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Abstract

This paper investigates the existence and uniqueness of solutions (EUSS) for a finite delayed problem of fractional
differential equations with nonlinear variable order (FDPFDENVO). The analysis employs advanced mathematical tools,
including the schauder fixed-point theorem (SFPT) and the banach fixed-point theorem (BFPT), offering a streamlined
approach that requires fewer restrictive assumptions. To demonstrate the practical relevance of the theoretical findings, the
study includes an applied example. The results hold significant value for understanding complex dynamical systems with
time delays, with potential applications in engineering, economics, and medicine. Additionally, the findings contribute to
refining numerical methods for solving delay equations.
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which is advantageous. Fractional-order derivatives are
known to better represent the memory and heredity char-
acteristics of specific materials and processes. Moreover,
the model has additional degrees of freedom thanks to
fractional-order derivatives and integrals. Consequently,
differential equations with fractional derivatives have been
intensively investigated as a means of accurately defining
real systems investigated in many scientific, technical, and
medical domains in recent decades. Baleanu et al. (2012);
Magin (2006); Kilbas et al. (2006); Petras (2011); Samko
et al. (1993); Stamova and Stamov (2017); Tarasov (2015).

The fundamental idea is to substitute a function y(-) for
the constant y in order to convert constant-order fractional
calculus to variable-order fractional calculus. Samko
(2013); Samko and Ross (1993); Valerio and Costa (2011);
Ahmad et al. (2023); Imtiaz et al. (2025, 2025); Ait
Mohammed et al. (2024); Zibar et al. (2025). This
advancement leads to the more appropriate use of frac-
tional differential equations with variable order derivatives
in the description of many processes and natural phenom-
ena. The theory of these equations has thus been the subject
of extensive research (Almeida et al. 2019; Benkerrouche
et al. 2022; Garrappa et al. 2021; Odzijewicz et al. 2013;
Zhang and Hu 2020; Zhang et al. 2018), as well as recently
investigated applications (Patnaik et al. 2020; Lu et al.
2019; Sun et al. 2009; Sweilam and AL-Mekhlafi SM,
Alshomrani AS, Baleanu D, 2020).

The authors in Benkerrouche et al.
(2021, 2021, 2022, 2021, 2022); Bouazza et al.
(2021, 2022); Refice et al. (2021); Rezapour et al. (2021)
have made significant contributions in this field in the past
few years. As we can see in the literature, there is a large
body of work on the existence of different classes of FDEs
with varied order of fractional derivatives (Rekhviashvili
et al. 2019; Agarwal et al. 2021, 2021; Butt et al. 2024;
Kiymaz et al. 2017; Singh et al. 2018).In this work, we
investigate the following problem for fractional differential
equations (FDE) with nonlinear variable order (NVO)
derivatives of Riemann-Liouville type, motivated by the
previous related studies:

{Dgw’“('))u(t) =T(tu), te€A =[0,M], 0<M<oco, (A)
u(t) = C(l‘), te AZ = [—V,O], (B)
(FDPFDENVO)

where DI"“") stands for the RLFDVO®(z, u(t)), r > 0,7
is a given function, and (0] satisfies
0<®, <O(tu(t)) <O <1. T:A xL'(A)—R is a
given function and { € L'(A,) with {(0) =0. For any
function u defined on [—r, M] and any t € A, we denote by
u, the elements of L'([—r,0]) defined by

u(s) =u(t+s), se€[-r0l.
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Here u,(.) represents the history of the state from time 7 — r
up to the present time t. We denote A=A, UA,
= [-r,M|.

The differential equations with nonlinear (VOFD)
solutions are more adequate models of various problems
investigated in science and engineering. But the results
devoted to such equations are rare. Thus, the development
of the area imposes the establishment of new existence
results.

The following is how the paper is organized: Section 2
contains certain notations, definitions, and lemmas. Sec-
tion 3 is devoted to new existence results for DFDENVO
solutions. The BFPT and SFPT are applied to get the
existence result. Section 4 examples that prove Section 3.
Finally, Section 5 has concluding observations and future
works.

2 Preliminaries

This section deals with preliminaru rasults and some
notations and difinitions The Notation used in this work are
defined in Appendix A (page 10-11)

The symbol L!(A, R) or L'(A) simply represents the BS
of all functions v : A — R which are LM such that

M
/ [v(s)|ds < oo
with the norm

M
||vHLl(é) z:/ [v(s)|ds.

Remark 2.1 The following observations are made to
facilitate our research in the next section:

M(I)(s,u(s))fl
M7<D(s.u(s))

<M®!

o if O0<M<1 then { — M-

. MCD(s,u(s))—l <1
* if 1<M then { MObu) <
S@t 6* — maX{l,M‘D*fl,Mf‘I’*}.

e The function I'(®(¢,u(t))) € L>(A), hence we can set:

M, = ess. sup{‘m |t € AI}.

Let us consider two CF ®: A; x R — (0,®,] and A :
A xR — (0, 0"].

Definition 2.1 (Samko (2013); Samko and Ross (1993);
Valerio and Costa (2011)) The left RLFIVO ®, where ® =
@(z, (1)) for a function (1) is
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tis _ NPs0(s)—1 (M + V)M 0"

o(1,0(1)) (t—ys) 1000 < M+ )M (5)
12690 (1) = / V=S s, t>01, (1) 15 )1 ) < 1l ()-

1 o D@ 0() =" ®
where I'(.) is the standard Gamma function and a; € A. (i) For ¢, ¥ € I7(A, R) we have

' i (1, o(t, ¥
If ®(z,u(t)) is a constant @, then (1) will be reduced to |\Io+(t'q)(t>>(ﬂ _ Io+(t' ) P, (a)
1 ! "

12 (1) = m/o (t — )" p()ds, 1> o, 2) _ 4(M +r)BO (6)

i
which is the classical RLICO Magin (2006); Kilbas et al.
(2006); Samko et al. (1993).

Definition 2.2 (Samko (2013); Samko and Ross (1993);
Valerio and Costa (2011)) The left RLFDVO A, where
A = Az, o(t)) for a function (1) is

D) gy — L p1-Atpt0)

of T
d [1 (1= 5) o) 3)
o(t) = dt/al T = Al 0()) @(s)ds, t>ay.
If A(r,u(z)) is a constant A, then (3) will be
A
Dol = Gt o0 = [ s oo 1> a1
(4)

which is the classical RLDCO A Magin (2006); Kilbas
et al. (2006); Samko et al. (1993).

We refer to for further information on the characteristics
of classical fractional derivatives and integrals of constant
order (Magin 2006; Kilbas et al. 2006; Samko et al. 1993),
see also fractional integrals and derivatives of variable
order in Almeida et al. (2019); Samko (2013); Samko and
Ross (1993).

Remark 2.2 It is well known that the semigroupe property
does not hold in the case of the functions ®(t,u(r)),
A(t,u(r)), ie.,

IST(LQO))I;\TOJPO)) (1) # If]ft‘@(t)HA(t’(P(t)) o(1).

for counter examples see Zhang (2013); Zhang and Hu
(2020); Benkerrouche et al. (2022).

We list some properties of the RLFIVO which will be
used in the coming lemmas.

Lemma 2.1 Hallouz et al. (2023) If ® : A x R —(0, 1] is

function,  such that 0<®,<®
(o) <@, <1, then I DVe(r) e LY(A)  for

¢ € L'(A). Moreover, we have:
(1)

a continuous

<=9 o= ¥l

We will also need the following results.

Lemma 2.2 Kesavan (2019); Haraux and Cazenave
(1998) Let J a bounded interval and ¢ € E'(J), then we
have

li 1
m —
h—0h

t+h
/ o(s)ds = ¢(t) a.e (7)

Lemma 2.3 (SFPT) (Kilbas wt al. (2006) Kesavan (2004))
Let E be a BS and ¥ be a CS of E and T:Y — V is
compact, and continuous map. Then F has at least one FP
in V.

Lemma 2.4 (Kesavan (2009)) Let VY be a Banach space
and T : ¥ — Y be a mapping such that for some n € N,
T" is a contraction. Then T has a UFP in 1.

3 Achieved Existence Results

Definition 3.1 We say that u € L!(A) is a solution for
(FDPFDENVO) if and only if u verifies (FDPFDEN-
VO(A)) and (FDPFDENVO(B)), at the same time.

Prior to asserting and showing the existence easults in
the BS L!'(A), We shall assert and demonstrate the fol-
lowing technical lemma.

Lemma 3.1 For any u € L'(A), equation (FDPFDEN-
VO(A)) take the following equivalent formula

B = [ T
. o T(1= s, u(s))

t
:/ Y(s,u)ds,t € A,.
0

u(s)ds

Proof 1 Let u € (A, R), then from difinition(2.2) we can
write (FDPFDENVO(A)) simply as

" d o — —O(s,u(s))
Dg’f’ Dy(r) / 1ﬂ( s)
0

i Jo T s uy OE T

©)

Now we can integrate (9) from [0, 7], to get
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t _ —®(s,u(s)) t
/0 mu(s)ds = o +/0 T(s,us)ds.  (10)

Inserting ¢ = Oin (10) gives ¢y = 0, which is Eq(8).
Conversely, let us consider (8), by the considiration in
lemma(2.1), we can take its derivative which shows that

d [t (t_s)—tb(s‘u(s))
EAFU—Mwmm
and again difinition(2.2) gives (FDPFDENVO(A)) and
conclude the proof.

u(s)ds =T (t,u,), (11)

The following assumptions are critical to our analysis:

(A1) ®: A, x R—(0, ®,] is a CF.
(A2) T:A, xL'(A,) — R is a CF with respect to its
first variable and such that:

Tt 01) =7t @) <7ll@) — ¢2||L1(é2)a V01,0,

€ LI(A2)7
t€ A and 7> 0.
T:A xL'(A,) — R is a CF and such that:
(@) <la@)] + 7119l () ¥ @ € L(A),
(12)

(A3)

teA and t>0,acLl(A).

In this first existence and uniqueness result we are going to
use lemma (2.4).

Theorem 3.1 If we consider (Al1)-(A2), then
(FDPFDENVO) has a unique solution in the BS L'(A).

Proof 2 Let v, u elements in L'(A) , and the operator
X, L'(8) — L'(8),
defined as follow

N £(), teh,
(Xsu> (1) = { eulr) +Iéf®(r’u(t))u(t) _ /OtT(s, ug)ds, €A,
(13)

Where 0 <e< 1. by using the assumption (A2), we have

M
< - d
<o [ Il ds

§MTHV—u||L1(é).

/OfT(s, vs) — T(s,us)ds

(14)

Using Eq.(14) we get

22, Q) Springer

] (chv) (1) — ()?u) (t)‘ <elv(t)

—u(r)] + Ity ™" v(e) = 1y PO
t

/ Y (s,v(s)) — Y(s,u(s))ds
0

") = 1 (o))

+

<efu(r) —v(D)] +

—|—MT||v—uHL1(é).

(15)
By integer both sides of Eq.(15) on A, we get
Hng — Xeu L‘(é) SSHV - MHLl(é)
1—®(1,v(1)) 1—D(r,u(t)) 2
—|—‘IO+ v—1I uHLl(é)—FM ’L’||V—L£HL](A).
(16)
Using Eq.(6) from lemma 2.1 , we get
~ ~ 4M BO*
H.)C'EV—X,;MH §<8—|—(+r)*+M2‘E>
L'(a) -0 (17)
(v =l )
4(M BO*
Set 0 = ¢+ % + M?1. so that we have
e AL

by induction, we can prove that

oy = !l =l

where X = X, 0 X0 X;0 X 0. o X, “n times”.
n

o
We have lim = 0. Then, for sufficiently large n, we
n—oo n!

H;Te;jv — Xy

get % <1
Now applying lemma 2.4, there exist a unique u € L'(A)
such that

(Ecu) (1) = u1). (18)
. 1
If we consider ¢ = 3 and t € A; we deduce

u(0) = £(0) = 0.

Take the limit as ¢ — 1 in the interval A,, we reach that
t
1000 ) — / T(s,us)ds, 1 € A, (19)
0

At this point Lemma(3.1) going to be crucial and give

{ DY D y(ry = (1, u,),
u(t) = (1)

teéla

20
teA,. 20)
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This concludes our proof. HX%VH " (?n n (MlJr rz)\fxe* N M2T>

In this scond existence result we are going to use I + Mlal| il (27)
Lemma (2.3). L'(2) L'(a) L'(&)
Theorem 3.2 [f we consider (A1)-(A3) and the condition ~ There is a suffitiently large integer Ny for wich
- MM gn<1—K Yn>N. (28)

al M r<1. 21
— o + T ()

Then the (FDPFDENVO) has at least a solution in L!(A).

Proof3 Letv, uelementsin L'(A), t € A and consider the
operator

X, L'(A) — L'(4),
where

_ é’(t)v te AZ)
(Fe)0 = { ents(r) + 17O (1) /rT(s,us)d&

0

reA,.

(22)

2
and ¢, = 4 and a > 0 a real number made to be fixed
a

after in the proof.For t € A,

|(Zor) @] <zl (23)
From (A3) we have that
1 M
VO T(s,v)ds| <llally ) + r/o vl )
< llall(a,) +MelVllLi(a)-
(24)
For t € A, and by mean of Eq.(24) we get
|(Fow) @) a0 + 15" o)
+ /TT(s,v(s))ds 25)

<en|v(t)

1 —®(1,v(1)) (t)’ + Ha”L‘(él)
+M‘L’||V||Ll(é).

Combining Eq.(25) and Eq.(23) we get

R

1= (1,v(r ))VH

+ |l Mllalls(a ) + M7V 26)

L'(a)
1l a,)-

Using Eq.(6) from Lemma 4, we get

And the choice of Ny is independent from the choice of
d > 0 fixed in the bigining of the proof Set

Nl o) + Mllallzsga,

1-— (sn + IZ) (29)

Consider
Br={veL'(8) | Il () <R}. (30)

It is well known that By is a closed non-empty bounded
convex set. We will proove that X &, : BrR — Bg is contin-
uous and compact in few steps. stepl: The fact that
X, (Bg) C By is bay construction. step2: X', is continu-
ous, let (v,), o C Bg, and v € Bg such that v, — v. We

n—-+o0

have to state and prove the following lemma

Theorem 3.3 We have the following convergence

1—D(1,v, (1))

1—®(1,v(1)
= = O 0 61)
M
/ ’T(S, Vs.n) - T S Vs ‘ds _+> 0. (32)
0 n——+00

Proof 4 For Eq.(31) usig Eq.(6) we get
‘ H < 4(M + r)BO"

A (33)
||v,,—v||L1( )T 0.

4 n—-+o0

Ié:d’(l,vn(t))vn _ IéI‘D(LV(t))V

For Eq.(32) we have |T(s, Vas) — X(s, vy } — 0 and

n—+00

705, ven) = 7(5,5)| < 2la(0)] + el bl )

as a cosequence of (A3) and this insures that the DCT is
applied and this is exactly (32).

We have
[eva = ] < allrn =l
M
+’ ‘/ |T(S7 Vs,n) - T(57 VS) }dS (34)
0(o)
1-®(1,v, z)) 1—-®(1,v(1))
Jr’ ‘Io+ v — Iys v L (é)n:)ooo'
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Which means that X &, 1S continuous.

step3: X &, (Br) is uniformly bounded by construction, it
rmains to prove that

H%/twh<2~68nv) (s)ds — Xy v

S 0 Uniformly.

L(8)"
(35)
We have
1 t+h , -
H—/ (Xgnv) (s)ds — X, v
i £'(a)
Ml t+h
<é — v(s) — v(t)ds|dt
o IhJ:
01 t+h
+ / : / (s) — C(r)ds|dr
—r t
M 1 t+h L— (s 1—0
N / ‘h / [ 060Ny () 10y gl gy
0 t
M 1 t+h s t
_|_/ ‘_/ / T(p7vp)dp—/ Y(0,vs)dods|dt.
o |hJ: 0 0
(36)

Since v,Ilfd)(S’v(mv, Y(p,v,)dp € L'(A;), and (€
0 pPsVp)ap 1
0

L'(A,) and as a consequence of Lemma 2.2 and another
application of DCT, we conclude that Eq.(35) is satisfied.

By Kolmogorov’s theorem, X . (Br) is relatively compact,

and hence by Lemma (2.3), X &, has at least one fixed point
in B R-

(5{8,,”) (1) = u(r) Yn>Np.

At this point we can fixe a = Ny, n = 2Ny and 1 € A, to
deduce

1(0) = £(0) = 0.

In the same way choose n = Ny in the interval A;, we get
t

[0,y — / T(s,us)ds,1 € A, (37)
0

Using Lemma (3.1), then we can conclude that

{ DE Dy () = 18, uy),
u(t) = {(1)

This concludes our proof.

teA.
teh,.

4 An Approval Example

Example 1:Let us consider the following (FDPFDENVO)

52, €\ Springer

eNull, (2)

<D(l.u())u —
{DO O =3 e+ Tl

teA :=[0,2], (O)

t€ 4y :=[-r,0l. (D)

(FDPFDENVQ2)

with
D(t,u) t+ 3 39

u) =— .

’ 4 17(2 4 3u) (39)
and

ey

Y(t,u) = (t,u) € Ay x (0,400).

3(e? + e=)(1 + u)
(40)
From equation (39) we can see that ® is a CF on A; X R

and 0<®(z,y) <.
And from Eq.(40) we can see that

T(t,u) = T(1,v)]

) ot HMIHLI(A) B ||Vt||Ll(é])
T 3(e 4 ear) (1 + ||ut||L1(A1))2 (1 + HVIHLI<A))2
. meaz _ |||u||Lu(é) 2— ||v||L1(A)| i
3(e” +e )(1 + ||ur\|u(é)) (1 + ||v,||L1(é))

= 3(e + e~a") e = vl (4)

1
< 3l = vl

(41)

It is easy to check that for the given choice of nonlinear
functions, ® and 7" assumptions (A1)-(A2) are satisfied.
Therefore, by theorem (3.1), the problem (FDPFDENVO2)
has a unique solution.

5 Conclusion

This paper investigates the Existence and Uniqueness of
Solutions (EUSS) to a Finite Delay Problem for Fractional
Differential Equations with Nonlinear Variable Order
(FDPFDENVO). By employing Fixed Point Theory (FPT)
(Theorems 3.1 and 3.2), we establish rigorous analytical
results. Additionally, numerical simulations validate the
theoretical findings. Our approach marks a substantial
departure from conventional methods, providing a more
efficient and computationally tractable framework. The
proposed solution simplifies traditionally complex calcu-
lations, offering broad applicability across diverse
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scientific domains, including engineering and applied
mathematics.

6 Comments and Further work

We examined the existence of system (FDPFDENVO)
using various theories and methodologies, and we provided
an approval example to show that our criteria are practical.
Generally, we complete our job with the stability of the
solutions, but the note below will explain why this is not
the case with us.

About the Choice of the Operators Our first comment
revolves around the two options for perturbing the opera-
tors in order to obtain their existence and conclude the
conditions. In the first proof, the perturbation was taken by
a small enough parameter ¢, but when it came to con-
cluding the conditions, we suffered from taking aqequat
choices. On the other hand, picking the second option in
proof 2 makes everything flow smoothly and easily; hence,
the second technique appears to be an accurate way to
tackle problems involving (RLDFVO).

About the Stability The subject of the stability of such a
situation remains unanswered, and it appears difficult to
provide an answer to this important question.

Further Works In the future, we will address the exis-
tence and uniqueness of the infinite delay scenario, which
is yet unknown, and we will only employ the second way
because the first comment demonstrates that it is more
powerful than the other.
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