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Abstract In this paper, we introduce certain new subclasses of the bi-univalent function
class o in which both f and f~! are m-fold symmetric analytic with their derivatives in
the class P of analytic functions. Furthermore, we obtain coefficient bounds of |a,,+| and
|azm+1| for these new subclasses.
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1 Introduction and definitions

Let A denote the class of functions of the form:

o0
f@=2+) ad", z€l, (1.1)

n=2
which are analytic in the open unit disk U = {z € C : |z| < 1}. Also, let S denote the class of
all functions in A which are univalent in U. For more details on univalent functions, see [8].
For0 < B < 1, let S*(B) and C(B) be the subclasses of S consisting from starlike functions
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of order B and convex functions of order 8, respectively. Their analytic descriptions are

S*(B) = {f L fes, m(zj:((;))) > B (z eU)}, (1.2)
and
C(ﬁ)z{ftfé& f»’t(lﬁjf/((j))) .y (zeU)}, (1.3)

respectively. These functions are typically characterized by the quantity zf'(z)/f(z) or 1
+ zf"(z)/f'(z) lying in a certain domain starlike with respect to 1 in the right-half plane.
Subordination is useful to unify these subclasses. An analytic function f is subordinate to an
analytic function g, written f(z) < g(z), if there exists an analytic function w with w(0) = 0
and |w(z)| < 1 for z € U such that f(z) = g(w(z)). Ma and Minda [13] unified various
subclasses of starlike and convex functions for which either of the quantity zf”(z)/f (z) or
1+ zf"(z)/f'(z) is subordinate to a more general superordinate function. For this purpose,
they considered an analytic function ¢ with positive real part in the unit disk U, ¢(0) = 1,
¢’ (0) > 0, and ¢ maps U onto a region starlike with respect to 1 and symmetric with respect
to the real axis. The classes of Ma—Minda starlike and convex functions consists of functions
f € A satisfying the subordination zf'(z)/f (z) < ¢(z) and 1 + zf"(2)/f'(z) < ¢(z). Itis
well known that every function f € S has an inverse f~!, defined by

i f@) =2 (el (1.4)

and

1
fU W) =w, (le <ro(f)iro(f) = Z)' (1.5)

Indeed, the inverse function may have an analytic continuation to U, with
Flw) = w—aw? + 242 — a3)w’ — (5a3 — 5a2a3 +ap)w* +--- . (1.6)

Let k(z) = kiz + koz> + -+ and €(z) = L1z + £rz> + ---, with k; = £; two functions
mapping the open unit disk onto a univalent domain, it would imply that z < k(z) and so that
k is trivial. Then the function f(z) = k [E_l (z)] is bi-univalent. Let o denote the class of
bi-univalent functions in U, given by equation (1.1). A function f is bi-starlike of Ma—Minda
type or bi-convex of Ma—Minda type if both f and f ! are respectively Ma—Minda starlike or
convex. These classes are denoted respectively by S} (¢) and Cy (¢). Lewin [12] investigated
the class of bi-univalent functions o and obtained a bound |a;| < 1.51. Motivated by the work
of Lewin [12], Brannan and Taha found non-sharp estimates on the first two coefficients |a> |
and |a3| of the functions in the class S} (B) and also in C, (8) (for details see [3] ). Brannan
and Clunie [2] conjectured that |a;| < /2 . The coefficient estimate problem for each of the
following Taylor—-Maclaurin coefficients: |a,| (n € N, n = 3)isstill open. In recent times,
the study of bi-univalent functions gained momentum mainly due to the work of Srivastava
et al. [20]. Motivated by this, many researchers (see [4—7,9-11,14-16,18,20-22]) recently
investigated several interesting subclasses of the class o and found non-sharp estimates on
the first two Taylor—-Maclaurin coefficients. Further, in a recent investigation, Srivastava et. al.
[19] has provided few examples for the class of m-fold symmetric bi-univalent functions and
as an application found the coefficient estimates for |a,,+1| and |az,+1| for a new subclass
of functions. For each function f € S, the function h(z) = ¥/ f(z") (z € U, m € N) is
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univalent and maps the unit disk U into a region with m-fold symmetry. A function is said to
be m-fold symmetric (see [17]) if it has the normalized form

o0
f@ =24 amn™, zel. (1.7)
k=1
We denote by S,,, the class of m-fold symmetric univalent functions in U which are normalized
by the above series expansion. In fact, the functions in the class S are one fold symmetric.
Analogous to the concept of m-fold symmetric univalent functions, we here introduce the
concept of m-fold symmetric bi-univalent functions. Each function f € o, generates an m
-fold symmetric bi-univalent function for each integer m. The normalized form of f is given
asin (1.7) and f~! is given as follows

gw) = w — a1 w™ ™+ [(m + Dal, | — aympr Jw* !

1 3 3m+1
— E(m + DGm +2)a;, ) — Gm + 2)amt1a2m+1 + A3m+1 | W + .-
(1.8)

where f~! = g. We denote by o, the class of m-fold symmetric bi-univalent functions in
U. For m = 1, the formula (1.8) coincides with the formula (1.6) of the class o. Also, we
denote by P, the class of analytic functions of the form p(z) =1+ pi1z + prz% + -+ such
that Re (p (z)) > 0in U. In view of Pommerenke [17], the m-fold symmeric functions in the
class P is of the form

p (Z) =1+ szm + C2m12m + C3mZ3m + .-

The objective of the present paper is to introduce several new subclasses of bi-univalent
Ma-Minda starlike and convex functions in which both f and f~! are m-fold symmetric
analytic functions with derivative in P and obtain coefficient bounds of |a,,+1| and |a2,+1|
for functions in these new subclasses.

2 Coefficient bound for the function class H; ,, (¢)

Let ¢ be an analytic function with positive real part in U such that ¢ (0) = 1, ¢’ (0) > 0
and ¢ (U) is symmetric with respect to the real axis. Such a function has a series expansion
of the form

9 @) =14+ Biz+ Byz>+ B3z>+---(Bi e Cfori € {2,3,...}, By >0). (2.1)

Definition 2.1 A function f(z), given by (1.7), is said to be in the class Hy ,, (¢) if the
following conditions are satisfied :

feom [ <9 and g’ (w) <pw), gw) = f~" (w)
where the function g is defined by (1.8).

For the special choices of the function ¢(z) and for the choice of m = 1, our subclass
reduces to the following.
(1) Form = 1, Hymm (¢) = Hy1 (¢) = Hy () studied by Ali et al. [1].
y Y
(2) Form = 1, and ¢(z) = (}%;) O<y <1), Hyp (¢) = Hy ((%g) ) studied by
Srivastava et al. [20].
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(3) Form = 1, and ¢(2) = (HG=222) (0 < & < 1), Houm(9) = Hoa (F222) studied
by Srivastava et al. [20].

Theorem 2.1 Let f(z), given by (1.7), be the class Hy y (@) . Then
B1/2B)

lamy1l < , (2.2)
\/(m + 1) |[@m + 1) B2 +2(1 +m) (B) — By)]|
and
< ! Bi B 2.3
Iazm+1|_<(1+2m)+2(1+m)> 1- (2.3)

Proof Let f € Hypm (p) and g = f —1. Then there are analytic functions u,v : U — U,
with u (0) = v (0) = 0 satistying

1@ =W @) and g (w)=¢@®W). 2.4)
By definition of the functions p; and p»
1+u(z
p1(2) = 1—71/1223 =1+cpi" +62mz2m +C3mz3m R
l+v(z
p2(2) = 1+v@® =14 bpz™ + boz?" + bz + -+
1—v(2)
or equivalently
p1(z) —1 1 m crzn om
= O+l 2 - 2.5
" p@+1 2 CmZ" + | Com , )¢ + (2.5
and
pp@—-1 1 b2\
== —— =\ bnd" +|bow— )"+ ] 2.6
v m@+1 2\ T\ 5 ) (2.6)

Then p; and p, are analytic in U with p; (0) = p2 (0) = 1. Since u,v : U — U, the
functions p; and p, have positive real part in U and |cx| < 2 and |bg| < 2, for all k.
From (2.4), (2.5) and (2.6),

’ _ P1 (Z) -1
ff@D=9 (71)1 O+ 1) 2.7)
and
/ P2 (w) -1
= =221 ). 2.
g (w) go(m (w)+1> (2.8)

Using (2.5) and (2.6), together with (2.1) we get

-1 1 1 c2 1
@ <%) =1+ =Bicnz" + (*Bl <C2m - 7m> + 7B2C1%1) sz +o (2.9

p1(2)+1 2 2 2 4
and
pa(w) — 1 1 1 b2 L5\ o
s ) =1 —B.b m —B | b, — —B-b m
‘p<p2(w)+1) Tt B1omwE A G B\ am = ) Baby JwE

(2.10)
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Since
P @ =140+ 1) am2" + Qm+ 1) a1 22" + -,
and
g W) =1—m+Dapw™+QCm+1)[(m+1)al, — a1 ]w™ + -
it follows from (2.7), (2.8), (2.9) and (2.10) that

1
(m+1) am1 = 5 Bicm, .11
1 2 1,
Q2m+ 1) ayn1 = 531 Cm = > + ZBzcm, (2.12)
1
—(m+1Dapt1 = EBlbm, (2.13)
and
2 1 by, 1 2
Cm+ 1) [m+Day, —ams1] = 531 bom — 5 )+ Zszm. (2.14)
From (2.11) and (2.13), we have
Cm = —bp. 2.15)

Also from (2.12), (2.13), (2.14) and (2.15), we obtain

2= B} (cam + bom)
"2 m 4 ) (@m+ 1) BY+2(m+ 1) (B — By)

Thus, in view of the inequalities |c2,,| < 2 and |by,| < 2 for |a,+1] ,we get the desired
result as in (2.2). By subtracting (2.14) from (2.12) and further computations using (2.11)
and (2.15) gives us

a _ By (com — bam) Blzczzn
M= T om 1) 8(1+m)’

which, in view of the inequalities |c2p,| < 2, || < 2 and |by,,| < 2 for |azm+1], we get the
desired result as in (2.3). This completes the proof of Theorem 2.1. O

3 Coefficient bound for the function class M, (X, @)

Definition 3.1 A function f(z), given by (1.7), is said to be in the class Mo, (A, @) if the
following conditions are satisfied:

@ 2f" @)
S om (=20 “(H f’(z))ww

and

(1 b8 @) +x(1+ wg” (w)

g (w) g (w) ) <ea,

where the function g is defined by (1.8).
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For m = 1 and the special choices of the function ¢(z) and A, our subclass reduces to the
following.

(1) Form =1, Mg (A, ¢) = Mg 1 (X, ) = My () studied by Ali et al. [1].
(2) Form =1, » = 1 and ¢(z) = (H;) O<y<1), Mol( ({J“i) ) = ST5(y),
the class of strongly bi-starlike functions of order y studied by Brannan and Taha [3].

3) Form = 1, A = 0 and ¢(z) = (}J_R)V 0 <y < 1), Mg,1<1,(ﬁ)y)

4 -z
= CVs(¥)(0 < y < 1), the class of strongly bi-convex functions of order y stud-

ied by Brannan and Taha [3].

@) Form = 1,4 = Land 9(@) = “(=2220 < @ < 1), Mo, (1, (HH]222))
= Cy()(0 < @ < 1), the class of bi-convex functions of order « studied by Brannan
and Taha [3].

(5) Form = 1,5 = 0and p(@) = {2920 < o < 1), Mo, (1, (HH]222))

= S (@)(0 <« < 1), the class of bi-starlike functions of order « studied by Brannan
and Taha [3].

For functions in the class M, (A, ¢), the following coefficient estimates hold.
Theorem 3.1 Let f(z), given by (1.7), be the class Mg (X, ¢),A > 0 Then

Bi/Bi
m /(L4 3m) (BY + (1 -+ 3m) (B — B)|

lamy1] < ; (3.1

and

(14 m 4 2xm + 2Am?) (By + | B, — By )
2m2 (1 + »m) (1 + 2xm) '

lazm+1] = (3.2)

Proof Let f € My (A, ). Then there are analytic functions u, v : U — U, with u (0)
= v (0) = 0 satisfying

zf’ (z) zf” (z))
—A 1 = 33
(I—=2») @ < + @ @ (1 (2)) (3.3)
and
(1 - 0 28 W) +x<1 4w (w)> — o w). (3.4)
g (w) g (w)
Since
zf' (@) 2" @\ _ m
(1 —=2) ) +A<1 + o ) =14+m(l +rm)a, iz
+[2m (1 4 2am) agpir — m (1 + 2am +am?) al ] 22" + -
and

(1% wg' W) (1 L we (w)>
g (w) g (w)
=1—m(l + rm)ayrw™ + [m( 4+ 2 m +2m + 3am ) Ay

—2m (1 + 2am) a2m+1] w4 ...
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then from (2.9), (2.10), (3.3) and (3.4) we get

1
m (1 + Am) apmy1 = EBlcma (3.5)
2m (1 + 2xm) azpmy1 — m (1 + 2am + Amz) a,2n+1
1 c2 1
= EBI (02m - %) + ZBZC;%/,? (3.6)
1
—m (1 +2im) a4 = EBlbm, (3.7

and

m (14 2xm + 2m + 3xm?) aZ ., — 2m (1 + 2am) aom+1

1 b2, 1,
= EBI bom — 5 + Zszm, (3.8)
From (3.5) and (3.7), we obtain
Ccm = —bp. (3.9)

and also from (3.6), (3.8) and (3.9), we have

2 B} [com + bam]
" 4m2 (14 am) [BE + (1 + m) (B — Bo)]’

in view of the inequalities |c2;,| < 2 and |by,,| < 2 for |a,; 41/, we get as asserted in(3.1).
Next, to find the bound on |ay,,+11, by a simple calculations using, (3.6), (3.8) and (3.9), we
get
% {(1 + 2xim +2m + 3Am2) com + (1 + 2am + )\.m2) b2m}
4m? (1 4 2am) (1 + Am)
BB (1 4 20m + m + 2am?) ¢,
4m2 (1 4 2am) (1 + Am)

which, in view of the inequalities |c;,| < 2 and |by,,| < 2 for |az,+1], we get our desired
inequality as asserted in (3.2). O

Am+1 =

For the case of one fold symmetric functions with A = 0 and A = 1, Theorem 3.1 reduces
to the following Corollaries 3.2 and 3.3 stated below.

Corollary 3.2 Let f(2), given by (1.7), be in the class Sk (¢). Then

BB

J|B? + (B — By)|

las| < By + |B> — By].

laz| <

and

Corollary 3.3 Let f(z), given by (1.7), be in the class and Cy (¢). Then
B1vVB

laz| < :
V2B + 481 - By)|
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and

Bi +|B, — By|

4 Coefficient bound for the function class N, (A, @)

Definition 4.1 A function f(z), given by (1.7), is said to be in the class Ny, (A, @) if the
following conditions are satisfied:

2f () A2 f (@)

feom o T T G

<9(@),2>0

and
wg' (w) | Aw’g” (w)
g (w) g (w)
where the function g is defined by (1.8).

<o), gw) = f" (W,

For m = 1, A = 0 and the special choices of the function ¢(z), our subclass reduces to
the following.
(1) Form =1, Ng.m (A, 9) = No.1 (&, @) was studied by Ali et al. [1].
14z v I+z 4 — *
() Form =1, A = 0and ¢(z) = (l—_z) O<y<1), Nom (0, (E) ) = ST*(y) the
class of bi-strongly starlike functions of order y studied by Brannan and Taha [3].
(3) Form =1, A =0and p(z) = (=292 (0 < < 1), Ny (o, %) = S*(y)
the class of bi-starlike functions of order y studied by Brannan and Taha [3].

Theorem 4.1 Let f(z), given by (1.7), be the class Ny (A, ¢), A > 0. Then
Bi1+/2B;

lamt1] < , 4.1)
Jw@mﬁ+AMn+%ﬂ+xw$+mﬁa+A+Amﬂw1—&n

and
(m+ 1) (B1 + |B2 — Bil)
2m? (1 4 2A + 24m)

Proof Let f € Ny, (A, ¢). Then there are analytic functions u, v : U — U, with u (0)
= v (0) = 0 satisfying

lazm+1] < 4.2)

2f' (2) N 222 f"(2)

_ 4.3
o o Swe 4.3)
and
’ A 2./
g (w) g (w)
Since

o @) AP f (@)
f@ f@
=1l+mA+rm+1D)ap2" +Cm (1 +12m+ 1)) azmi
—m(l+rm+1)ak )"+,
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and
wg' (w) | Aw?g” (w)
g (w) g (w)

=l-mA+Ar(m+1)apw™
+ ((m @m + 1) +am (m + 1) 4m + 1) a2, |
—2m (1 + A 2m + 1)) agmy1) w*™ + - -

then from (2.9), (2.10), (4.3) and (4.4), we have

1
m((l+A(m+1)apt1 = EBlcm, “4.5)
2m (141 @2m+ 1) ayupr —m (1 4+ (m+ 1)) a’,,
1 2 1,
= 531 Com — 7 + ZBZCnp (4.6)
1
—m (142 0n + D) amst = 5 Bibm, 4.7)

and

(m 2m + 1)+ am (m + 1) (dm + 1) a | —2m (1 + 1 Qm + 1)) a1

=8 (b — P 4 L 438)
= 51| bom ) 4 220m: .
From (4.5) and (4.7), we get
Cm = —by. 4.9)
Also from (4.6) ,(4.8) and (4.9), we obtain
2 B} [com + bam]
Ayl =

2 (m (3am? + 4am + 2m? + ) B} 4+ 2m2(1 + A + Am)? (B — B2))’

which, in view of the inequalities |cp;,| < 2 and |by,| < 2 for |ay+1], we get the desired
result as asserted in (4.1). Now, by a simple calculations from (4.5), (4.6), (4.8) and (4.9),
we get
; _Bi(mC2m+ 1D +2rmm+1)(@dm+ 1) com +m 1+ A(m+ 1)) bam)
= 8m3 (1 4+ 4m + 3% + 222 (m + 1) 2m + 1))
(By — By)m (m + 1) (1 + &+ 2xm) c2,
8m3 (14 4im + 30 +2)2(m +1) 2m + 1))’

which, in view of the inequalities |c,, | < 2, |c2,| < 2 and by, | < 2 for |ag,+1], we get the
desired result as asserted in (4.2). ]
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