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Abstract In this paper, we introduce certain new subclasses of the bi-univalent function
class σ in which both f and f −1 are m-fold symmetric analytic with their derivatives in
the class P of analytic functions. Furthermore, we obtain coefficient bounds of |am+1| and
|a2m+1| for these new subclasses.
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1 Introduction and definitions

Let A denote the class of functions of the form:

f (z) = z +
∞∑

n=2

anz
n, z ∈ U, (1.1)

which are analytic in the open unit diskU = {z ∈ C : |z| < 1}.Also, let S denote the class of
all functions in A which are univalent in U. For more details on univalent functions, see [8].
For 0 ≤ β < 1, let S∗(β) and C(β) be the subclasses of S consisting from starlike functions
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of order β and convex functions of order β, respectively. Their analytic descriptions are

S∗(β) =
{
f : f ∈ S, �

(
z f ′(z)
f (z)

)
> β (z ∈ U)

}
, (1.2)

and

C(β) =
{
f : f ∈ S, �

(
1 + z f ′′(z)

f ′(z)

)
> β (z ∈ U)

}
, (1.3)

respectively. These functions are typically characterized by the quantity z f ′(z)/ f (z) or 1
+ z f ′′(z)/ f ′(z) lying in a certain domain starlike with respect to 1 in the right-half plane.
Subordination is useful to unify these subclasses. An analytic function f is subordinate to an
analytic function g, written f (z) ≺ g(z), if there exists an analytic functionw withw(0) = 0
and |w(z)| < 1 for z ∈ U such that f (z) = g(w(z)). Ma and Minda [13] unified various
subclasses of starlike and convex functions for which either of the quantity z f ′(z)/ f (z) or
1 + z f ′′(z)/ f ′(z) is subordinate to a more general superordinate function. For this purpose,
they considered an analytic function ϕ with positive real part in the unit disk U, ϕ(0) = 1,
ϕ′(0) > 0, and ϕ maps U onto a region starlike with respect to 1 and symmetric with respect
to the real axis. The classes of Ma–Minda starlike and convex functions consists of functions
f ∈ A satisfying the subordination z f ′(z)/ f (z) ≺ ϕ(z) and 1 + z f ′′(z)/ f ′(z) ≺ ϕ(z). It is
well known that every function f ∈ S has an inverse f −1, defined by

f −1( f (z)) = z, (z ∈ U) (1.4)

and

f ( f −1(w)) = w,

(
|w| < r0( f ); r0( f ) ≥ 1

4

)
. (1.5)

Indeed, the inverse function may have an analytic continuation to U, with

f −1(w) = w − a2w
2 + (2a22 − a3)w

3 − (5a32 − 5a2a3 + a4)w
4 + · · · . (1.6)

Let k(z) = k1z + k2z2 + · · · and �(z) = �1z + �2z2 + · · · , with k1 = �1 two functions
mapping the open unit disk onto a univalent domain, it would imply that z ≺ k(z) and so that
k is trivial. Then the function f (z) = k

[
�−1(z)

]
is bi-univalent. Let σ denote the class of

bi-univalent functions inU, given by equation (1.1). A function f is bi-starlike ofMa–Minda
type or bi-convex ofMa–Minda type if both f and f −1 are respectivelyMa–Minda starlike or
convex. These classes are denoted respectively by S∗

σ (ϕ) and Cσ (ϕ). Lewin [12] investigated
the class of bi-univalent functions σ and obtained a bound |a2| ≤ 1.51.Motivated by thework
of Lewin [12], Brannan and Taha found non-sharp estimates on the first two coefficients |a2|
and |a3| of the functions in the class S∗

σ (β) and also in Cσ (β) (for details see [3] ). Brannan
and Clunie [2] conjectured that |a2| ≤ √

2 . The coefficient estimate problem for each of the
following Taylor–Maclaurin coefficients: |an | (n ∈ N, n � 3) is still open. In recent times,
the study of bi-univalent functions gained momentum mainly due to the work of Srivastava
et al. [20]. Motivated by this, many researchers (see [4–7,9–11,14–16,18,20–22]) recently
investigated several interesting subclasses of the class σ and found non-sharp estimates on
the first two Taylor–Maclaurin coefficients. Further, in a recent investigation, Srivastava et. al.
[19] has provided few examples for the class ofm-fold symmetric bi-univalent functions and
as an application found the coefficient estimates for |am+1| and |a2m+1| for a new subclass
of functions. For each function f ∈ S, the function h(z) = m

√
f (zm) ( z ∈ U, m ∈ N) is
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Unpredictability of initial coefficient bounds for m-fold symmetric… 795

univalent and maps the unit disk U into a region with m-fold symmetry. A function is said to
be m-fold symmetric (see [17]) if it has the normalized form

f (z) = z +
∞∑

k=1

amk+1z
mk+1, z ∈ U. (1.7)

Wedenote bySm the class ofm-fold symmetric univalent functions inUwhich are normalized
by the above series expansion. In fact, the functions in the class S are one fold symmetric.
Analogous to the concept of m-fold symmetric univalent functions, we here introduce the
concept of m-fold symmetric bi-univalent functions. Each function f ∈ σ , generates an m
-fold symmetric bi-univalent function for each integerm. The normalized form of f is given
as in (1.7) and f −1 is given as follows

g(w) = w − am+1w
m+1 + [(m + 1)a2m+1 − a2m+1]w2m+1

−
[
1

2
(m + 1)(3m + 2)a3m+1 − (3m + 2)am+1a2m+1 + a3m+1

]
w3m+1 + · · ·

(1.8)

where f −1 = g. We denote by σm the class of m-fold symmetric bi-univalent functions in
U. For m = 1, the formula (1.8) coincides with the formula (1.6) of the class σ. Also, we
denote by P , the class of analytic functions of the form p(z) = 1 + p1z + p2z2 + · · · such
that Re (p (z)) > 0 inU. In view of Pommerenke [17], them-fold symmeric functions in the
class P is of the form

p (z) = 1 + cmz
m + c2mz

2m + c3mz
3m + · · ·

The objective of the present paper is to introduce several new subclasses of bi-univalent
Ma–Minda starlike and convex functions in which both f and f −1 are m-fold symmetric
analytic functions with derivative in P and obtain coefficient bounds of |am+1| and |a2m+1|
for functions in these new subclasses.

2 Coefficient bound for the function class Hσ,m (ϕ)

Let ϕ be an analytic function with positive real part in U such that ϕ (0) = 1, ϕ′ (0) > 0
and ϕ (U) is symmetric with respect to the real axis. Such a function has a series expansion
of the form

ϕ (z) = 1 + B1z + B2z
2 + B3z

3 + · · · (Bi ∈ C for i ∈ {2, 3, . . .} , B1 > 0) . (2.1)

Definition 2.1 A function f (z), given by (1.7), is said to be in the class Hσ,m (ϕ) if the
following conditions are satisfied :

f ∈ σm, f ′ (z) ≺ ϕ (z) and g′ (w) ≺ ϕ (w) , g (w) = f −1 (w)

where the function g is defined by (1.8).

For the special choices of the function ϕ(z) and for the choice of m = 1, our subclass
reduces to the following.

(1) For m = 1, Hσ,m (ϕ) ≡ Hσ,1 (ϕ) = Hσ (ϕ) studied by Ali et al. [1].

(2) For m = 1, and ϕ(z) =
(
1+z
1−z

)γ

(0 ≤ γ < 1), Hσ,m (ϕ) ≡ Hσ,1

((
1+z
1−z

)γ )
studied by

Srivastava et al. [20].
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796 M. Çağlar et al.

(3) For m = 1, and ϕ(z) = ( 1+(1−2α)z
1−z

)
(0 ≤ α < 1), Hσ,m

(
ϕ
) ≡ Hσ,1

( 1+(1−2α)z
1−z

)
studied

by Srivastava et al. [20].

Theorem 2.1 Let f (z), given by (1.7), be the class Hσ,m (ϕ) . Then

|am+1| ≤ B1
√
2B1√

(m + 1)
∣∣[(2m + 1)B2

1 + 2(1 + m) (B1 − B2)
]∣∣

, (2.2)

and

|a2m+1| ≤
(

1

(1 + 2m)
+ B1

2(1 + m)

)
B1. (2.3)

Proof Let f ∈ Hσ,m (ϕ) and g = f −1. Then there are analytic functions u, v : U → U,
with u (0) = v (0) = 0 satisfying

f ′ (z) = ϕ (u (z)) and g′ (w) = ϕ (v (w)) . (2.4)

By definition of the functions p1 and p2

p1 (z) = 1 + u (z)

1 − u (z)
= 1 + cmz

m + c2mz
2m + c3mz

3m + · · · ,

p2 (z) = 1 + v (z)

1 − v (z)
= 1 + bmz

m + b2mz
2m + b3mz

3m + · · ·

or equivalently

u (z) = p1 (z) − 1

p1 (z) + 1
= 1

2

(
cmz

m +
(
c2m − c2m

2

)
z2m + · · ·

)
(2.5)

and

v (z) = p2 (z) − 1

p2 (z) + 1
= 1

2

(
bmz

m +
(
b2m − b2m

2

)
z2m + · · ·

)
. (2.6)

Then p1 and p2 are analytic in U with p1 (0) = p2 (0) = 1. Since u, v : U → U, the
functions p1 and p2 have positive real part in U and |ck | ≤ 2 and |bk | ≤ 2, for all k.

From (2.4), (2.5) and (2.6),

f ′ (z) = ϕ

(
p1 (z) − 1

p1 (z) + 1

)
(2.7)

and

g′ (w) = ϕ

(
p2 (w) − 1

p2 (w) + 1

)
. (2.8)

Using (2.5) and (2.6), together with (2.1) we get

ϕ

(
p1 (z) − 1

p1 (z) + 1

)
= 1 + 1

2
B1cmz

m +
(
1

2
B1

(
c2m − c2m

2

)
+ 1

4
B2c

2
m

)
z2m + · · · (2.9)

and

ϕ

(
p2 (w) − 1

p2 (w) + 1

)
= 1 + 1

2
B1bmwm +

(
1

2
B1

(
b2m − b2m

2

)
+ 1

4
B2b

2
m

)
w2m + · · ·

(2.10)
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Since

f ′ (z) = 1 + (m + 1) am+1z
m + (2m + 1) a2m+1z

2m + · · · ,

and

g′ (w) = 1 − (m + 1) am+1w
m + (2m + 1)

[
(m + 1) a2m+1 − a2m+1

]
w2m + · · ·

it follows from (2.7), (2.8), (2.9) and (2.10) that

(m + 1) am+1 = 1

2
B1cm, (2.11)

(2m + 1) a2m+1 = 1

2
B1

(
c2m − c2m

2

)
+ 1

4
B2c

2
m, (2.12)

− (m + 1) am+1 = 1

2
B1bm, (2.13)

and

(2m + 1)
[
(m + 1) a2m+1 − a2m+1

] = 1

2
B1

(
b2m − b2m

2

)
+ 1

4
B2b

2
m . (2.14)

From (2.11) and (2.13), we have

cm = −bm . (2.15)

Also from (2.12), (2.13), (2.14) and (2.15), we obtain

a2m+1 = B3
1 (c2m + b2m)

2 (m + 1)
(
(2m + 1) B2

1 + 2 (m + 1) (B1 − B2)
) .

Thus, in view of the inequalities |c2m | ≤ 2 and |b2m | ≤ 2 for |am+1| ,we get the desired
result as in (2.2). By subtracting (2.14) from (2.12) and further computations using (2.11)
and (2.15) gives us

a2m+1 = B1 (c2m − b2m)

4 (2m + 1)
+ B2

1c
2
m

8 (1 + m)
,

which, in view of the inequalities |c2m | ≤ 2 , |cm | ≤ 2 and |b2m | ≤ 2 for |a2m+1|, we get the
desired result as in (2.3). This completes the proof of Theorem 2.1. 
�

3 Coefficient bound for the function classMσ,m(λ, ϕ)

Definition 3.1 A function f (z), given by (1.7), is said to be in the class Mσ,m(λ, ϕ) if the
following conditions are satisfied:

f ∈ σm, (1 − λ)
z f ′ (z)
f (z)

+ λ

(
1 + z f ′′ (z)

f ′ (z)

)
≺ ϕ (z)

and

(1 − λ)
wg′ (w)

g (w)
+ λ

(
1 + wg′′ (w)

g′ (w)

)
≺ ϕ (w) ,

where the function g is defined by (1.8).
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For m = 1 and the special choices of the function ϕ(z) and λ, our subclass reduces to the
following.

(1) For m = 1, Mσ,m(λ, ϕ) ≡ Mσ,1(λ, ϕ) = Mσ (ϕ) studied by Ali et al. [1].

(2) For m = 1, λ = 1 and ϕ(z) =
(
1+z
1−z

)γ

(0 < γ ≤ 1), Mσ,1

(
1,

(
1+z
1−z

)γ )
≡ ST ∗

σ (γ ),

the class of strongly bi-starlike functions of order γ studied by Brannan and Taha [3].

(3) For m = 1, λ = 0 and ϕ(z) =
(
1+z
1−z

)γ

(0 < γ ≤ 1), Mσ,1

(
1,

(
1+z
1−z

)γ )

≡ CVσ (γ )(0 < γ ≤ 1), the class of strongly bi-convex functions of order γ stud-
ied by Brannan and Taha [3].

(4) For m = 1, λ = 1 and ϕ(z) = 1+(1−2α)z
1−z (0 ≤ α < 1), Mσ,1,

(
1,

(
1+(1−2α)z

1−z

))

≡ Cσ (α)(0 ≤ α < 1), the class of bi-convex functions of order α studied by Brannan
and Taha [3].

(5) For m = 1, λ = 0 and ϕ(z) = 1+(1−2α)z
1−z (0 ≤ α < 1), Mσ,1

(
1,

(
1+(1−2α)z

1−z

))

≡ S∗
σ (α)(0 ≤ α < 1), the class of bi-starlike functions of order α studied by Brannan

and Taha [3].

For functions in the class Mσ,m(λ, ϕ), the following coefficient estimates hold.

Theorem 3.1 Let f (z) , given by (1.7), be the class Mσ,m(λ, ϕ),λ ≥ 0 Then

|am+1| ≤ B1
√
B1

m
√∣∣(1 + λm)

(
B2
1 + (1 + λm) (B1 − B2)

)∣∣
, (3.1)

and

|a2m+1| ≤
(
1 + m + 2λm + 2λm2

)
(B1 + |B2 − B1|)

2m2 (1 + λm) (1 + 2λm)
. (3.2)

Proof Let f ∈ Mσ,m(λ, ϕ). Then there are analytic functions u, v : U → U, with u (0)
= v (0) = 0 satisfying

(1 − λ)
z f ′ (z)
f (z)

+ λ

(
1 + z f ′′ (z)

f ′ (z)

)
= ϕ (u (z)) (3.3)

and

(1 − λ)
wg′ (w)

g (w)
+ λ

(
1 + wg′′ (w)

g′ (w)

)
= ϕ (v (w)) . (3.4)

Since

(1 − λ)
z f ′ (z)
f (z)

+ λ

(
1 + z f ′′ (z)

f ′ (z)

)
= 1 + m(1 + λm)am+1z

m

+ [
2m (1 + 2λm) a2m+1 − m

(
1 + 2λm + λm2) a2m+1

]
z2m + · · ·

and

(1 − λ)
wg′ (w)

g (w)
+ λ

(
1 + wg′′ (w)

g′ (w)

)

= 1 − m(1 + λm)am+1w
m + [

m
(
1 + 2λm + 2m + 3λm2) a2m+1

−2m (1 + 2λm) a2m+1
]
w2m + · · ·
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then from (2.9), (2.10), (3.3) and (3.4) we get

m (1 + λm) am+1 = 1

2
B1cm, (3.5)

2m (1 + 2λm) a2m+1 − m
(
1 + 2λm + λm2) a2m+1

= 1

2
B1

(
c2m − c2m

2

)
+ 1

4
B2c

2
m, (3.6)

−m (1 + λm) am+1 = 1

2
B1bm, (3.7)

and

m
(
1 + 2λm + 2m + 3λm2) a2m+1 − 2m (1 + 2λm) a2m+1

= 1

2
B1

(
b2m − b2m

2

)
+ 1

4
B2b

2
m, (3.8)

From (3.5) and (3.7), we obtain

cm = −bm . (3.9)

and also from (3.6), (3.8) and (3.9), we have

a2m+1 = B3
1 [c2m + b2m]

4m2 (1 + λm)
[
B2
1 + (1 + λm) (B1 − B2)

] ,

in view of the inequalities |c2m | ≤ 2 and |b2m | ≤ 2 for |am+1|, we get as asserted in(3.1).
Next, to find the bound on |a2m+1|, by a simple calculations using, (3.6), (3.8) and (3.9), we
get

a2m+1 =
B1
2

{(
1 + 2λm + 2m + 3λm2

)
c2m + (

1 + 2λm + λm2
)
b2m

}

4m2 (1 + 2λm) (1 + λm)

+
(B2−B1)

2

(
1 + 2λm + m + 2λm2

)
c2m

4m2 (1 + 2λm) (1 + λm)

which, in view of the inequalities |cm | ≤ 2 and |b2m | ≤ 2 for |a2m+1|, we get our desired
inequality as asserted in (3.2). 
�

For the case of one fold symmetric functions with λ = 0 and λ = 1, Theorem 3.1 reduces
to the following Corollaries 3.2 and 3.3 stated below.

Corollary 3.2 Let f (z), given by (1.7), be in the class S∗
σ (ϕ). Then

|a2| ≤ B1
√
B1√∣∣B2

1 + (B1 − B2)
∣∣
,

and

|a3| ≤ B1 + |B2 − B1| .
Corollary 3.3 Let f (z), given by (1.7), be in the class and Cσ (ϕ). Then

|a2| ≤ B1
√
B1√∣∣2B2

1 + 4 (B1 − B2)
∣∣
,
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and

|a3| ≤ B1 + |B2 − B1|
2

.

4 Coefficient bound for the function classNσ,m (λ, ϕ)

Definition 4.1 A function f (z), given by (1.7), is said to be in the class Nσ,m (λ, ϕ) if the
following conditions are satisfied:

f ∈ σm,
z f ′ (z)
f (z)

+ λz2 f ′′ (z)
f (z)

≺ ϕ (z) , λ ≥ 0

and

wg′ (w)

g (w)
+ λw2g′′ (w)

g (w)
≺ ϕ (w) , g (w) = f −1 (w) ,

where the function g is defined by (1.8).

For m = 1, λ = 0 and the special choices of the function ϕ(z), our subclass reduces to
the following.

(1) For m = 1, Nσ,m (λ, ϕ) ≡ Nσ,1 (λ, ϕ) was studied by Ali et al. [1].

(2) For m = 1, λ = 0 and ϕ(z) =
(
1+z
1−z

)γ

(0 ≤ γ < 1), Nσ,m

(
0,

(
1+z
1−z

)γ )
≡ ST ∗

σ (γ ) the

class of bi-strongly starlike functions of order γ studied by Brannan and Taha [3].

(3) For m = 1, λ = 0 and ϕ(z) = 1+(1−2α)z
1−z (0 ≤ α < 1), Nσ,m

(
0, 1+(1−2α)z

1−z

)
≡ S∗

σ (γ )

the class of bi-starlike functions of order γ studied by Brannan and Taha [3].

Theorem 4.1 Let f (z), given by (1.7), be the class Nσ,m (λ, ϕ), λ ≥ 0. Then

|am+1| ≤ B1
√
2B1√∣∣m(3λm2 + 4λm + 2m2 + λ)B2

1 + 2m2(1 + λ + λm)2 (B1 − B2)
∣∣
, (4.1)

and

|a2m+1| ≤ (m + 1) (B1 + |B2 − B1|)
2m2 (1 + 2λ + 2λm)

. (4.2)

Proof Let f ∈ Nσ,m (λ, ϕ). Then there are analytic functions u, v : U → U, with u (0)
= v (0) = 0 satisfying

z f ′ (z)
f (z)

+ λz2 f ′′ (z)
f (z)

= ϕ (u (z)) (4.3)

and

wg′ (w)

g (w)
+ λw2g′′ (w)

g (w)
= ϕ (v (w)) , g (w) = f −1 (w) . (4.4)

Since

z f ′ (z)
f (z)

+ λz2 f (z)

f (z)
= 1 + m (1 + λ (m + 1)) am+1z

m + (2m (1 + λ (2m + 1)) a2m+1

−m (1 + λ (m + 1)) a2m+1

)
z2m + · · · ,

123
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and

wg′ (w)

g (w)
+ λw2g′′ (w)

g (w)
= 1 − m (1 + λ (m + 1)) am+1w

m

+ (
(m (2m + 1) + λm (m + 1) (4m + 1)) a2m+1

−2m (1 + λ (2m + 1)) a2m+1) w2m + · · · .

then from (2.9), (2.10), (4.3) and (4.4), we have

m (1 + λ (m + 1)) am+1 = 1

2
B1cm, (4.5)

2m (1 + λ (2m + 1)) a2m+1 − m (1 + λ (m + 1)) a2m+1

= 1

2
B1

(
c2m − c2m

2

)
+ 1

4
B2c

2
m, (4.6)

−m (1 + λ (m + 1)) am+1 = 1

2
B1bm, (4.7)

and

(m (2m + 1) + λm (m + 1) (4m + 1)) a2m+1 − 2m (1 + λ (2m + 1)) a2m+1

= 1

2
B1

(
b2m − b2m

2

)
+ 1

4
B2b

2
m . (4.8)

From (4.5) and (4.7), we get

cm = −bm . (4.9)

Also from (4.6) ,(4.8) and (4.9), we obtain

a2m+1 = B3
1 [c2m + b2m]

2
(
m

(
3λm2 + 4λm + 2m2 + λ

)
B2
1 + 2m2(1 + λ + λm)2 (B1 − B2)

) ,

which, in view of the inequalities |c2m | ≤ 2 and |b2m | ≤ 2 for |am+1|, we get the desired
result as asserted in (4.1). Now, by a simple calculations from (4.5), (4.6), (4.8) and (4.9),
we get

a2m+1 = B1 ((m (2m + 1) + λm (m + 1) (4m + 1)) c2m + m (1 + λ (m + 1)) b2m)

8m3
(
1 + 4λm + 3λ + 2λ2 (m + 1) (2m + 1)

)

+ (B2 − B1)m (m + 1) (1 + λ + 2λm) c2m
8m3

(
1 + 4λm + 3λ + 2λ2 (m + 1) (2m + 1)

) ,

which, in view of the inequalities |cm | ≤ 2, |c2m | ≤ 2 and |b2m | ≤ 2 for |a2m+1|, we get the
desired result as asserted in (4.2). 
�
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