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Abstract

In light of the Alexander transformation, the class of spirallike functions is significant. The characteristics of special functions
also appear very frequently in Geometric function theory. In this paper, we find the radii of y-spirallike and convex y -spirallike

of order « of certain special functions.
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1 Introduction

Let A be the class of analytic functions normalized by the
condition

FO) =0=f'0) -1

in the disk D := Dy, where D, := {z € C : |z] < r}. In
1969, Robertson [27] studied the following subclasses (Def-
inition A) of univalent and analytic functions, respectively. It
was pointed out that under the well-known Alexander trans-
formation

Z
1[f](z)=/ &
o ¢

the univalency of spirallike functions is not preserved.

Definition A Let f € A. Assume that y € (=35, 3) and
0<a<l.
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A. The analytic function f is y-spirallike of order « if and
only if

Re (e_iyz}cl(—(z))> > @ cosy,
z

we denote the class of such functions by S; ().
B. The class CS ; () of convex y-spirallike functions of
order « is defined by

Re (e_iy (1 + Zf//(z)>> > o cosy.

1@

In 1933, Spacek [28] introduced the class S},/ (0) using the
idea of spirallike curves. Each function in S; (@) is univalent
in D, but they do not necessarily be starlike. However, for
general values of y(]y| < m/2), functions in CS; (0) need
not be univalent.

Example 1 The function f(z) = i(1 —z)i —i € CS}/*(0),
but not univalent.

Robertson [27] and Pfaltzgraff [24] showed that the func-
tion f € CSH(0) is univalent if 0 < cosy < 1/2. For
harmonic spirallike functions, readers are urged to read [17,
23]. Note that for y = 0, the classes S; (o) and CSZ(O()
reduce to the classes of starlike and convex functions of order
o, given by

Re <Zf/(z)> >a and Re <1 + Zf”(z)> > o,
f @) /(@)

which we denote by S*(«) and C(«), respectively.
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Providing counter examples to verify a certain property
associated with a function class may not be easy, see Exam-
ple 1. However, a radius problem for special functions may
serve this purpose. Special functions relationship with sev-
eral subclasses of univalent functions have been studied by
radius problems in [2, 3, 5-10, 18, 19]. Particular interest has
been on starlikeness and convexity properties of special func-
tions. The S*(«)-radius of a normalized analytic function g
is to find the constant

/
R}, := sup {r e R' :Re (Zg (Z)) >w,z € ]D)r}
g(2)

and similarly, C(«)-radius can be defined. The radius con-
stants R} for Bessel functions were obtained in [1, 3] and
for Struve functions in [1, 2]. For similar literature on other
special functions, readers are referred to read [1, 2, 6, 10]. In
2022 and 2023, several special functions unified treatment
for the Ma-Minda classes [22] appeared in [13, 16].

In view of the Example 1 and motivated by the available
literature on special functions radius properties, we propose
the following radius problem for several special functions in
connection with the class of spirallike functions.

Problem A Let g be the normalized form of a special func-
tion. The radius of y-spirallike of order « of g is defined
as

Rsp(yy a)

/
= sup {r e RT :Re (e_iyw> > Ccosy,z GD,}.

g2)

The radius of convex y-spirallike of order « is given by

RS, (v, @)

1
= sup{r eRT :Re <e7’V (1 + Zg/((Z)))) > ocosy,z € ]D)r}.
g'(z

In this paper, we answer Problem A for several well-
known special functions. We also show an application of our
result in deriving the sufficient conditions to be a member of
the class S; (o) in the sense of Example 1. We denote the
radius constant Ry, (y, @, g) by R, (v, «) and similarly for
others.

2 Radius of Spirallikeness of Wright
functions

Named after E. M. Wright, for 0 > —1 and z, p € C, the
generalized Bessel function is given by

(o, p,2) = Z z

=0 n'l"(no + p)

@ Springer

The function @ is entire for o > —1. Let EU, o,n be the n-th
positive root of the derivative of the function

Wy, (2) = 2" P (0, p, —27).
Further, let {5, 5., be the n-th positive root of ® (o, p, —Zz).

Then the result of Baricz et al. [6, Lemma 1, p. 100] states
that for o, p > 0 we may write

2
r(p@, p. - =[] (1 - Q_;M>,

n>1

2.1)

and the respective zeros satisfy the following interlacing
property:

ga,p,n < {a,p,n < é‘o,p,n+1 < go,p,n+lv n>1). (2.2)

Since ® (o, p, —z2) ¢ A, we take the following normal-
ized Wright functions:

fop(@) = [T (0@ (0, p, —2)]"*
8o.p(2) = 2T (p) (0, p, —2%)
hop(z) = 2L (P)® (0, p, —2).

(2.3)

For brevity, we denote W, ,(z) := ® (o, p, —zz).

Theorem 1 Let o, p > 0. The radius R, (y, ) for the func-
tions fs.p, 8&o,p and he , given by (2.3) are the least positive
roots of the equations:

(i) Wy ,(r) +p (1 —a)cosy W, ,(r) =0
(ii) rWy ,(r) 4+ (1 —a)cosy Wy ,(r) =0
(iii) Wy (1) +2(1 —a)cosy Wy (/1) =0

situated in (0, &5 5.1), (0,5 p.1), and (0, {Uz’p’l), respec-
tively.

Proof By the logarithmic differentiation of (2.3) and using
(2.1), we may write

fo,@ 14 12We, @ 1_1 S 222
= D I B e

fa,p(Z) Y WUYP(Z) - gg,p,n722
5.0 Wo,p(2) 2
Z.f(z? =1+ ZWr,.lf((zz) =Ygz 24)
@) 1 ViV, (V2 2
ho,p(Z) - 1 + E W(r,p(«/z) - 1 a anl gaz,p,niz.

We need to show that the following inequalities for« € [0, 1)
andy € (=%, %),

fa,p(Z)

/

2 (2)

Re e‘”’g0¢ > acosy
8o.p(2)

!
. Z (z)
Re (e”’fa'p> > o cosy,

2.5)
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and

Re (e

are valid for z € DRxp(y,oz;fa,p)v z € DRsp(y,a;gJ.p), and z €
DR, (y.a:h, ), respectively, and each of the above inequalities
fails in larger disks. It is known [11] thatif z € Cand A € R
are such that |z] <r < A, then

zhl (z
Y 2.0 > o CoS Yy
ha,p(z)

Re( < ) B I (2.6)
A=z A—7Z A—lz|
Then the inequality
2 2 2
z z |z
Re = =
(;g,,,,,, - zz) 2on =2 T 20— 2P

holds for every |z| < &g,p,1. Therefore, from (2.4) and (2.6),

we have

iy e, @ N N i
Re(e yfa‘p(m)_R( ")~ Re(e yzcapn—v)

n>1
DB

n=1 Ewn_

1 2|z
> - — -
= cosy Z CZ _ |Z|2
n>1 0.p:n g

zcosy—f

2zl (2D

- +cosy — 1.
fa,p(‘ZD

Equality in the each of the above inequalities (2.7) holds

when |z| = r. Thus, for r € (O, {g,p,l) it follows that

inf {Re e*"VZfa’p(Z) —acosy
zeD, fa,p(z)

ETARED
B fa,p(|z|)

+ (1 —a)cosy — 1.

Now, the mapping © : (0, o.p, 1) —> R defined by

O) = J{:p((r)) + (1 —a)cosy — 1
1 2r?
=(1—a)cosy—;%}(—g_g’p’n_ﬂ).

is strictly decreasing since

4 2
_lz _ opn 5] <0
» E\ )

n>1 go,p,n

Q') =

Q.7

for all p > 0. On the other hand, since

lim O@) = —
r/v{a,p,l

lim O(r) = (1 — 0 and
rl\mo r)y=<( a)cosy > 0 an

in view of the minimum principle for harmonic functions
imply that the corresponding inequality for f; , in (2.5)
for p > 0 holds if and only if z € Dg,,(y.a:f,,), Where

DRy, (y.a: £,.,) 1s the smallest positive root of equation
" fop(r)

—2P " —1—(1—a)cosy

fa,p(")

which is equivalent to

1rW, ,(r)

————— =—(l —a)cosy,
14 Wa,p(r)

situated in (0, o, p,l) . Reasoning along the same lines,
proofs of the other parts follows. O
Remark 1 Taking y = 0in Theorem 1 yields [6, Theorem 1].

Corollary 1 (Sufficient conditions) Let o, p > 0 and the func-
tions fo,p, 8o,p, and hg , are given by (2.3).

(i) Then the function f , € SZ (@), if

W, (1)
W o (1)

> p (¢ — 1)cosy.

(ii) Then the function g5, € S},’ (), if

W, ()

——— > (e — 1)cosy.
Wo (1) Y

(iii) Then the function hs , € SZ (o), if

W(’,)p(l)

——— >2(x —1)cosy.
Wo (1) Y

For our next result, we need to recall the Laguerre—Pdlya
class.
Definition 2 [2], [12, p. 703], [21] A real entire function L
maps real line into itself is said to be in the Laguerre—Pdlya
class LP, if it can be expressed as follows:

L _ m _—ax +ﬂx 1 i —i’
(x) =cx"e n( +Xk e

k>1
where ¢, 8, x; € R,a > 0,m e NU{0},and Y x; 72 < oo.

The class LP is closed under differentiation and consists
of entire functions that may be uniformly approximated by

@ Springer
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polynomials with only real zeros on the compact sets of the
complex plane.

Now we establish the convex analog of the class of y-
spirallike functions of order .

Theorem 2 Let o, p > 0 and the functions fs p, 8o,p, and
he,p as given in (2.3). Then

(i) the radius RS ()/, a) of fo,p is the smallest positive root
of the equanon

() 1 ()
2y <——1) — 2P 4t (1—a)cosy =0,

\IJ(/T,p(r) 14 \I"a,p(r)

(ii) the radius RC (¥, @) of 8o, is the smallest positive root
of the equatlon

18y p(r) + (1 —a)cosyg, ,(r) =0,

(iii) the radius RS o (V. o) of ho,p is the smallest positive root
of the equatlon

rhy ,(r) + (1 —a)cosyh, ,(r) = 0.

Proof We first prove part (i). From (2.1), (2.3) and using
the Hadamard representation l—'(p)\ll(;, o(2) = pzP~1 anl

(1 - Efz > (see [6, Eq. 7]), we have
a,0,n
1 2V (2)
7o)y o (_ _ 1) oy
fg’p(z) \Ijg,p(z) /0 \Ij(f,p(z)
272 1
EE . S (_ - 1)
n>1 g-o pon % P

22
Z%

n>1 é‘O',P,n -z

Sy, W, ()

and for p > 1, using the following inequality of [11]:

Z <

'_x
y—1z X —2z

lz| .z
Tyl

x— |z’
(2.8)

withA =1—1/p, we get

fop@| _
f5,0(@)

fle () r¥, ) (1 1) P, (1)

A, L, \p ) W)

@ Springer

(x>y>r=lz])

Also, using the inequality ||x|—|y|| < |x—y|and the relation
in (2.2), we may see that for p > 0

2fy 5 (2)
Jo.p(@)

A0
g ()

holds in |z| = r < &y, p,1. Therefore, we have

; 2fy (@)
Re[e 7 (14 =22
(= (1 75)

= Re(e™ )

) 272 1
N Z%%*—
n>1 {0,/0’" -z p

)Ze)

n>1

272 <1 ) 272
zeosy =} o+ (o) X
S ea— P S 8pn 2
rf’ (r)
>cosy + fjw(r) 2.9)
o.p

hold for p > 1. Observe that these inequalities also hold for
p > 0. Equality in the each of the above inequalities (2.9)
holds when |z| = r. Thus, for r € (0, {5 p,1) it follows that

) z 14 z
inf {Rele™ |1+ 7‘[)( ) —acosy
zeD; g,p(Z)

|zl fo (12D
T

=(l—a)cosy +

Now, the proof of part (i) follows on similar lines as of The-
orem 1.

For the remaining parts, take note that the zeros are real and
that the functions g5, , and &, , belong to the Laguerre—Polya
class LP, whichis closed under differentiation. Additionally,
the derivatives g o and hy, o also do. Assuming that 75 5 ,
and 14, 5, n, respectively, are the positive zeros of g;,’ , and

hy. » We have the following representations:

2
85.0(2) = l_[ -5

n>1 a,p.n

) and h,a,p(z):l_[<1— b4 )5

w1 No,p,n

which upon logarithmic differentiation conclude that

2852

14+ —— gap - Z = and
go‘ p(Z) o pn z2

| zhy ,(2) L -
hﬁ;,p(Z) No,p.n — <%

n>1

Further, reasoning along the same lines as in Theorem 1, the
result follows at once. |
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Remark 2 Taking y = 0in Theorem 2 yields [6, Theorem 5].
3 Radius of Spirallikeness of Mittag-Leffler
functions

Define the transformations A, B, and C which map the set
{(%, y) : x > 1,y > 0} into itself and given by

A )= Gy, Bl y) = (F.x+y),

1 .
st (<,y—1, ify>1;
C.(xvy)—){(%7y)’ 1f0<y§1.

Let us define the set W), = A(W,) U B(W,), where

Wc:={(%,y):1<x<2,y€[x—1,1]U[x,2]}.

Denote by W;, the smallest set containing W), and invariant
under the transformations A, B, and C. In 1971, Prab-
hakar [25] introduced the function

(a)n"
M(x7y,a7Z):— ’
Z |
=0 n!l'(xn +y)

for x, y,a > 0, where (a), = I'(a + n)/I'(a) represents
the Pochhammer symbol. In particular, Wiman and Mittag-
Leffler studied the functions M (x, y, 1, z) and M (x, 1, 1, 2),
respectively. In 2016, Kumar and Pathan [20] proved that if
(%, y) € W; and a > 0, then all zeros of M (x, y, a, z) are
real and negative. Now let A, y 4, be the n-th positive root
of M(x,y,a, —Zz) while &y y 4., denotes the n-th positive
root of the derivative of zY M (x, y, a, —zz). Thus, the result
of Baricz and Prajapati [5, Lemma 1, p. 121] states that if
()]—C, y) € W; and a > 0, then the function M(x, y, a, —z°)
has infinitely many real roots, and can be written as

2
r(y)M(x,y,a,—z2>=]_[<1 5 )

n>1 X,y,a,n

and the respective zeros are interlaced by the relation as fol-
lows:
sx,y,a,n < )\x,y,a,n < éx,y,a,n+1 < )Lx,y,a,n+l (n>1).

Since M(x,y,a, —z%) ¢ A, we perform the following
three normalizations given by

feya@ = [2TOIMx, y, a, —z5)]"”
gey.a(@ =DM (x,y,a, —z%)
hyya(@) = 2D (MIM(x,y, a, —2).

3.1

For brevity, we write Ly y 4(z) := M(x, y, a, —z2). Now
we mimic the ideas applied in Section 2 to arrive at the fol-
lowing result:

Theorem 3 Let ()]—C, y) € Wi, a > 0. Then the radius of
y-spirallikeness of order o for the functions fx y a, &x,y,a
and hy y 4 given by (3.1) are the least positive zeros of the
equations:

(i) rLy () +y (L —a)cosyLyya(r) =0

(ii) er v, J)+ (A —a)cosyLyyq.(r)=0
(iii) fo y. W) +2(1 —a)cosyLyyq(y/r) =0
in (0, A

x,y.a,1) (0, Ax y a.1), and (0, A ), respectively .

x;al

Proof Using (3.1), we obtain after the logarithmic differen-
tiation:

Zf)é,y,a(z) _ ]

Frya@ Zn>l )“,zv y.a,n 72

28 ya@ 272

gx,y,a(Z) =1 Zn>1 )LZ v —72 (32)
ey o@D .

hx,y,a(Z) n 1 Zn>l )‘)2c y.a.n -z’

We need to show that the following inequalities for« € [0, 1)
andy € (=%, %),

2y y.a(@)
Re (e_”’m> > o Cos Yy,

fx,y,a(z)
- zg8h, ,(2)
Re e_”’M > aCcosy (3.3)
gx,y,a(z)
and
.zl z
Re|e™ La() > o COS Yy
x,y,a(Z)

are valid for z € ]D)Rsp(yya;f&yﬂ), z € DRSP(V,Q;gx\V‘a), and
7 € ]D)RS,,()/,a; heya)s respectively, and each of the above
inequalities fails in larger disks. Since, using (2.6),

2
Z
Re 3 7] =
)‘x,y,a,n_z

holds for every |z| < Ay yq,1. Therefore, from (3.2) and
(3.4), we have

—i Zf’éd!“(z) _ —i - —i
Re(e yf},y,a(Z)>_R( V) Re(e y; pEp— )

@ Springer
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)\')26 \ a,n |Z|2
(3.4)

AZ _ Z2
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. 2Z2
—iy
S

1
>cosy — —
y n>1"x.y.a.n

1 2|z
> cosy — = 3 2

2
=1 Movan I

_alf a2

+cosy — 1.
fx,y,a(|z‘)

(3.5)

Equality in the each of the above inequalities (3.5) holds
when |z| = r. Thus, for z € (0, Ax,y.q,1) it follows that

2fl . @
inf {Re (e V=224 _ycosy
z€D, fx,y,a(z)

()

1— — 1.
Frvalzy T T ocosy

Now, the mapping © : (0, Ax,y,4,1) —> R defined by

e ya)
O@r)=—""+(l—a)cosy — 1
fx,y,a(r)
1 2r2
=(1—-a)cosy — — —_—
y; )‘)zc,y,an_rz
is strictly decreasing since
1 4riyy
O =—=) EESEREN G
Y n>1 ()\.%’y’a’n — r2)

for all y > 0. On the other hand, since

lim®(r)=(1—-a)cosy >0and lim ©O()= —o0,
N0 r

x,y,a,l

in view of the minimum principle for harmonic functions
imply that the corresponding inequality for fy y . in (3.3)
for y > 0 holds if and only if z € Dg,(y.a:f, ,,), Where
Rsp(y, @) of fy y 4 is the smallest positive root of equation

rfla)

FenaF) =1—(l—-a)cosy

which is equivalent to

1rLY ()
__xyar’ — _(1 _a)cosy’
y Lx,y,a(r)

situated in (0, Ax,y,1) . This completes the first part. Reason-
ing along the same lines, proofs of the other parts follows.
]

Remark 3 Taking y = 0in Theorem 3 yields [5, Theorem 1].

@ Springer

Corollary 2 (Sufficient conditions) Let ()lc, y) € Wi,a >0
and the functions fx y a, &x,y,a» and hy y 4 be given by (3.1).

(i) Then the function fy y . € S;,/ (), if

Ly

X,y,a

———— > y (¢ — 1)cosy.
Ly ya(l)

(ii) Then the function gy y.a € S;,/ (), if

Ly

x,y,a

———— > (@ — 1)cosy.
Lx,y,a(l)

(iii) Then the function hy y . € S},’ (@), if

L;ﬁyya(l)

———— > 2 (x — 1) cosy.
Lyya(l) ’

In the following, we derive the result for the convex analog
proceedings on similar lines as Theorem 2.

Theorem 4 Let (%, y) € Wi and a > 0. Let the functions
Sfx.y.ar &x,y,a» and hy y o be given by (3.1).Then

(i) the radius pr (v, @) of fx,y,a is the smallest positive root
of the equation

Yy + (L =a)cosy fy, ,(r) =0,

(ii) the radius pr (¥, a) of gx,y,a IS the smallest positive root

of the equation

rgy ya(r) + 1 —aycosyg; , ,(r) =0,

(iii) the radius Rgp(y, @) of hy,y,q is the smallest positive root

of the equation

rh”  (r) — (1 —a)cosyh'

X,y,a X,y,a

(r)y=0.

Remark 4 Taking y = 0in Theorem 4 yields [5, Theorem 3].

4 Radius of Spirallikeness of Ramanujan
type entire functions

Ismail and Zhang [14] defined the following entire function
of growth order zero for 8 > 0, called Ramanujan type entire
function

. ﬂnz
8) (C’Q)ne n
A y &) = - < ’
e =2 g

n>0
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where 8 > 0,0 <0 <1,c€C, (c;0)9 =1, and (c; )y =
]_[]]‘;(1)(1 —c67) fork > 1, which is the generalization of both
the Ramanujan entire function Ay(z) and Stieltjes—Wigert
polynomial S, (z; 6) defined as (see [15, 26]):

00 9”2

1 n
Ao(=2) = A0, =) ———z
= (0:0)n

and

0 — 2/
1/2) - O~ 0)mb™/
Aé/)(e n’Z)ZZ# m

’ m

m=0
= (0:0)nSn (201D 6).
Since Aéﬂ ) (c,z) ¢ A, therefore we perform three kinds of
normalizations as follows:

1/B
fp.0,0(2) == (zﬁAéﬂ)(—c, —22))

8p.0.0(2) =24 (¢, =22
hgo.c(2) = ZAé’g)(—c, -2),

“4.1

where 8 > 0,¢ > 0,and 0 <60 < 1.
Now exercising similarly to the above sections, we obtain
the following result:

Theorem5 Let B > 0, ¢ > 0, and 0 < 0 < 1. Then the
radius Ry, (y, a) of the functions fg o (z), gg,0,c(z), and
hg.o.c(z) given by (4.1) are the least positive zeros of the
equations:

(i) rfgg..(r) + (L —a)cosy — 1) fpp,c(r) =0
(ii) 185 4 (1) + (1 —a)cosy — Dggp.c(r) =0
(iii) rhy 4 (1) + (1 — @) cosy — Dhpg(r) =0

in (0, ¥,6,1()), (0, ¥p.6,1(c)), and (0, Y5 4 (c)), respec-
tively.

Proof From [10, Lemma 2.1, p. 4-5], it follows that for 8 >
0,c>0,and 0 < 6 < 1, the function

7> Ygg.(z) = Aéﬁ)(—c, —7%)

has infinitely many roots, which are all positive. Let /g ¢ , (¢)
be the n-th positive root of Wg ¢ .(z). Then we can also write

Vg 0,c(2) as

2
Z
Vg o.c(2) = (1 — 2—) . “4.2)
};[1 wﬁ,gvn(c)
Let us now consider the function
Dpo.c(2) =2 Wgo.(2) (4.3)

and &g ¢ , (c) be the n-th positive zero of its derivative. Then
&p,6,n(c) interlaces with g g , (¢) such that

Eg.o.n(c) < Ygon(c) <&gont1(c) < V¥pont1(c)

forn > 1. Now using (4.1) and (4.2), we have for § > 0, ¢ >
0,and 0 < 6 < 1 that

S50 (2 Vs, (2) 2

Ppoc® 10D | L2,
18.6.c(@) B Vg B Vhon©—2?
28p.9.c(2) Wy @ 272 .

gp0.c)  Ypac®  Sud, (-2

2h g () _ lﬁ\lf},,g,c(ﬁ) -y z

hgg.c(2) 2 Vgo.c(W2) et ‘ﬁ,%,o,n(c) -z

Further, with a similar exercise as Theorem 1 the proof fol-
lows. O

Following the starlike representation from the proof of
Theorem 5, we deduce that

Corollary 3 (Sufficient conditions) Let § > 0, ¢ > 0, 0 <
0 < 1 and the functions fg.9.c(2), 8,0.c(2), and hg g.c(z) be
given by (4.1).

(i) Then the function fg g € S},/ (), if

lIJ/’B’G’C(I)

m > B(a — 1)cosy.

(ii) Then the function gg g . € S; (), if

‘I’,/s,a,c(l)

> (¢ — 1)cos y.
W g o(1) v

(iii) Then the function hgg . € S}f (@), if

\%,e,c(l)

———— > 2(a — 1) cos y.
Wgo.c(1)

We now prove the convex analog of Theorem 5

Theorem6 Let B > 0, ¢ > 0, and 0 < 6 < 1. Let the
functions fg 0.c(2), 88,0,c(2), and hg g -(2) be given by (4.1).
Then

(i) the radius Rs"p(y, @) of fg,0,c(2) is the least positive zero
of the equation

rfhg..(r)+ (1 —a)cosy fh o .(r) =0,
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(ii) the radius R (y, a) of 8p.,6,c(2) is the least positive zero
of the equatton

r86.0.c(r) + (1 —a)cosygpy (r) =0,

(iii) the radius R (y, a) of hg g, c(2) is the least positive zero
of the equatlon

rhg’g’c(r) + (1 —a)cos )/h;g,g)c(r) =0.

Proof With logarithmic differentiation, using (4.3) and the
infinite product representation of ®' [10, p. 14-15, also see
Eq. 4.6], we can write the convexity expression as follows:

145 /,é/,é),c(z) _ ﬂ 0.c(2) N (l B 1) 2@y 40(2)
fﬂ,g,c(z) /3 0, c(Z) B (I)B,G,C(Z)
1
S A
n>1‘§ﬂen(6)_Z p
Z 272
S Vhen© -

Since (zWgg,.(z))" and hﬂ p.(2) belong to LP. We may
assume yg g ,(c) to be the positive roots of g;/i@, () and
08,6,n(c) to be the positive roots of h%’e’c(z). In fact, the
growth order of g;ﬂ,@,c(z) and Wg g (2) is same. Therefore,
we may write using their infinite product representation as

2840, 272

8o XZ; yﬂ%@,n(c) e
zhg 4 L(z) Z

WgooD = Pho, n(C) -z

A similar exercise as of Theorem 3, completes the proof. O

5 Radius of Spirallikeness of Legendre
polynomials

The Legendre differential equation is given by

(1 =2 (@) +n(n + HER) =0.

The Legendre polynomials P,, n € Z% are the solu-
tions of above equation. With an application of well-known
Rodrigues formula, we may write P, by

1 d"2—1)"

Fa2) = 2yl dz"

Observe that P,(—z) = (—1)"P,(z). Further, it is known
that the odd degree Legendre polynomials P,,_1(z) have

@ Springer

only real roots such that

O=ly<li<--<ly_y or =l >--->—=I,_1. (5.1)

Thus, we may normalize the legendre polynomial as follows:

2n—1

z—i—Z axzt = arn_1z H(Z —1).

(5.2)

Pry—1(2)

Porn—1(2):=
2n—1(2) P2/n 0

Bulut and Engel [8] derived the radius of uniform star-
likeness along with radius of starlikeness and convexity of
Legendre polynomials of odd degree. We now derive the
radius of spirallikeness.

Theorem 7 Let Py, be given by (5.2). Then

(i) the radius R (y, o) of Pan—1 is the smallest positive root
of the equatton

Py _1(r)+ (1 —a)cosyPs,_,(r) =0,
(ii) the radius Ryp(y, a) of the normalized Legendre polyno-

mial of odd degree is given by the smallest positive root
of the equation

rPh_1(r) + (1 —a)cosy — 1)Pa,—1(r) = 0.
Proof We prove first part and second part follows on same

lines. From (5.2), upon the logarithmic differentiation, we
have

L@ P T T
,Pznfl(z) Pon-1(2) M
Pon-1(2)
where
ZP/ z n—1 2 2
2n—1()=1_Z . < )
Pon-1(2) Pl
Further, after applying the inequality ||x| — [y]] < |x — y|
and using (5.1) for |z| = r <[], we see that
1
Re [e-iv (14 L@
’Pén_l(z)
=Re (e_iy)
2 2

n—1

n—1
22 . k= 1(12 72)2
_ —iy -ty vk T
Re (e E Re | e 1 22
k=1

k =2 %2 222
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n—1 4lk2
—iy n—-l 212 iy Zk 1([2 2)2
s cony = et 30 | ey ST
k=1~ % 1—Zk1,2 7
n—1 4lr
n—-l 2,-2 Zk 1(12 r2)2
=cosy —
_ 2 n—1 2r2
k= 1l R DY
lg—r
_1(n)
2n—1(’")

Also, with similar reasoning as Theorem 3, result follows. O

Remark5 Taking y = 0 in Theorem 7 yields [8, Theo-
rem 2.2] and [8, Theorem 2.1].

6 Radius of Spirallikeness of Lommel
functions

Consider the second-order inhomogeneous Bessel differen-
tial equation

2w (2) + zw'(2) + (22 — V)Hw(z) = 2,

where ¥ £ v ¢ Z~. Then a particular solution of the above
differential equations is the Lommel function £, , of first
kind, which is given by

Kk+1

Z
Loy = F
T k—vt Dk tur D

(1'/(—1)—1—3 K+v+3 zz)

2 T 2 a1

where %(—K + v — 3) ¢ Nand | F; be the hypergeometric
function.

Authors in [1, 2], and Baricz and Yagmur [7] studied the
radius of starlikeness and convexity for the normalized Lom-

mel functions expressed in terms of the function £ 1 |

k=22
f 11@, g 11(@, and h 1 1(2), (6.1
k=22 k=22 k=22

where 0 # « € (—1, 1) and

1
fev(@ =k —v+ Dk + v+ DLy () <+,

(@) =k —v+ Dk +v+ Dz Ly 1 (2),

hew(@) = (k —v+ D +v+ D2I2L, (/7).
(6.2)

We denote £ 1 = L, and also write the functions

1
2°2
(6.1) as fi, g, and h,, respectively.

Theorem 8 Letk € (—1, 1), k # 0. Let the functions fy, g,
and hy be given by (6.1). Then

(i) the radius R » (V. @) of fi is the least positive zero of the
equation

rfl () + (1 —a)cosy fl(r) =0, if k#—1/2,

(ii) the radius R‘ (v, @) of g« is the least positive zero of the
equation

rge(r) + (1 —a)cosyg,(r) =0

(iti) the radius RS, (y, &) of hy is the least positive zero of the
equation

rhl(r) + (1 —a)cos yh(r) = 0.

Proof Let us prove the first part. Logarithmic differentiation
of (6.2) gives that

2L(2) 1 2L (2)
= l — l .
+ L (z) * </< +3 ) Ly (z)

Invoking the result [7, Lemma 1], we get that

2fy (2)
[l

1+ 6.3)

where the hypergeometric function &;(z) =

1F2
2 . ...
<1; % %; — %) satisfies the conditions of [7, Lemma 1].

Now let 7, , and T, , be the n-th positive zeros of £, and L,

respectively, and interlaces for 0 # « € (—1, 1) (see [7, The-

orem 1]). Further, the proof of [7, Theorem 3] reveals that the

entire function % 77KT 3 L, (z) has order 1/2. Therefore,
2

we may write

o erh 2
ﬁK(Z)—mZ 21_[<1—U2>.

n>1

Now we may rewrite the expression (6.3) as

1
:1_< _1)2 2 _
Kk + n>1 Tien

To complete the proof, we consider the following three cases:

zf(2)
fi(@)

22
_ZfZ - 2"

I’l>1 K,n

1+

(1.) Let & € (0, 1/2]. Then in the disk |z] = r < T <
T«,1, an application of the inequality ||x|—|y|| < [x—Y|
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lead us to for |z] =r < Y1 and |z| = r < p,1. Further, proceeding
with the similar method as in Theorem 1, result follows. 0O

) @ I 2r 3 2r
fl’((z) < PR -1 E R + 2 2 With similar reasoning as Theorem 1, the proof of the
K 2 n>1 N n=1 T following holds.
1
-
_ ) (64)  Theorem9 Letk € (~1,1), k # 0. Then the radius of y-
fe(r)
K

spirallikeness of order « for the functions fi, g, and hy
given by (6.1) are the least positive zeros of the equations

(2.) Let k € (1/2,1). Then invoking the inequality (2.8) ]
given by

withA =1—1/(k + 1/2), we see that

Fr) @) rf{ )+ (1 —a)cosy = 1) f(r) =0
- f’f(r) ; (6.5) (i) rg,(r) + (1 —a)cosy — 1)g(r) =0
« (iii) rhl.(r) + (1 —a)cosy — Dh(r) =0

2f!(2)
Si@)

which is equivalent to (6.4).

(3.) Letx € (—1,0). Then in first case we simply substitute
k by k — 1, &g by @1, where ®; € LP and the n-th
positive roots &, , and é,c,n of ®; and @, respectively,
interlace with each other. Finally, replacing « by x + 1,
we arrive at the desired inequality.

in (0, 7,1), (0, 7.1), and (0, thyl), respectively.

Remark 6 Taking y = 0, Theorem 9 reduces to [7, Theo-
rem 3].

o 7 Radius of Spirallikeness of Struve functions
Further, proceeding similarly as of Theorem 1, completes the

proof of first part.

For the remaining parts, let y, , and p, , be the n-th pos-
itive roots of g/ and A/, respectively, and i 1, px,1 < Te.1-
Then one can see that the entire functions g, and 4, which

z
have order 1/2 [7, Theorem 3] can be represented for 0 # 22w (z) + zw'(2) + (2> — §H)w(z) = (2—1
k € (—1,1) as follows: fF( + )

) Then a particular solution of the above equation is the Struve
2z z function H;s of first ki hich is as follows:
g.(2) = l—[ (1 _ yT> and h.(z) = 1—[ (1 _ T) ' unction H; of first kind, which is as follows

nZl K,n nZI K,n

Z(S-Fl 2

3 3
66 Hy =2 1Fz<1;—,3+—;—i>,
Ir(s+1 22 4

Consider the second-order inhomogeneous Bessel differen-
tial equation given by

)5+1

ENE]

Now from (6.2) and (6.6), by logarithmic differentiation, we

arrive at where —§ — % ¢ N and | F» is a hypergeometric function.
Let us consider the normalized functions given by
3 / "
() (3 =)L () + 2L (2) s
L+ 20 =] 422 / Us(o) = (V2 (5 + 3) Hy(2) ™
g (3 =)L (2) + 2L (2) 5 s
1 222 Vs(z) = /m20z7°T (8 + 2) Ha(Z), (7.1)
=1—- _ 1-8
PO v Zz Ws(z) = /72027 T (5 + 3) Hs(J2).
1@ _1f3_ +[ — KL (VD) + VLI
@ T 2\2 3 0 Le(JD) + VL) Now we may present our result.
=1-3 2 . Theorem 10 Let |§| < 1/2. Then the radius Ry, (y, a) of the

functions Us, Vs, and Ws given by (7.1) are the least positive

6.7) )
zeros of the equations:

Now an application of the inequality ||x| — |y|| < |x — y|in

N 12 —
the expression (6.7) lead us to (i) rUs(r) + (I —ajcosy — DUs(r) =0

(i) rV{(r)+ (1 —a)cosy — )Vs(r) =0
(iii) rW{(r) + (1 —a)cosy — HWs(r) =0

ZS;Z(Z) < Z 22 _ _rgL’(r)
gr(z) | = &=nz=l 2 2 7 el(r)

” on ” (68) . .
T = T 7 = - in (0,25,1), (0, 25,1), and (0, 23 ), respectively.
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Proof Let zs5 , and Zs , be the n-th positive roots of Hs and
Hg, respectively, which in view of [7, Theorem 2] satisfy the
interlacing properties. Now invoking the result [4, Lemma 1],
we may represent for |§| < 1/2, the function Hs as follows:

Z5+] Z2
H = — 1—-——1.
&= e T 3) [1 2,

n>1

(7.2)

Thus, logarithmic differentiation applied in (7.2) yields that

zHj(2) 272
S ST S LR
H;(2) G+D-), 73, — 22

n>1 sn

Now parallel computations similar to the Theorem 1 and
appropriately using (7.1), we obtain the desired sharp radius
constants. O

Remark 7 Taking y = 0inTheorem 10 gives [2, Theorem 2].

Now we present the radius of convex y-spirallikeness of
order .

Theorem 11 Let |5| < 1/2. Let the functions Us, Vs, and W
be given by (7.1). Then

(i) the radius pr(y, o) of Us is the least positive zero of the
equation

rUs (r) + (1 —a) cos yUs(r) = 0,

(ii) the radius Rscp (v, @) of Vs is the least positive zero of the
equation

rVi'(r)+ (1 —a)cosyVi(r) =0,

(iti) the radius RS,(y, ) of Ws is the least positive zero of
the equation

rWy(r) + (1 —a) cos y Wy(r) = 0.

Proof Let z5 , and Zs , be the n-th positive roots of Hs and
Hg, respectively, which in view of [7, Theorem 2] satisfy the
interlacing properties. Employing the result [7, Theorem 4],
we may represent for |§| < 1/2, the function H(/s as follows:

) 6+ 1z’ 22
H ()= —20"% 1—=). 73
3@ JTOT(G +3) [1 ( z§> (7.3)

n>1

Thus, logarithmic differentiation applied in (7.3) yields that

H// 22
142 5<Z)=(5+1)—Zﬁ. (7.4)

!/
H;(2) 1% 2
The entire functions Vj and W have order 1/2 follow
from [7, Theorem 4]. Now assuming 7s_, and o5, to be the
n-th positive roots of Vi and Wy, respectively, we can write
their Hadamard factorizations as given by

Z2
Vi =] -

n>1 d.n

and Wj2) =[] (1 - 6%)

n>1 d.n

(7.5)

for |§] < 1/2, where Vy and Wj belong to the Laguerre—
Pélya class and 15,1, 05,1 < zs,1. Further an exercise similar
to the Theorem 8 and appropriately using (7.1), (7.4), and
(7.5), we obtain the desired sharp radius constants. m]

Remark 8 Takingy = 0inTheorem 11 gives [7, Theorem 4].
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Appendix
In the following, we demonstrate some of the obtained results

numerically and graphically. Tables 1 and 2 demonstrate The-
orem 7 and Theorem 11, respectively (Fig. 1).
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Table 1 Radii of Py, for
« = 0 in view of Theorem 7

Table2 Radii of Us(z), Vs(z),
and Ws(z) for § = %

n=2 n=3 n=4

y=0anda =0 Rsp (v, o3 Pan—1) 0.4472 0.2852 0.2092
pr > a; Pan—1) 0.2581 0.1594 0.1158

y = % anda =0 Rsp (v, o3 Pon—1) 0.4257 0.2699 0.1977
Rgp (v, a; Pan—1) 0.2458 0.1513 0.1099

Yy = % anda =0 Rsp (v, o3 Pan—1) 0.3958 0.2489 0.1819
RS, (v, o Poact) 0.2285 0.1402 0.1017

y=0anda =0 y=%anda=0 y=%Fanda=0

Rsp (v, a; Us) 2.7865 2.6184 2.3936

RS, (v, @: Up) 1.5053 1.4253 1.3155

Rsp (v, o; Vs) 2.3311 2.1836 1.9886

pr (y, o5 Vs) 1.2417 1.1746 1.0826

Rsp (v, a; Ws) 9.8696 8.7681 7.3814

pr (v, a; Ws) 4.1158 3.7358 3.2301

(a) Image of function P7 for Rsp =
0.2092 when v =0, a = 0 and n = 4.

Fig.1 Graphs explaining Theorem 7 and Theorem 11

@ Springer

(b) Image of function
1.2417 when § = 3.

Vs(z) for RS, =
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