim←−
i

Ai and the inverse limit of the

system 3.3 be a M = lim←−
i

Mi. We define the mapping F : A → Π
i∈I

Mi. The equality

qi
′

i (ai′ ) = ai is satisfied for every a = {ai} ∈ A and every i < i
′
. Since (pi

′

i , qi
′

i ) :

(Fi′ , Ai′ ) → (Fi, Ai) is a soft homomorphism, pi
′

i (Fi′ (ai′ )) = Fi(qi
′

i i′ (ai′ )) = Fi(ai)
is satisfied. That is,

pi
′

i |F
i
′ (a

i
′ ): Fi′ (ai′ ) → Fi(ai)

Then the family
[
{Fi(ai)}i∈I , {pi

′

i |F
i
′ (a

i
′ )}i<i′

]
forms a inverse system of submodule

for every a = {ai} ∈ A. Limit of this system denoted by lim←−
i

Fi(a).

Now, we define the mapping F : A → Π
i∈I

Mi by F (a) = lim←−
i

F (ai) for every

a = {ai} ∈ A. Since the module F (a) = lim←−
i

F (ai) is a submodule of the module

M = lim←−
i

Mi for every a ∈ A, the pair (F,A) is soft module over the module M.

We show that the soft module (F, A) is a limit of this system. Let (H,B) be
any soft module over the module N and (pi

′

i , qi
′

i ) ◦ (hi′ , ϕi) = (hi, ϕi) is satisfied
for the homomorphisms of the soft modules {(hi, ϕi) : (H, B) → (Fi, Ai)}i∈I every
i < i

′ ∈ I.
We define the soft homomorphism (ψ, γ) : (H,B) → lim←−

i

(Fi, Ai). The mapping γ :

B → A = lim←−
i

Ai defined by γ(b) = {ϕi(b)} and the homomorphism ψ : N → lim←−
i

Mi

defined by ψ(x) = {hi(x)}. Then (ψ, γ) is a soft homomorphism of soft modules
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and for the soft homomorphisms (πi, qi) : lim←−
i

(Fi, Ai) → (Fi, Ai), qi :lim←−
i

Ai → Ai,

πi : lim←−
i

Mi → Mi, the following diagram is commutative.

(H, B)
(hi,ϕi)−→ (Fi, Ai)

(ψ,γ) ↓ ↗(πi,qi)

lim←−
i

(Fi, Ai)

Thus, the theorem is proved. ¤

Now, let the family {(Kj , Bj)}j∈J be a family of soft modules over family of the
modules {Nj}j∈J and

[
{(Kj , Bj)}j∈J , {rj

′

j , tj
′

j }j<j′

]

be a inverse system of these soft modules. Let ϕ : J → I be isoton and surjective
mapping, and

(3.4) (fi, gi) : (Fϕ(j), Aϕ(j)) → (Kj , Bj)

be a soft homomorphism of soft modules for every j ∈ J.

Definition 3.5. If the following diagram of soft modules is commutative for every
j < j

′
,

(Fϕ(j′ ), Aϕ(j′ )) −→ (Kj′ , Bj′ )
↓ ↓

(Fϕ(j), Aϕ(j)) −→ (Kj , Bj)

then the family (ϕ, {fj , gj}j∈J) is said to be morphism from the system 3.1 to the
system 3.4.

The inverse system of soft modules and their morphism forms a category. This
category denoted by Inv(SMod).

Let the family (ϕ, {fj , gj}j∈J) be a morphism of inverse systems. Then the fol-
lowing diagram is commutative.

ΠAϕ(j))
ΠFϕ(j)−→ Π

j
Mϕ(j)

Πgi ↓ ↓
Πfj

j

Π Bj −→
ΠKj

Π
j
N j

(
ϕ, {fj} : {Fϕ(j)(a

′
ϕ(j))} → {Kj(gj(a

′
j))}

)
is a morphism of inverse systems of mod-

ules for every {aϕ(j)} ∈ ΠAϕ(j)) . Then lim
←

(ϕ, {fj}) : lim←−
j

Fϕ(j)(a
′
ϕ(j)) → lim←−

j

Kj(gj(a
′
j)

is a homomorphism of limit modules and the following diagram is commutative.
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lim←−
j

Aϕ(j))
lim←−Fϕ(j)

−→ lim←−
j

Mϕ(j)

lim←−gi ↓ ↓
lim←−fj

j

lim←−
j

Bj −→
lim←−Kj

lim←−
j

N j

That is, (lim←−fj , lim←−gi) : lim←−(Fϕ(j), Aϕ(j)) → lim←−(Kj , Bj) is a soft homomorphism
of soft modules. This homomorphism is said to be limit of the family (ϕ, {fj , gj}j∈J)
and denoted by lim←− (ϕ, {fj , gj}j∈J ) .

Theorem 3.6. The corresponding
(
{(Fi, Ai)}i∈I , {pi

′

i }i<i′
)
7−→ lim←−

i

(Fi, Ai) is a

covariant functor from the category of inverse systems of soft modules to the category
of soft modules.

The soft homomorphism (pi, qi) : Π
i∈I

(Fi, Ai) → (Fi, Ai) of soft modules define

the soft homomorphism (πi, qi) : lim←−
i

(Fi, Ai) → (Fi, Ai) and for every i < i
′ ∈ I, the

following diagram is commutative.

(Fi′ , Ai′ )
(π

i
′ ,q

i
′ )

↗
lim←−(Fi, Ai) ↓(pi

′
i ,qi

′
i )

↘
(πi,qi)

(Fi, Ai)

Let (F1, A1), (F2, A2) be soft modules over the module M and (G1, B1), (G2, B2)
be soft modules over N , (f, g) : (F1, A1) → (G2, B2), (h, p) : (G1, B1) → (G2, B2) be
the homomorphisms of soft modules and let A1 ∩ B1 = A2 ∩ B2 = ® be satisfied.
In this case, we can look at the soft modules (F1, A1)∪̃(G1, B1) = (H1, C1) and
(F2, A2)∪̃(G2, B2) = (H2, C2). In this place, C1 = A1 ∪ B1 and C2 = A2 ∪ B2 is
satisfied. Since A1 ∩ B1 = A2 ∩ B2 = ®, the mapping ϕ : C1 → C2 is defined as
follows.

ϕ(c) =
{

g(c) c ∈ A1

p(c) c ∈ B1

The homomorphism ψ : M → M is defined by ψ(x) = f(x) for c ∈ A1 and is
defined by ψ(x) = h(x) for c ∈ A2. Then

(ψ, ϕ) : (F1, A1)∪̃(G1, B1) → (F2, A2)∪̃(G2, B2)

is a soft homomorphism of soft modules.

Proposition 3.7. The operation ∪̃ : SMod×SMod → SMod is s covariant functor.
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Now, let

(F,A) =
(
{(Fi, Ai)}i∈I , {pi

′

i , qi
′

i }i<i′
)

and
(G, B) =

(
{(Gi, Bi)}i∈I , {ri

′

i , ti
′

i }i<i′
)

be inverse system of soft modules over family of the modules {Mi}i∈I and (fi, gi) :
(F, A) → (G,B) be morphism of these inverse systems and let Ai ∩ Bi = ® be for
every i ∈ I.We obtain the following inverse system of soft modules.

(3.5)
[
{(Fi, Ai)∪̃(Gi, Bi)}i∈I , {pi

′

i , ri
′

i }i<i′
]

Theorem 3.8. lim←−
i

((Fi, Ai)∪̃(Gi, Bi)) =

(
lim←−

i

(Fi, Ai)∪̃lim←−
i

(Gi, Bi)

)
.

Proof. The parameter set of the soft module lim←−
i

(Fi, Ai)∪̃(Gi, Bi) is lim←−
i∈I

(Ai ∪ Bi).

Since Ai ∩Bi = ®, lim←−Ai ∪ lim←−Bi = lim←−
i∈I

(Ai ∪Bi) is satisfied. Since Π
i∈I

Ai ∩ Π
i∈I

Bi is

satisfied, lim←−Ai ∩ lim←−Bi = ®.Then c elements lim←−
i∈I

Ai or lim←−
i∈I

Bi for every c = {ci} ∈

(lim←−
i∈I

Ai) ∪ (lim←−
i∈I

Bi).

Let c = {ci} ∈ (lim←−
i∈I

Ai) be. In this case, the following inverse systems of modules

is obtained from the inverse system 3.5.

(3.6)
(
{Fi(ci)}{pi

′

i }i<i′
)

Then for c = {ci} ∈ (lim←−
i∈I

Ai)

(3.7)

(
lim←−

i

(Fi, Ai)∪̃(Gi, Bi)

)
({ci}) = lim←−Fi(ci).

The theorem is proved from 3.6 and 3.7. ¤

Theorem 3.9. If {(F, A)j}j∈J is a family of inverse systems of soft modules, then
lim←− Π

j∈J
(F,A)j = Π

j∈J
lim←−(F, A)j is satisfied.

Proof. The proof is obvious. ¤

Now, We give direct systems and limits of these systems in the category of SMod.
Let the family {(Fi, Ai)}i∈I be a family soft modules over the family {Mi}i∈I and

(pi
′

i , qi
′

i ) : (Fi, Ai) → (Fi′ , Ai′ ) a soft homomorphism of soft modules for every i < i
′

and let {Ai} be a family of sets with fixed point.

Definition 3.10. If the following conditions are satisfied,

(1) (pi
′

i , qi
′

i ) = 1(Fi,Ai)
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(2) For i < i
′
< i

′′
; ( pi

′′

i′ , qi
′′

i′ ) ◦ (pi
′

i , qi
′

i ) = (pi
′′

i , qi
′′

i )
then the family

(3.8)
(
{(Fi, Ai)}i∈I , {pi

′

i , qi
′

i }i<i′
)

is said to be direct system of soft modules.
(
{Mi}i∈I , {pi

′

i }i<i′
)

is a direct system of modules for the direct system 3.8.

Let M = lim−→
i

Mi. The set A ⊂ Π
i∈I

Ai is defined by A =
{
{ai} | pi

′

i (ai) = ai′
}

.

Theorem 3.11. Every direct system in respresentation 3.8 has a limit in the cate-
gory of SMod and this limit is unique.

Proof. Since pi
′

i (ai) = ai′ ,
(
{F (ai)}i∈I , q

i
′

i : F (ai) → F (ai′ )i<i′
)

is a direct system
of modules for every a = {ai} ∈ A.

We define the mapping F : A → M by the formule F ({ai}) = lim−→
i

F (ai). Clearly,

the module F ({ai})is a submodule of the module M . Thus, the pair (F, A) is a
soft module over M . This module is a direct limit of the system 3.8. Let (ϕi, ψi) :
(Fi, Ai) → (H, B) which is satisfied the condition (ϕi, ψi) = (ϕi′ , ψi′ ) ◦ (pi

′

i , qi
′

i ) for
every i < i

′
be a soft homomorphism of soft modules. ψi(ai) = ψi′ (ai′ ) is satisfied

from the condition ψi = ψi′ ◦ pi
′

i for every a = {ai} ∈ A. The mapping ψ : A → B
is defined by ψ({ai}) = ψi(ai). So, ψ is well-defined. We define the homomorphism
h : lim−→Fi(a) → H(ψ(a)) by h([x]) = qi(xi).Here, qi [xi] = [x] and qi : Mi → lim−→Mi

are satisfied. Clearly, (ϕ, ψ) : lim−→(Fi, Ai) → (H,B) is a soft homomorphism of soft
modules and (h, ψ) ◦ (πi, ϕi) = (hi, ψi) is satisfied. ¤

Let
(
{(Fi, Ai)}i∈I , {(pi

′

i , qi
′

i ) : (Fi, Ai) → (Fi′ , Ai′ )}
)

and(
{(Gj , Bj)}j∈J , {(rj

′

j , tj
′

j ) : (Gj , Bj) → (Gj′ , Bj′ )}
)

be two direct systems of soft

modules over {Mi}i∈I and {Nj}j∈J . Then the following diagrams are commutative

Ai
Fi−→ P (Mi)

qi
′

i ↓ ↓pi
′

i

Ai′ −→
F

i
′

P (Mi′ )

Bj
Gj−→ P (Nj)

tj
′

j ↓ ↓pi
′

i

Bj′ −→
G

j
′

P (Nj′ )

where pi
′

i : Mi → Mi′ ,q
i
′

i : Ai → Ai′ r
j
′

j : Nj → Nj′ , t
j
′

j : Bj → Bj′ .

Let ϕ : I → J be izoton and surjective mapping and (fi, gi) : (Fi, Ai) →
Gϕ(i), Bϕ(i)) be a soft homomorphism of soft modules. then the following diagram
is commutative

Ai
Fi−→ P (Mi)

gi ↓ ↓fi

Bϕ(i) −→
Gϕ(i)

P (Nϕ(i))
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If the following diagram is commutative,

Ai Fi−→ P (Mi)

qi
′

i ↓ ↘ ↓pi
′

i ↘
Bϕ(i) −→ P (Nϕ(i))

Ai′ −→ P (Mi′ ) ↓
↘ ↓F

i
′ ↘

Bϕ(i′ ) −→ P (Nϕ(i′ ))

then the family (ϕ, {fi, gi}i∈I) is said to be a morphism of direct systems of soft
modules.

The direct system of soft modules and their morphisms form a category. This
category is denoted by Dir(SMod).

Theorem 3.12. The corresponding
(
{(Fi, Ai)}i∈I , {pi

′

i }i<i′
)
7−→ lim−→

i

(Fi, Ai) is a

covariant functor from the category Dir(SMod) to the category SMod.

Proof. lim−→(Fi, Ai) and lim−→(Gj , Bj) are limits of soft modules where A ⊂ Π
i∈I

Ai, A =
{
{ai} | qi

′

i (ai) = ai′
}

and B ⊂ Π
j∈J

Bj , B =
{
{bj} | tj

′

j (bj) = bj′

}
.

For gi : Ai → Bϕ(i), g : Π
i∈I

Ai → Π
j∈J

Bj , g({ai}) = {g(ai)}, f : lim←−Mi →
lim←−Nj , lim−→(Fi, Ai) = (F, A), lim−→(Gj , Bj) = (G,B), the following diagram is com-

mutative.

A
F−→ lim−→Mi

g ↓ ↓f

B −→
G

lim−→Nj

Then (f, g) : lim−→(Fi, Ai) → lim−→(Gϕ(i), Bϕ(i)) is a soft homomorphism of soft
modules and this soft homomorphism is said to be limit of the family (ϕ, {fi, gi}i∈I)
and is denoted by lim−→(ϕ, {fi, gi}i∈I).

Since the operation ∪̃ over soft modules is a functor, {(Fi, Ai)∪̃(Gi, Bi)}i∈I is
also a direct system of soft modules for the direct systems {(Fi, Ai)} and {(Gi, Bi)}
of soft modules, when the condition Ai ∩Bi = ® for every i ∈ I. ¤

Theorem 3.13. lim−→
i

(
(Fi, Ai)∪̃(Gi, Bi)

)
=

(
lim−→

i

(Fi, Ai)

)
∪̃

(
lim−→

i

(Gi, Bi)

)

Proof. The parameters set of the soft module lim−→
i

(
(Fi, Ai)∪̃(Gi, Bi)

)
is A∪B where

A =
{
{ai} ∈ ΠAi | qi

′

i (ai′ ) = ai

}

B =
{
{bi} ∈ ΠBi | ri

′

i (bi′ ) = bi

}
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The parameters set of the soft module

(
lim−→

i

(Fi, Ai)

)
∪̃

(
lim−→

i

(Gi, Bi)

)
is also

A ∪B. For every i ∈ I since Ai ∩Bi = ® ,A ∩B = ®.
Now, c elements A or c elements B for every c ∈ A∪B. If c = {ci} ∈ A is satisfied

then
{
(Fi, Ai)∪̃(Gi, Bi)

}
(c) = {Fi(ci)} is a direct system of modules. Here,

lim−→
[
(Fi, Ai)∪̃(Gi, Bi)

]
(c) = lim−→Fi(ci).

For c = {ci} ∈ A the following equality is satisfied
([

lim−→(Fi, Ai)
]
∪̃

[
lim−→(Gi, Bi)

])
(c) = lim−→Fi(ci).

In the same way, if c ∈ B, then the following equalities are satisfied

lim−→
[
(Fi, Ai)∪̃(Gi, Bi)

]
(c) = lim−→Gi(ci)

Then

lim−→
i

(
(Fi, Ai)∪̃(Gi, Bi)

)
=

(
lim−→

i

(Fi, Ai)

)
∪̃

(
lim−→

i

(Gi, Bi)

)
.

Thus, the theorem is proved. ¤

4. Conclusion

In this study by using the operations that are given over soft modules, limits of
inverse system and direct system and their properties are investigated.

References

[1] A.Aygunoğlu, H.Aygün, Introduction to fuzzy soft groups, Comput. Math. Appl.58 (2009)
1279-1286.

[2] A.R. Roy and P. K. Maji, A fuzzy soft set theoretic approach to decision making problems,
Comput. Math. Appl. No.203 (2007) 412-418.

[3] C.L.Chang, Fuzzy topological spaces, J. Math. Anal. Appl. 24 (1968) 182-190.
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