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Abstract

The main purpose of this paper is to determine the radii of starlikeness and con-
vexity of order 8 for three different normalizations of the extended generalized
k-Bessel functions defined by

—d)m 2\ 2m—+%
wk = ( 2 ’
va,d(%) gpk(mk+v+%ﬂk)r(m+1) (2)

where k£ > 0 and v, a,d € C. Moreover, we obtain tight lower and upper bounds for
the radii of starlikeness and convexity of order zero. The characterization of entire
functions in the Laguerre—Polya class plays a crucial role in this paper.
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1 Introduction and Preliminaries

In recent years, considerable attention has been given to the role of special functions
especially in mathematics and physics due to their numerous applications. Because
of the versatile properties of special functions, it is important to examine them from
various perspectives. For recent studies on the geometric properties of Bessel func-
tions, see [8, 9, 11, 13, 17-20, 24, 28-32, 35, 36].

Many mathematicians have recently focused on studying the properties of k-ana-
logues of certain special functions (see [1-3, 6, 22, 23, 25-27, 40, 41]). Modified
k-Bessel functions are closely related to classical modified Bessel functions, which
are among the most important special functions.

In [23], the authors studied the k&~-gamma function and the Pochhammer 4-symbol
as generalizations of the classical gamma function and the classical Pochhammer
symbol. Since then, many works have been devoted to generalizing various well-
known special functions. Mondal and Akel [33] investigated Turan-type inequalities,
monotonicity, and log-convexity properties, while Toklu [37] established geometric
results for the generalized k-Bessel functions Wf 4(#) with three parameters given
by (1.5). More recently, Zayed [41] introduced and studied the extended generalized
k-Bessel functions W¥ (z) with four parameters given by (1.8).

v,a,d

LetU, = {z € C: |z| < r} denote the open disk of radius r > 0, and let U = U,
be the open unit disk. Let .4 be the class of analytic functions fin U satisfying the
usual normalization conditions f(0) = 0 and f’(0) = 1. The subclass of A consist-
ing of univalent functions is denoted by S.

A function f € A is said to be starlike in the disk U,. if it is univalent in U,. and
the image f(U,.) is a starlike domain in C with respect to the origin. Analytically, f'is
starlike in U, if and only if

R (Zf/(z)> >0, zel,.

f(2)
For 8 € [0, 1), the function f'is said to be starlike of order 3 in U,. if and only if
zf '(Z))
R ( > 6, zel,.
f(2)

The radius of starlikeness of order 3 for f'is defined as the real number

r5(f) = sup {r LR (ijég)) > B for all z € U,} .

In particular, 7*(f) = 75 (f) is the largest radius such that the image f(U,-(y)) is a
starlike domain with respect to the origin.

Similarly, a function f € A is said to be convex in U, if it is univalent in U, and
f(U,.) is a convex domain in C. Analytically, fis convex in U,. if and only if
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2f"(z)
f'(z)

§R(1+ )>07 z € U,.

For 8 € [0,1), fis said to be convex of order 3 in U,. if and only if

zf"(2)
%(1—1— 702) ) >p, zel,.

The radius of convexity of order 3 for fis defined as the real number

2f"(z)
f'(z)

Tg(f):SUp{W?R<1+ >>6forallzeUT}.

C

In particular, r°(f) = r§(f) is the largest radius such that f(U,(y)) is a convex
domain.

1.1 The Laguerre—Pdlya class of real entire functions

An entire function is a complex-valued function that is holomorphic on the entire
complex plane. An entire function is called real if it maps the real axis into itself. A
real entire function L belongs to the Laguerre—Pdlya class LP if it can be represented
in the form

L _ m  —bx’+ax 1 i _ﬁ
() = cx™e kl;[l +1'k ek,

where ¢, a, 2, € R, b >0, m € NU{0}, and Zx,ﬁ < oo. The class LP consists
of real entire functions which are uniform limits on compact subsets of the complex
plane of polynomials having only real zeros. It is important to note that LP is closed
under differentiation; that is, if L € £LP, then L(™ € LP foreveryn € {1,2,3,...}.

1.2 Extended generalized k-Bessel functions

The Bessel function of the first kind of order v is defined by [34]

e oyt
Jul2) = mgo T(m+ )(m + v+ 1) (i) ,  z€C (1.1

It is known that all the zeros of .J, (z) are real for v > —1. The modified Bessel func-
tion of the first kind is defined by

= 1
ZOLDY Tm+ Ol(m+o+1) (2

m=

2m-—+v
Z) , z€C, (1.2)

(=)
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and the spherical Bessel function of the first kind of order v is defined by

S (-1 e
Su(2) = Z L(m+v+ 2)I(m+1) (§> ’ zet (13)

m=0

Baricz [7] investigated the second-order differential equation
220" (z) + azw'(2) + [(1 — a)v + dz® — v*] w(z) = 0 (1.4)

for v, a,d € C, with the solution

0 (_d)m 2\ 2m+v
W .a = — , e C.
wd®) = 2 T(m+ v+ 0 (m+ 1) (3) :

m=0

The function W, , 4 generalizes the functions in Eqs. (1.1), (1.2) and (1.3). Another
generalization was introduced by Mondal and Akel [33, p. 217], defined by the infi-
nite series

o0

_ a y et

m=

where k > 0, v > —1, d € R and I, is the k~~gamma function defined in [21, 23] by
o0 tk
T(z) = / t*"le~ ®at, R(z) >0, k> 0.
0
The k-gamma function and the classical gamma function are related via

Ti(z) = kE-IT (2) (1.6)

For z € C, n € NT and k € RT, the k-gamma function satisfies the following
identities:

Th(2) LU (1.7)

where +y is Euler’s constant, and (), , is the Pochhammer k-symbol defined by
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(X ke =2x(x+E)(x+2Ek) - (x+ (n— 1)k).

Note that (z),1 = (x), is the classical Pochhammer symbol. In the special case
d =k =1, the function W} ,(2) (1.5) reduces to the classical Bessel function
defined in (1.1).

More recently, Zayed [41] defined the extended generalized k-Bessel functions as

K e (=d)™ z\2mt
Whaaz)=> Tk & 0 + Z1%) (2) , ze€C (1.8)

m=0

fork > 0and v, a,d € C. Note that W, ; ;(2), W, ; _,(z) and Wfd(z) reduce to the
classical Bessel function, modified Bessel function and generalized k-Bessel func-
tion, respectively, as given in Egs. (1.1), (1.2) and (1.5).

It is worth noting that W, ;(2) does not belong to the class .A. In this study, we
define normalized forms of the extended generalized k-Bessel functions as follows:

k
v 1 v
baal) = (280 (04 50 Whiat))

v 1 v -
y.aa(?) = 25Ty, (v + a;kz> ATEWE L 4(2), (1.9)

v 1 v
hﬁ,a,d(’z) =25 (U + a;k) Pt U’“’a’d(\/g),

The main objective of this study is to determine the radii of starlikeness and convex-
ity of order /3 for the functions fffy a,d> gff’ a,q @nd hf a,4- The following lemmas serve
as key tools in proving our main results.

Lemma 1.1 [41] Assume that v, d,k > 0 such that { + “;1 > 0. Then the function
z Wk

v,a,d

(2) has infinitely many real zeros. Furthermore, its Weierstrass factoriza-

tion is given by

k (E)Z 1 22
WM}d(z) = 2%#1 (1 — M) , (1.10)
1 v,a,d,n

where .\, q,4,n denotes the nth positive zero of Wf a.d(z). The above infinite prod-

uct converges uniformly on compact subsets of C.

Lemma 1.2 Assume that v,d,k > 0 such that § + azl 5 (). Let kAv,a,d,n and

2
/
k)\l/,a,d,n

I
denote the nth positive zeros of W), ,(2) and its derivative ( Wf’a’d(z)> ,

respectively. Then the positive zeros of Wf a,4(2) and its derivative interlace

!/ ! !
kAva,d1 < kAvadl < kApad2 < kMvad2 < ka3 < kAvads <o
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Proof Since Wf a, 4(z) is an entire function (see [41]), its infinite product exists. By

Hadamard theorem on the growth order of entire functions, the canonical factoriza-
tion is exactly as stated in Lemma 1.1 . Computing the logarithmic derivative of the
infinite product (1.10) gives

Wy a.a(2) / v = 2z
(Wk d(z)) ~ k2 _mz::l (kA

2 2"
u,a,d,m) -z

!
i (Wilf,a,d(z)) _ v i 2 ((kAy,a,d,m)z + 22)
dz | Wk a (FAviadm)? — 22)°

v,a,d

Since the expression on the right-hand side is real and negative for z € R,

(Wf.a,d(z))l
T2 e

v,a,d

z increases through real values over the open interval (y A, a,d.msk Av.a,dm+1) for

the quotient is a strictly decreasing function from 400 to —oo as

/
m € N. Hence, the function z — (Wfa d(z)) vanishes just once between two

consecutive zeros of the function z — W[, (). O

v,

2 Main results

To the best of our knowledge, the first results concerning the starlikeness of Bes-
sel functions were presented in [17, 31]. These two papers initiated the study of the
univalence of Bessel functions and the determination of the radius of starlikeness for
different types of normalizations. These findings raised further questions regarding
other geometric properties of Bessel functions, such as convexity, uniform convex-
ity, and more. Recently, for the functions f}; ;(2), g4 1,(2), and hy ; ;(z) in the
case v > —1, Baricz et al. [8] obtained the radius of starlikeness of order J3; Bar-
icz and Szész [9] determined the radius of convexity of order 3 ; and Baricz et al.
[13] established the radius of a- convexity of order 8. Moreover, it is known that if
v € (—2,—1), then the Bessel function has exactly two purely imaginary complex
conjugate zeros, while all other zeros are real [39, p. 483]. For the functions 911;,1,1 (2)
and h,, ; 1(2) in the case v € (=2, —1), Baricz and Szész [9] and Szész [35] invesi-
gated, respectively, the radius of convexity of order 5 and the radius of starlikeness
of order /3 by using some inequalities. More recently, Baricz et al. [10] investigated
the radii of starlikeness and convexity of order 8 for g-Bessel functions. Over the
last two decades, this topic has been revisited, and numerous results have been estab-
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lished for other special functions like Struve and Lommel [14], Wright [12], Mittag—
Leffler [16], hyper-Bessel [5] and big g-Bessel functions [38] by using zeros.
In this section, we study the radii of starlikeness and convexity for the normal-

ized extended generalized k-Bessel functions fF , ;(2), gb , 4(2) and hf , ,(2). Very

recently, Toklu [37] investigated the radii of starlikeness and convexity of order 3
for the normalized generalized k-Bessel functions f} | ;(2), gi | 4(2) and h¥ | (2).

2.1 The radius of starlikeness of order 3 for the functions £} . ,(2), g% . ;(2)

and hf _ ,(2)

Motivated by the aforementioned research on geometric properties of spe-
cial functions, we determine the radii of starlikeness of order 8 for the functions

¥ aa(2), gh 4 a(2) and bl ;(2). We also derive tight lower and upper bounds for

these radii.

Theorem 2.1 Let k,d,v > 0, { + “21 > 0 and € [0,1). The following state-

ments hold

(a) The radius of starlikeness of order 3 for the function ff a,d 1S the smallest posi-

tive root of the equation
kr (W,ﬁayd(r))/ - vﬂW[fya,d(T) =0.

(b) The radius of starlikeness of order B for the function gﬁa_’ 4 18 the smallest posi-

tive root of the equation

r (th)g,a,d(r))/ - (ﬁ + % - 1) Wqﬁmd(r) =0.

(c) The radius of starlikeness of order 3 for the function hf,a, 4 is the smallest posi-

tive root of the equation

/ v
VI (WEaaV) = (284 7 =2) Why a(VF) = 0.
Proof We need to show that the following inequalities

M >B8 R M >3 and R M >f8(2.1)

o ‘z]}c,a,d(z) g;\:,a,d(z) h":j,a,d(z)

hold for 2 € Ups (fF . 4), 2 € Urs (g4 4 ) and z € Uy (Ry , o), respectively, and that

each of the above inequalities does not hold in any larger disk.
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It is also important to note that, under the corresponding conditions, all zeros of
the function W}, ,(z) are real.
Logarithmic differentiation of the functions defined in (1.9) yields

/ !
z (ffa,d(z)) k? (Wfad(z)) 2%k & 22
k =, k =1-— 2 ’
v,a, d( ) v Wq},a,d(z) v m=1 (k>\u,a,d,m,) - 22
!/ !/
(dhaa®) 2 (W) = 2
— =l =12 ) —
gv,a,d(’z) k Wv ,a, d( ) m=1 (k')\y,a,d,m) — 22
!/ !/
(M) . vz ( alV2) 5 .
h'(k): a, d( ) 2k U a, d(f) m=1 (kAV,a,d,m)Q - Z'
From [9], it is known that if z € C and i € R such that > |z|, then
2| ( z )
> R . 22
PR Y 22

Therefore, the inequality

2 2
z z
~ .2 4 I By ——
kAu,md,m - ‘Z| k)\l/,a,d,m -z

holds for every v > —1, m € Nand |z| < yA, 4.q4,1. Hence,
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2 (ft,42)) = 2
(()) :1_252%<( 2 )

v,a,d k)\u,a,d,m) - Z2

2l (£ aalzh)
2k > |Z|2 B Z v,a,d z
1= 2 e |

m=1 k)\uadm) vad(|ZD

z (gf,a,d(z)) 1 i 5 (( 22 )

gv,a,d(z) k:)\u,a,d,m)2 - 22

/

0o k
22 ERCIED)
1-2 = ,
Z 2 ‘Z|2 k

m=1 (k>\u,a,d,m) gv,a,d(‘ZD

Z(hﬁad(z)),
" hk (Z) _1_Z%<(k)\uadm)2_z>

v,a,d

= i 121 (B 0a12D)
21—2 2 ||—|z ELk . )

m=1 k v,a,d,m v,a, d(|z|)

These equalities are attained only when z = |z| = r. The last inequalities above,
together with the minimum principle for harmonic functions, imply that the inequali-
ties in (2.1) hold if and only if

|Z| < kZv,a,d,1, |Z| < kYv,a,d,1 and ‘Z| < kZv,a,d,1,

respectively, where 1T, q,d,1, k¥v,a,d,1 a0d 2y q.4,1 are the smallest positive roots of
the equations

P(fhaa) o (shaat) W al)
Wﬂ’ Wﬂ’ and Wﬁ (2.3)

which are equivalent to

b (W () = 0BWE ) =0, 7 (WE, 1) = (B+ 7 = 1) W, () =0,
and
VE(Whaa(Vr) = (284 2 =2) Wh, (V) = 0.
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626 Y. Ozkan et al.

This completes the proof of the theorem. O

Remark 2.2 Taking k = a = d = 1 in Theorem 2.1, we recover the results in [9, The-
orem 1]. If we take @ = 1 in Theorem 2.1, we obtain the results given in [37].

The following theorem provides tight lower and upper bounds for the radii of
starlikeness of the functions considered in Theorem 2.1. The main idea in the proof
is to determine certain Euler Rayleigh inequalities for the first positive zero of some
entire functions, which are connected to the transcendental equations appearing in
Theorem 2.1.

v,a,d

(a) The radius of starlikeness r* ( k ) satisfies the inequalities

2(2v+(a+1)k) - 2k:+v 2v+(a 1)k) (2v + (a + 3)k)
dv(v + 2k) Vo) (a+ 3)k? + 8kv + v?) ’

4202 (2v+ (at+ DF) (20 + (a +3)k) _
d?k (2(3 + a)k? + 8kv + v2) r (£ad)

2kv (2v + (a + 1)k) (2(a + 3)k2 + 8kv + v2)
A\ Qo + 25) (8(a + 3)k° — 4(a — T)k20 — (a + 5)kv? — 209)

(b) The radius of starlikeness * (gfj’a’ d) satisfies the inequalities

2

204+ (a+ 1k, 32v+ (a+1)k) (2v + (a+ 3)k)
e <7 ea) < \/ d(vt (11 +2a)k)

v+ (a4 1)k)? (20 + (a+ 3)k) )
2\/ 8d? (4v + (11 + 2a)k) <1 (9b.0.a)

- (20 + (a + 1)k)? (2v + (a+ 3)k) (2v + (a + 5)k)
d? (=579 + a(3 + a(79 + 9a)))k3 + 2(3 + a(158 + 27a))k?v + 4(79 + 27a)kv? + T203)

(c) The radius of starlikeness r* (hﬁ,a, d) satisfies the inequalities

B 4(2v+ (a4 1)k) (2v + (a + 3)k)
vaa) < d(2v+ (a + 13)k) ’
(2v+ (a+ 1)k)* (20 + (a + 3)k) _
2\/ > (2v + (a + 13)k) ()
2(2v + (a+ 13)k) (20 + (a + k) (20 + (a + 3)k) (20 + (a + 5)k)
&z (=597 + a(—39 + a(49 + 3a)))k® + 2(—39 + a(98 + 9a))k?v + 4(49 + 9a)kv? + 24v3)

20+ (a+ 1)k
— <
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/
Proof (a) The infinite series representation of the function @” wd(?) = (Wf a a(z ))

and its derivative are given by

k r_ = (=)™ (2m + %) om+2—1
Oaal?) = (Wiaala) = 3 22m+%m!Fk(mk+v+aT“k)Z Toed

m=0

and

i " (2m+ ) @m+ - 1) S2m+E—2
22m+k m'Fk (mk + v+ 2HLEk) )

(% a.al 2.5)

=0

By Lemma 1.1, the function 2 — 2! =% ©F _ () belongs to the Laguerre-Polya class

vad

LP. Therefore, all zeros of the function @k aqarereal. Let A, ;. denote the posi-
tive zeros of GU ad:
The function ©% , () can be expressed as
r_1 %)
. v (5) 22
ok 2 l-———=- 2.6
v7a7d(z) rik (’U + a+1k Hl ( N )2 ( )
m= kv a,d,m

Taking the logarithmic derivative of (2.6) yields

2

W<v1)_ S :

egad() k m=1( uadm) —Z
0 o0 52442
= (2.7

N 2t+2
— /
=0 (kAV a,d m)

3]
— 2t+2
=-2 E 6t+1 z )
t=0

3
&

—2t
where 6, = > °_ Skkya d m) :
On the other han define

et Enty-n

22Ty (mk + v + “ELk)

(=d)™ (2m + 2)
22Ty (mk + v + 4L k)

Using Egs. (2.4) and (2.5), we get
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z (@’5 . d(z)>/ 3% 2?m 2.8)

Comparing the coefficients of (2.7) and (2.8), we obtain

5 — dv(v + 2k)

YT 220+ (a+ k)
5 — d?k (2(3 + a)k? +8kv+v2)

2T 2 (20 + (a+ 1D)k)? (20 + (a + 3)k)
5o —d*(v+ 2k) (—8(a + 3)k® + 4(—T7 + a)k*v + (5 + a)kv? + 203)
’ 320+ (a+ 1)k)® (20 + (a + 3)k) '

16v
By the Euler—Rayleigh inequalities

&
Ot41

_1
t

Oy

< (k/\vad1)2 <

for t = 1, 2, which completes the proof of part (a).
(b) For 8 = 0, from the second part of Theorem 2.1, we know that the radius of star-

/
likeness of order zero is the smallest positive root of the equation (gfya, d(z)) =0.

Therefore, we study the first positive zero of the function

k o
95 ad a+1 (—d)™(2m + 1)

— (2 =T k m,
o Va) =T (”+ 2 > > m!I‘k(mkz—i-v—&-aTHk)Z

\I/vad( )

m=0

Since W} a,q Delongs to the class LP and LP is closed under differentiation, it fol-
lows that \Pﬁ,a’d also belongs to LP. Thus, all zeros of ¥}  ; are real.

Let Wy, a,4,m denote the positive zeros of W , ;. Then, the function ¥}  , admits
the infinite product representation

V30,2 H ( M) . (2.9)

m=1

Taking the logarithmic derivative of both sides of (2.9), we obtain

!
(\Ilf, " d(z)) ol 1 Sl 2t
\IIZ a a(2) B mzl kWy,a,dm — # B mzﬂ ; (kwv,a7d7m)t+1 (2.10)
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for

2| < KWy ad1, where ly = 3% (JWpa.dm) "

Also, considering the fact that

, 0 d)™ T (2m + 3)
¥ =T "
(W5 4.4(2)) k(“ )mz_omirk m+1)k+v—|—a+1k)z
we obtain
& i
(\Ilv,a,d(z)) _ E:T,Z:O C’rnzm’ (211)
Z,a,d(z) Zm Odmzm
where
" (—d)™+1(2m + 3)
T T ((m o+ Dk o+ L)
and
(=d)™(2m+1)

m! Ty (mk + v+ “tLk)

By comparing the coefficients of equations (2.10) and (2.11), we obtain

6d
20+ (a+ 1)k’
B 8d? (4v + (11 + 2a)k)
(v (a+ DE)? 20+ (a+3)k)
8d* ((—579 + a(3 + a(79 + 9a)))k® + 2(3 + a(158 + 27a))k*v + 4(79 + 27a)kv? + T2v )
(2v+ (a+ 1)k)* (20 + (a + 3)k)* (20 + (a + 5)k)

L=

ls =

Using the Euler—Rayleigh inequalities

1 Ly
lt /t < kWy,a,d,1 < —
li+a

for
t = 1,2, we obtain the bounds for the radius of starlikeness given in part (b).
(c) Consider the entire function

dh¥ . 4 a+1 (—d)™(m + 1)

OF 42) =T L m
vaa(?) = =7 (42) ’“(U+ 2 )T;)mlrk(kaerr“;%)z (2.12)
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630 Y. Ozkan et al.

By Lemma 1.2, and since the Laguerre Polya class £LP is closed under differentia-
tion, the function Qf}’a,d also belongs to LP. Therefore, we may write

oF i) = 1] (1 - Z) , (2.13)

m—1 kgu,a,d,m
where ;(y q,4,m denote the positive zeros of QU " 4(2).

Taking the logarithmic derivative of (2.13), we obtain

I e B M

Q,{j a, d(Z) me1 kCV,aq,d,m -z m=1 t=0 kgu,a,d m (214)
= - Zﬁtntlzta |Z| < kCV,a,d,lu
t=0
where
Z k}CV a,d, m
On the other hand, we have
k o0 (=d)™ ! (m+2) m
(Qv a d(z)) _ 2 om0 m! Fk(k(m+1)+v+a+lk)z (2.15)
Qﬁad(z) EO@ Ehmmtl)  om

m=0 ! Ty (km+v+ 25— atl k)

Using the Egs. (2.14) and (2.15), we can express the Euler—Rayleigh sums in terms of
the parameters v, a, d, and k. By applying the Euler—Rayleigh inequalities

Kt

—1/t
(Kt) / < kCu,a,d,l < 5
Ri+1

we obtain the following bounds

— K
4 (H:t) 1/75 (hv a d) < 4/§;t+1

for
41Cy a0 and ¢t € {1, 2}. In particular, we have
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.
YT 20+ (a+ DK
4d? (2v + (a + 13)k)
Ko =

(2v+ (a+ 1)k)2(2v + (a + 3)k)’
and

 8d* (=597 + a(—39 + a(49 + 3a)))k* + 2(—39 + a(98 + 9a))k?v + 4(49 + 9a)kv? + 240°)
= 20+ (a+ 1)k)*(20 + (a+ 3)k)2(20 + (a + 5)k)

Thus, the inequalities given in part (c) are obtained. O

Remark 2.4 1t is obvious that the main results presented in Theorem 2.3 , when taking
k = a = d =1, coincide with the inequalities given in [4] . If we choose ¢ = 1 in
Theorem 2.3, we obtain the results presented in [37].

2.2 The radius of convexity of order j3 of the functions f7 , ,(z), g5 , ;(z) and
h’ﬁ a d(z)

Theorem 2.5 Let k> 0,d > 0,v> 0, ¥+ 252 > 0 and B € [0, 1). Then,

(a) The radius of convexity of order [ of the function ff’a’d is the smallest positive

root of the equation
" !/
1+ riwia’d(r))), + <IZ - 1) r(Wia’d((Z? = B.
W aa(r) va.d

(b) The The radius of convexity of order [ of the function gff’%d is the smallest posi-
tive root of the equation

(95@,(1(7“))”
(gﬁ,a,d(r))/

(c) The radius of convexity of order 3 of the function h’;’m 4 is the smallest positive

1+7r =pA.

root of the equation

Proof (a) Observe that
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(F0al)”

l+2—"FF =142

(F£0a()’ (Whaal)

By means of Egs. (1.10) and (2.6), we obtain

(F0a()” N » . P
(s <z>)’_1_2(“_1>;1<wa,d,m>2zfzmzl Y —

v,a,d v,a,d,m

142

Assume now that k& > v. Using inequality (2.2), forall z € U,/ ., we obtain

<. f.a,,d(z))u k > 2r? > 272
R (1 " ZW =1 (5 a 1> ,,,Z:l (FMvsasdm)” — 12 B ,; (kAL,a1d1nL>2 _ r27(2'16)

Ju,a,d

where |z| = 7.
Moreover, using the inequality (see [9, Lemma 2.1])

a@%( : >—§R(bz >Za 12 L a0, aco1), |2 <b
—Z

a—=z a—lz| b—|z|’

we conclude that inequality (2.16) also holds when k£ < v forall z € U, ,  .Thus,

forr € (0, Al , 41), we have

( zl)c,a7d(r)>//
( f,a,d(r)), '

1
inf ¢R|1+ zi( 5’a’d(2)) Vi
et ( f,a,d(2)>

Now define the function F)}, ;: (0,xX,, , 4,) — Ras

I’/!

v,a,d

F,ﬁmd(r) = 1—|—7‘7< ol ))

( 5,a,d(r)>/ |

The function is strictly decreasing since
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(Fk (7“))/ =—A4r (i — 1) i (k)‘u,u,d,m)z

v,a,d 9 2
m=1 ((k)\u,a,d,m) - 7"2)

, 2
(kAu,a,d,'rrL)
2
2
N — 72
kv a,d,m

= (k)\u,a,d,m>2

m=1 ((Mu,a»dvm)z N Tz)z

—4r i
m=1

<4r

5 <0

2
e (k)\:/,a,d,m)
Y :
" <(M’V,a,d,m) —7‘2)

for r € (O7 DY ) . Here, we have again used the interlacing property of the

v,a,d,m

zeros stated in Lemma 1.2. Also, taking into consideration that

. k : k
i Fyoq(r) =1 and i Fy,4(r) = —o0,

we conclude that for z € U, , the following inequality holds

( 5,(1,(1(2))”

( 5,a,d(z)>/

if and only if r; is the unique root of

R|1+2 > f3,

located in the interval (O, kAL a, d71>.

!
(b) Since gf,a, 4 € LP, it follows that (95@, d) € LP. Moreover, since both have

order of growth equal to % (see [41]), the Hadamard factorization theorem implies the
Weierstrassian canonical representation
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/
where 0, .4 denotes the mth positive zero of the function (gf u d(z)) .

Thus, we have

1
(gf,a,d(z)) e 22
14z2—-=1-2 —
glkj a d(z) m=1 (ka—l/,a,d,m) —Z

Applying inequality (2.2), we obtain for |z| = r

1
R 1+2M 2%

(gg.ad(z)) m=1 kauadm) — 72

Therefore, for r € (0, x0u,q4.4,1), We obtain

(5 0a()” 2 (65 0am)”

inf R[1+2 rl=1-2) —————— =1+r -
o) =t (svaam) = (95.0a()

8

Consider the function
Gk : (Oa kau,a,d,l) — R7

v,a,d *

defined by

Gl oalr) =1-F+ Ashea)

(gf,a,d(r))l '

This function is strictly decreasing and satisfies the limits

lim G,lj)a)d(r) = —oo and hm Gya a(r)=1-5,

T kOv.a,d,1

which implies that for z € U,.,, the inequality

N (6 0a)”

(%’ia,d(@)l

> B
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holds if and only if 75 is the unique root of the equation

"

(95,(1,{1(7"))

2 B,
o (gﬁad(r))

located in the interval (0, k0, q,4,1)-

(c) We know that the functions ¥ _ () and (h’c

v,a,d v,a,d

!/
(z)) belong to the class LP.

/
Moreover, in light of Laguerre’s lemma stated in [15], it follows that (hfa d(z)) has

only positive real zeros. Also, since both have order of growth equal to % (see [41]),
we have the following infinite product representation

(hf 0a(2))" = ﬁ (1 - ) ,

me—1 kOv,a,d,m

/
where 1 0,,4,4,m denotes the mth positive zero of the function (hfa d(z)) .

Thus, we have

"
o) oo
N PO G20 ) PR B
(hf;,a,d(z)> me—1 kOQv,a,dom — T

Therefore, for r € (0, x0u,a,4,1) , We obtain

1 "
inf R 1+ zi(h’;ad(@) =1+ ri(hﬁ’a’d(r)) -
et (hquad(z)> (hﬁ,a,d(r))

Consider the function
Pf,a,d : (07 kQV,a,d,l) — R,

defined by
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ijd(r) =1-p5+ rw.
(1 0a™)

This function is strictly decreasing and satisfies the limits

. khQI:,la,dJ PI/,CL,d(T‘) = —o00 and Th\‘l’% Pl/7a7d(r) =1- ﬁa

which implies that for z € U,,, the inequality

(1 0alr))

(hf;,a,d(r))/

holds if and only if 73 is the unique root of the equation

(hz]f,a,d(r))/: _ 5

(hf,a,d(r)>

located in the interval (0,5 0u,4,4,1). Thus, the proof of the theorem is complete. [

Rl1+r > 0,

1+7r

Remark 2.6 Taking k = a = d = 1 in Theorem 2.5, the results correspond to those
given in [9, Theorems 1, 2, and 3]. If we choose a = 1 in Theorem 2.5, the results
correspond to those presented in [37].

Theorem 2.7 Letk > 0, d > 0,v > 0 and § + “51 > 0. Then,

(a) The radius of convexity r°( gff_ o.q) Satisfies the inequalities

2 [2v4+(a+ Dk (2v+ (a+ 1)k)(2v + (a + 3)k)
3 2d <r(@aa) 3\/ d(56v + (109 + 28a)k)

J(Qu+ (a+Dk)?(2v+ (a+3)k) .
2\/ 82(560 + (109 + 28a)k) (9b.0.0)

(56v 4 (109 + 28a)k)(2v + (a + 1)k)2(2v + (a + 3)k)(2v + (a + 5)k)
242 ((—236719 — a(167710 + a(39011 + 3044a)))k?
—4(83855 + (39011 + 4566a))k>v — 4(39011 + 9132a)k2v — 243521)3>

<2

(b) The radius of convexity Tc(hf,a,d) satisfies the inequalities
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(2v+ (a+ 1)k)(2v + (a + 3)k)
4d(16v + (-1 + 8a)k) ’

20+ (a+ 1)k
2d
(2v + (a+ 1)k)%(2v + (a + 3)k)
8d2(16v + (1 — 8a)k)
- 256 (2v + (a 4 1)k)* (20 + (a + 3)k) (20 + (a + 5)k) (16v + (1 — 8a) k)
d2 (14997 + a(8059 + 3a(445 + 27a))) k3 + 2(8059 + 3a(890 + 81a))k?v + 12(445 + 81a)kv? + 648v3)”

k
< 7Ry 0.4) <

< 7‘6(}113,(1,(1)

Proof (a) By applying the Alexander duality theorem for starlike and convex func-
tions, we conclude that the function g , ;(z) is convex if and only if z (g{im d(z))/ is
starlike. According t(/) T/heorems 2.1 and 2.5, the smallest positive zero of the functic:n
z (z (gf7a7d(z)) ) is, in fact, the radius of starlikeness of z — z (gfva,d(z)) :

k

o d) is the smallest positive root of the

Therefore, the radius of convexity r¢ (g

’ /
equation <z (g’;’a’d(z)) > =0.

Now, using (1.10), we have

00 m 2
& n' a+1 (=)™ (2m+1) om
(Z (gv,a,d(z)) ) = Pk(’U + 9 k) Z QQmW!Fk(mk+v+ aTHk)Z .

m=0

Furthermore, substituting 2/ in place of z yields

& a+1k)§: (" @m+1*

= =T
vadl2) =Th(vt =5 miTy,(mk + v + “51k) @17

m=0

Since the function 957 a 4(2) belongs to the Laguerre—Polya class of entire func-

tions, and since £LP is closed under differentiation, we have =F = (z) € LP. Thus,

v,a,d
=k

—v,a,d

Moreover, by Laguerre’s theorem (see [15]), the function 51’3@7 4(#) has real and

(z) is an entire function with only real zeros.

positive zeros. It also admits the following infinite product representation

IS
—_ z
:ﬁ,md(z) = H (1 - ) ) (|Z| <k J’fl/,u,,cl,l)

- kXv.a,dm
m=1

where 1.7, o 4.m is the mth positive zero of ZF _ (z). Consequently, we have

/
=k
(:‘U,a,d(z)> © 1 ©
oo T e @ (B <k aan) 19
Hvﬂl;d(z) m=1 k%y,a,d,m -z s=0

where wy = > °_ | (k2vadm) -
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On the other hand, from (2.17), we also obtain

/
=k oo (=)™ CmA3)?  m
(“v,a,d(z)) 2 m=0 T (k(mA 1)+ ot S22 k) ©
e B Tl 219
Tv,a,d Zm:O mIT g (mk+o+ 21 k) "

By comparing the coefficients in the equations (2.18) and (2.19), we obtain

18d _ 8d*(56v + (109 + 28a) k)
20 (a+ Dk 2T Qo+ (a+ DR 20+ (a+3) k)
(16d* (—236719 + a (167710 + a (39011 + 3044a))) k> — 4 (83855 + a (39011 + 4566a)) kv
—4 (39011 4 9132a) kv? — 243520°)
v+ (a+1)k)*2v+ (a+3) k)2 (2v+ (a +5) k)

w1 =

w3 =

Finally, by applying the Euler Rayleigh inequalities
(ws)_l/s < kHyad1 < Ws/wsy1 , we derive the bounds given in part (a) for

2\/ k¥v,a,d,1-

(b) By following the same procedure as in part (a), we conclude that the

radius of convexity r¢ (hﬁ’a’d) is the smallest positive root of the equation

/ /
(z (hf a d(z)) ) = 0. After some straightforward calculations, we obtain

n’ a+1 > —d)" (m
Azlfad( ) ( (hﬁad( ))) :Fk (’U-‘r ; k) Z,OQZMWL(!FICEWL](C +—’:+)a+lk) Z" (2 20)

Moreover, since hﬁyay 4 belongs to the class LP, it follows that Aﬁ’m 4 also belongs to
LP. In other words, all zeros of the function A’j,m 4 are real.

The infinite product representation of AU a d( ) is given by

AY L a(2) =[] (1 - Z> : 21)

i k€v,a,d,m
where €, 4 4.m 1S the mth positive zero of Aﬁa d
Taking the logarithmic derivative of both sides of (2.21), we obtain
()
L ZNS—HZ (2] <k €vad1) - (2.22)
v a, a(?)

Let 15 = > o1 (k€va,a,m) . Additionally, differentiating the infinite series in
(2.20) yields
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I
k 00 m
(Av,a,d(z)) _ Zgzo Twz" (2.23)
Aﬁ ,a d<z) Zm:O szm
where
T, = (=d)" " (m +2)*
™ 22mA2ITy (k(m + 1) + o + “ELk)
and
g __ A" m+1)’

22mmIly (mk + v + 951 k)
By comparing the coefficients of (2.22) and (2.23), we get

2d 8d? (16v + (1 — 8a)k)
2w+ (at Dk 7 2o+ (a+ D)k)220 + (a+ 3)k)
d* (14997 + a(8059 + 3a(445 + 27a))) k* + 2(8059 + 3a(890 + 81a))k?v + 12(445 + 81a)kv? + 648v )
n 32(2v + (a+ 1)k)*(2v + (a + 3)k)?(2v + (a + 5)k)

p1 =

Applying the Euler—Rayleigh inequalities (us)_l/ "< k€vadi1 < fs/ps+1 for
s =1and s = 2, we obtain the desired result. Thus, the proof of the theorem is com-
plete. O

Remark 2.8 Taking k = a = d = 1 in Theorem 2.7, the results correspond to those
given in [9]. If we choose a = 1 in Theorem 2.7, the results correspond to those given
in [37].

2.3 Appendix

We provide closed-form evaluations of certain multiple sums and power sums of the
zeros of the function W’ (2). From (1.8) and (1.10), we have

v,a,d

» a+1 o z o (=d)"Ty (v + “$1k)
2% —k E W = 1— — "
k (V"r B >Z2 Uad(f) H ( k/\ ) Z n'4”Fk(nk+1/+ a+1k)

n=1 v,d,n
Thus, using Lemma 1 from [42], we obtain

th)Qn’

and
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1 dar
Z (k>\u,d,t1)2 (k)\u,d,t2)2 . (k/\u,d,tn)Q !4 () i

1<t <ta<---<tn

where p = v + 25k,
Applying Lemma 1 again from [42] with ¢ = — 3, we get

4n n 1

P

= (A, t) n

d
1 0 T
d 1 d?
(W)1.k (/t)z &
_d? d o _dd
— det 21(}‘;)2,k )1,k 2!(“)?%
dn.f 2 dnlf 3 dn.f 4 dn.— 1

Qe

(77/’2)!7§Ii)1n72<k ("*3)!1(16)27173,1@» (”’74)!7§l1?371—4,k (”*2)!(@”71,;«

(VI =D nan =) nsr i =D

The first four values of s,, are

d
51 :@,

d’k
2T ()
_2d3k2(u + k)1,
BT (i
_ AR (5p A+ 6k) (1 + K)ok

4 Hg 1 (1) 5.5

So =

)

Taking k = a = d = 1, we obtain the following sums related to the classical Bessel
functions J, (z)

=1 1
51=) —5 = —F—7v,
;]3,1& 4(”“‘1)
=1 1
52 ZZ T o2
= e A H]’:1(U+ 1);
2(U+2)1

&
I
(]2
—

6 - 3—7
e 4 Hj:1(” +1);
1 (bv+11)(v+2)2

~
Il

-8 4 )
TIve Ao (vt 1)

K

Sq4 =
t

where j,, ¢ is the tth positive zero of J, (z).
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