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Abstract

In this article, the chemical kinetics problem is presented. The Differential Transformation Method (DTM) is presented
to find an approximate analytical solution to the chemical kinetics problems. Proposed problem is system of nonlinear
ordinary differential equations. We show converges analysis of the differential transform method. DTM applied to two
examples. The method shows the form of fast converging series and the results prove the applicability of the proposed
method, which gives accurate results.
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1 | Introduction

@@ In this paper we are concerned chemical kinetics problems system;
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by nonlinear system of ordinary differential equations. Robertson [4] introduced the system in 1966,
indicating the mathematical model of a chemical kinetic problem [1], [2].
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Analytical approximate solution of chemical kinetics problems

In recent years, numerous works have been focusing on the development of more advanced and efficient
methods for the Homotopy Perturbation Method (HPM) and the Variation Iteration Method (VIM) [2]

the picard-pade technique [3], the homotopy analysis method [3] and the Adomian’s decomposition
method [5] and iterative method [6]. The Differential Transformation Method (DTM) was first created by
Zhou [7] to obtain approximate-analytical solutions to ordinary differential equations using Taylor seties
formulation. The differential transform method obtains an analytical solution in the form of a polynomial.
It is different from the traditional high order Taylot’s series method, which requires symbolic competition
of the necessary derivatives of the data functions. The results of applying DTM to the chemical kinetics
problems will be presented.

2 | Differential Transform Method

Differential transform of function y(x) is defined as follows:

dky(X)] .
0

3

dxk
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In Egq. (3), y x)is the original function and Y(k) is the transformed function, which is called the T-function.
Differential inverse transform of Y(k) is defined as

o0

y X) = E xXY k). )

k=0
From Eg. (3) and (4), we obtain

d*y(x)
Ek,[ = ] - ©)

Eyg. () implies that the concept of differential transform is derived from Taylor series expansion, but the

method does not evaluate the derivatives symbolically.

However, relative derivatives are calculated by an iterative way which are described by the transformed
equations of the original functions. In this study we use the lower case letter to represent the original

function and upper case letter represent the transformed function.

From the definitions of Egs. (2) and (4), it is easily proven that the transformed functions comply with the

basic mathematics operations shown in Table 1.

In actual applications, the function y(x) is expressed by a finite series and Eq. (4) can be written as:
m

y X) = Z xkY k). (6)

k=0
Eg. (5) implies that 333>, 1 xXY k), is negligibly small. In fact, m is decided by the convergence of natural
frequency in this study.

Table 1. The fundamental operations of DTM.

Original Function Transformed Function

y(x) = u(x) = v(x) Y(k) = U(k) = V(K)
y(x) = ew(x) Y(k) = cW(k)
y(x) = dw/dx Y(k) = (K+1)W(k+1)

00 = diwdxl () = (K+DK+2).. (K+)W(k +

y(x) = u(x)v(x) " Z

YK) = Y U@V(K - 1)
r=0

Theorem 1. If y x) = exp(x) then k) =—



Proof. By using Eg. (3), we have
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Theorem 2. If y x) = 7 ”(x) then Y k) = ot g k + m).
Proof. By using Eg. (3), we have;
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Theorem 3. If y x) = x™ then k) =06k m)—{O km:
Proof. By using Eg. (3), we have;
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Theorem 4. If w x) = sin(wx + ) then W k) = (— + a).
Proof. By using Eg. (3), we have;
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In the general form we have;
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Theorem 5. If w x) = cos(wx + a) then W k) = —cos(— + a).
Proof. By using Eg. (3), we have;
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In the general form we have;
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In this part, we will show converges of the differential transform method to the exact solution by proof

of some theorems [8].

Theorem 6. Consider the first order ordinary differential equation in here m, n are constants;

dw(x)

™ +nw x) =0,w 0) =
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The differential transform method converges to the exact solution.
Proof. The general solution of differential equation is as w x) = Be™"™/™.

Now by taking the differential transform of Egq. (7), we have;

m WIK + 1] + nW[K] = 0, W[0] = p.

nW[K]

We have WK +1] = . By solve this recurrence relation, we get W[K] = — (—) B.

By using Eg. (8), the solution obtained by DTM is as follows:

W x) = ﬁ2k0k1< )_59“‘ ®

Theorem 7. Consider the homogeneous ordinary differential equation of order n, where v;,1 =1,2,..,n
are vatiables;

Vo X)W + X0 v, x) T < =0 )
With initial conditions

diw
w X) = Bo, = il

=B,i=12,..,n-1. (10)

The differential transforrn method converges to the exact solution.

Proof. By using with both Table 7 and the Eq. (9), we have;
ko (VolkIWEk - m] + S, [VIKI[TT, k= m + Wik - m -+ 1] = 0.
From the initial conditions, we have;
=po, WIl=8,i=12,..,n-1.

By substituting the differential transforms, we have;

w x) = S WIKIxK, v x) = 320 A [K]x
Substituting the above formulas in Eq. (9), we get;

0 = o A olkIx* B WIKIX: + Ty (52 A dKIxk. (3 iz WIkx¥))

= Yo S0 A o[m ]W[k—m]xkE“- (ZRoA [k ]x - o Wim + r])([T5 m +
r=j)x™) = Tito Sico(A o[mW[k - m] + 32, ]W[k—m+r<nj:1k—
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We comparing coefficients and get;
Yo A o[mIW[k —m] + Y2 A [mW[k - m +r]([TL; k-m+j) =0

3 | Numerical Example

Example 1. We consider the system of chemical kinetics;

Xm
at = —a1Xp + axXpXs,
& = aszXy — a4x2x3—a5x22, )
dggt 2
Tt aeX2
With the initial conditions
x10)=1,x,0=0, x30)=0. (12)

When taking the one dimensional differential transform of Eq. (77), we can obtain:



Xin+1) = +1)[ a1Xq n) +a; X Xp 1)X3 n-1)],
Xpn+1) = a3X1 n) —ay Yo Xy Xz n—r)—as 2o X; 1)X; n—1)], (13)

Xzn+1) = (n—+1) [36 =0 X2 )Xz n-1)],

The initial conditions can be transformed at x;, = 0, as;
X:10=1,X,0=0, X5 0)=0. (14)
Forn = 0,1,2,..., X{(n), X5(n), X3(n), coefficients can be calculated from Egs. (713) and (74);

Xl 1):—81, le):a3, X31):O, Xl 2):—

(15)
Xp2) =% X32) =0, Xy 3) ==

X2 3):§(¥—a5 as) ) X3 3) = aﬁa?’) s

By using the inverse transformation rule for one dimensional in Egq. (6), the following solution can be
obtained:

a12 313
Xqt)=l-ajt+— t2——t3+
1 9) ap 5 6
dszadl 1 das 81)2
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Example 2. We consider the system of chemical kinetics;

dx;
at —X1s
B < xx? a7
dxs 9
dt 2
Subject to the initial conditions;
x1 0)=1,x, 0) =0,x3 0) =0. (18)

When taking the one dimensional differential transform of Egs. (77) and (78), we can obtain:

X1n+1):; -X1 n)],

Xpn+1) = +1) [Xl ﬂ) =0 X2 D)X ]n— r)], 19)
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And

Xl 0):1,X2 0):0,X3 0):0 (20)
Forn = 01,2,..., Xi(n), X5(n), X5(n), coefficients can be calculated from Egs. (19) and (20).

x1 ) =-1,x,1)=1, x31):0

1 -1
X1 2) = 21X2 2)= 5 1X3 2) = 1 1)
X13)=—,x23)=—,x33) =

By using the inverse transformatlon rule for one dimensional in Eg. (6), the following solution can be
obtained:
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X;t)=1-tde — g
19 ;23 6224
t t 5t
Xot)=t—= +—+—..,, (22)
2 "6 T
t3 ¢4
Xat) = — -y
3 t) 32

4 | Conclusion

In this study, the differential transform method is successfully expanded for the solution of chemical

kinetics problems. Since the DTM gives rapidly converging series solutions, the differential transform

method is more effective than other methods. Finally, all results prove the validity and efficiency of these

methods in solving nonlinear differential equations.
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