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Abstract. In this paper our aim is to determine the radii of a—convexity of
the normalized Bessel functions for two different kinds of normalization in
the case when the order is between —2 and —1. The key tools in the proof
of our main results are the Mittag-Leffler expansion for Bessel functions,
properties of zeros of the Bessel functions and their derivatives and some
inequalities for complex and real numbers.
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1. Introduction

For r > 0, U(r) = {z € C: |z| < 7} denotes the disc of radius r centered at
the origin. Let f : U(r;) — C be the function defined by

f(z)=z+ Z anz", (1.1)

where 7 is the radius of convergence of the power series.

Let r be a real number with r € (0,7,) . We say that the function f defined
by (1.1) is starlike in the disk ¢(r) if f is univalent in U(r), and f(U(r)) is a
starlike domain in C with respect to the origin. Analytically, the function f is

starlike in U(r) if and only if Re(zi(g)) >0, z € U(r). For § € [0,1) we say

W Birkhiuser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00025-017-0738-9&domain=pdf

2024 M. Caglar et al. Results Math

that the function f is starlike of order 8 in U(r) if and only if Re(zi(/g)) > 3,
z € U(r). We define by the real number
7t(z)

r5(f) = sup {r € (0,7y) : Re( i) ) > B for all z € Z/I(r)}

the radius of starlikeness of order (3 of the function f. Note that r*(f) = r&(f)
is the largest radius such that the image region f (U (r*(f))) is a starlike domain
with respect to the origin.

The function f defined by (1.1) is convex in the disk U(r) if f is univalent
in U(r), and f(U(r)) is a convex domain in C. Analytically, the function f is

convex in U(r) if and only if Re(1+ Z;:;S)) >0,z €U(r). For 8 € [0,1) we say

that the function f is convex of order 3 in U(r) if and only if Re(1+ fo,”(iz))) > 3,
z € U(r). The radius of convexity of order § of the function f is defined by

the real number

r5(f) = sup {7“ €(0,r5): Re (1 T

2" ()
f'(z)
Note that r°(f) = r§(f) is the largest radius such that the image region
fWUre(f))) is a convex domain.

Let o and (8 be two real numbers with € R and € [0,1). We say that
the function f is a— convex of order 8 in U(r) if and only if

Re ((1 —a) ZE(S) +a (1 + fo(iz))» > 8, zel(n).

The radius of a—convexity of order § of the function f is defined by the real
number

) > (3 for aHZEL{(r)}.

Ta,5(f) = sup {r € (0,7¢) : Re ((1 —a) Zﬁé? +a (1 + Zﬁ’(%))) >3

for all z € U(T)}.

The radius of a—convexity of order § is the generalization of the radius of
starlikeness of order # and of the radius of convexity of order 3. We have
r0,6(f) = r5(f) and 1 5(f) = r§(f). For more details on starlike, convex and
a—convex functions we refer to [1-3] and to the references therein.

The Bessel function of the first kind of order v is defined by [4, p. 217 |

B © (_]_)" 2\ 2n+v
Jv(z)—zm(§> . zeC.

n=0
In this paper we focus on the following normalized forms
1, 1 .
0+ TRer s’ :
(1.2)

Go(2) = 2T (v 4+ 1)2' 7V T (2) = 2 —
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v 1

ho(2) = 2T (v + 1)2' "2 J,(Vz2) = 2 — mz2+~-- , (1.3)
where —2 < v < —1. Recently, Baricz et al. [5,6] and Baricz and Szédsz [7]
obtained, respectively, the radius of starlikeness of order 3, the radius of con-
vexity of order [ and the radius of a—convexity of order  for the functions
gv(%) and hy(z) in the case when v > —1. On the other hand, we know
that Bessel functions have exactly two purely imaginary conjugate complex
zeros and all the other zeros are real when v € (—2,—1) (see [8], p. 483). If
v € (=2, —1), then to solve above radius problems the method which has been
used in [5-7] is not applicable directly. In [9], Szdsz investigated the radius
of starlikeness of order 3 for the functions g,(z) and h,(z) in the case when
v € (—=2,—1) by using some inequalities. Baricz and Szdsz [10] obtained the
radius of convexity of order § for the functions g,(z) and h,(z) in the case
when v € (=2, —1). In this paper, we deal with the radius of a—convexity of
order 3 for the functions g,(z) and h,(z) in the case when (=2, —1).

In our study we need some results, which will be exposed in the next
section.

2. Preliminaries

In order to prove the main results we need the following preliminary results.
Here and in the sequel I, denotes the modified Bessel function of the fist kind
and order v. Note that I,,(z) = i~?J,(iz) and I,(v/z) = (—=1)" 2 J,(v/—2).

Lemma 2.1 [8, p. 483, Hurwiz.]. If v € (=2,—1), then J,(z) = 0 has exactly
two purely imaginary conjugate complex roots and all the other roots are real.

The roots z7VJy(z) = 0 are taken to be =%j,,, where n € N* =
{1,2,3,...}. We may suppose without restricting the generality that j, 1 = ia,
a>0and 0 < jy2 <jpz < < Jyn <---.Itis well-known that a < j, 2.

Lemma 2.2 [8, p. 502.]. The following equality holds

=1 1

E S (2.1)
2

—em Av+1)

Lemma 2.3 [5,7]. Let ay y, and By.n, n € N, respectively, denote the n—th roots
of the equations J,(z) — zJy41(2) = 0 and (2 —v)J,(2) + 2J)(2) = 0, where
0 < Reay,;1 < Reayp < --- < Reayy < -+- and 0 < Refy 1 < Reflyn <

- < ReByn < ---. The following developments hold for every z # o p,

z# Bun

290(2) _ 2273 42 E) 2§:7ZZ (2.2)
( o e e ¢

v,n



2026 M. Caglar et al. Results Math

and

zhy(2) > z zhy(z) > z
e L e e

n=1 ]2’7’ -z
The series are uniformly convergent on every compact subset of C\{%j,n :
n € N*}.

There are some relations between J, (z) and the functions g, (z) and h,(2).
For example (see [7]),

290(2) _y _#deni(z) 0 200(2) _ 2dug2(2) = 3Ju4a(2)
9o (2) Ju(2) g (2) Jo(2) = 2Jp11(2) ’

() | VAR ) 2ua(VE) = Ve (VE)

h(z) 2Lz hG)  ALGE) - 2k (Va)
Lemma 2.4 [5]. If ve C, § € R and 6 > |v|, then

v v — vl
> > 2.4
o = e \5=o) 25 (24)
and "
v — v
> . .
Re<(5+v>_5—|v| (2:5)
Lemma 2.5 [9]. If veC, v, € R andy >3 >r > |v], then
v? r?
Re < . 2.6
(Fr0=0) < 7=da (20

Lemma 2.6. j,, denotes the n — 1th positive zero of the Bessel function J,, in
case v € (—2,—1). The inequalities j2, > a® > r > |z| imply that

2a2j3,n + JE,nZ - a2z 2@2]'3” - jg,nr + a2r (2 7)
(a® 4+ 2)*(jon — 2)? (a> =7)2(jZ, +7)? '
z T
(a2 1 2)2 < (@ —r)2’ (2.8)

The equalities hold if and only if z = —r.

Proof. According to the maximum principle it is enough to prove the inequality
(2.7) in case of z = re'? | that is

2a2j3,n + jg,nrew - a2{r€i0
(a? + re)2(j2,, — re)?

2a%52,, — j2,.r+a’r
(a? —7r)2(j2,, +7)?

(2.9)

Denoting a = ﬁT" and 8 = “72, the inequality (2.9) can be rewritten as follows
2008 + ae'? — pet? 2a0 —a+f
G e | < G
where a > > 1. We will prove the inequality (2.10) in two steps.

(2.10)
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First we show that
1 1

(B ema—e®)| = F-Da+ 1)’
If t = cos 0, then this inequality will be equivalent to
(B2+2Bt+1)(0*—2at+1) > (B— 1)*(a+1)?, a>p>1,te[-1,1]. (2.12)
In order to prove inequality (2.12) we define the function
w:[-1,1] =R, u(t)=(6%+28t+1)(a® - 2at +1).

Since u”(t) = —8af < 0, t € [—1,1] it follows that u is a concave mapping,
and consequently

u(t) > min{u(1),u(=1)} = u(-1) = (8 — 1)*(a + 1)

Thus the proof of the inequality (2.11) is done. In the second step we will prove
that:

a>p>1 (2.11)

2a8 + ae'? — get? 2a8 —a+ (3
(B+e?)(a—e?) |7 (B-1)(a+1)
This inequality is equivalent to
o B o p
4 — | < + )
a—el B4 el a+1l [B-1
We have

fel0,2n], a>0G>1. (2.13)

fel0,2n], a>p>1. (214

o g L|P
a—ecif " Bteit B — et
Consequently in order to prove (2.13) and (2.14) we have to show that

B o B

0| = + '
B+e a+1l pB-1
Using again the notation ¢ = cos@ the inequality (2.16) can be rewritten as
follows

o p o p
2 Tt 2 TS T ’
(@2 —2at+1)2  (B2+2pt+1)2 ~ a+l [-1

(&%

. 0€l0,2q].

o — e

(%

T, 0el0,2n], a>p>1(2.15)

te[-1,1], a>p>1.

(2.16)
We define the function

v:[-1,1] = R, v(t) = @ p

+ :
(a2 —2at+1)2  (B2+26t+1)2

We have
0"(t) =303 (a® — 2t +1)72 +383(82 =268t +1)"% >0, t € [-1,1],
and this implies the convexity of v. Thus we get

@
.o
a+l p-1

which is equivalent to (2.16), and the proof of (2.13) is done.

v(t) < max{v(—1),v(1)} = v(-1) = tel-1,1],
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Finally the inequalities (2.11) and (2.13) imply (2.10) and the proof is finished.
Just like in the case of the first inequality we have to prove the inequality (2.8)
in case z = re'?. In this case the inequality (2.8) is equivalent to the obvious
inequality |a? + re’| > |a? — 7|, and the proof is done. O

3. Main Results

Theorem 3.1. If v € (=2,—-1), « > 0 and B € [0,1), then the radius of

a—convezity of order (B of the function g, defined by (1.2), is rq g(g,) = 1o,

where rq is the unique root of the equation

rL,11(r) n arrlu_,_Q(r) + 3L,41(r)
I,(r) L,(r) + rlypa(r)

1+ (1—a) =0,
in the interval (0,7%(g,)).

Proof. According to the equality (2.2) in Lemma 2.3, we have

9u(

By using Lemma 2.1, the condition v € (—2, —1) implies j,1 = ta, a > 0 and
Jum >0 forn € {2,3,...}. Thus we get

zq' (2 222 > 22
00 _ gy 22 T
gv(z) a” +z n—2 Jon =%

On the other hand, the equality (2.1) in Lemma 2.2 implies that

1 1 |
7T T2
and using this we obtain that
2q,,(2) a? 22 @’ + 70, 2t
=1- 24 2 Z 2 21 2\(42 5 (31)
9v(2) 20 +v)a® +2 = Jim (@+2°)(2, -2
On the other hand, taking v = 22 in the inequality (2.5) and (2.6) we get the
inequality
2 2 A 4
R > d R <
e S w2 N @A), ) @ N+

for all |z2| < r < a < j,,. Taking into account that —
inequalities imply

2(1+) > 0, these

2g!, () a? a’ +JM rt
Re (=22 ) >1 77—2
e(gu(z)> R R P Z Jom  (a®=12)(G2, +17)
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irg. (ir) X
= — > 0, Zl<r<r V). 3.2
) >0, i (9) (3.2

The logarithmic differentiation of (3.1) gives

1 , at 22 +9 Zoo a2+j3,n 24(4a2j31n72a222+2j5_n22)
29,(2) _ 29,(2) _ THv) (@+2)° n=2

B iz (@122 G2, —2%)°
9,(z)  9(2) L- 2(f-2+u) a2+z2 —235 ztj: § (a2+22)z(j’ﬁ,n—z2) |
and we get
- 1 (14 2
9v(2) 9,(2)
i), Towier T e S
90(2) 1- 2(1a-iu) prv D D a%jg’" € |

2 (@422)02,—2%)
The equality (3.3) implies

ref gy v ()

ad 22 o a +J,,n 7" (2%} ,—a’2*+i] ,2%)
’ 1) a2 42202 +Zn: 221722 T —,2)2
zRe(Zg"(Z)>—a (+) @+72) 272, @R, )
g.(z)

1— a? 72

S a‘2-"_‘]u,n z4
2(1+V) aZ+z2 -2 Zn:2 jg,n (842+Z2)(j37n722)

(3.4)
On the other hand, replacing z by 2% in Lemma 2.6 the following inequality
holds

a 22 + Zoo a2+j5,n 24(2a2j3,n7a2z2+j31nz2)
W) @an? T 2an=2 "3z T @A )
a2 a’2+j5,n z4
L— 2(1+v) a2+z2 -2 Zn 2

Jon  (@2422)(2 . —2%)

2a%j7 ,—a?22+52 .27

2, 2
a z oo @ HJ, .
‘ (14v) (a?+422)2 + Zn:Z 2

4
7 | weran e | 1]
- (1.2 a‘2+]u,n 24
1~ |ty e |~ 2T G |
4 a? 452 2a2j2 _a?22442 22
a e} v,n v,n v,n 4
(1+v) (<12-i-22)2 + e Jom (a?+2%)2(52 ,—27)? |2°]
a‘2+jL2/,n 24
L+ sty | o | — 20 . @
a? a Jrju 2a] +a2r2 j T r? 4
< (1+v) (aQ—TQ)z + Z” 2 joa (a® —T2)2(7”L+T2)2 " 3.5
- 1 2 9 a?+j52 rd : ( ' )
+ 4(1+V) aZ=rZ Zn:Z

it (a2=r?)(GZ ,+r?)
The equality holds if and only if z = ir.
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Finally the inequalities (3.2), (3.4) and (3.5) imply,

re {00 B +a (1450}

2

4 a +]u n 2a? ]u n+a T _jy n" 4
irgi(ir) (1a+l/) ¢127T2)2 + Z" 2 gom  (a®—r)(7 +T2)2 "
- — 2 a?+j2 rd
orlin) it e — 2 T e
irg. (ir) irg, (ir)
— (1)U (14 Tl (3.6)
go (i) 9o (ir)

where |z| <7 < 7*(g,). From the inequality (3.6), we get
/ 11 . /[ . 1.

. 28, (2) ( 78, (2) ) } irgy, (ir) ( irgy (ir) )

inf Re{ (1l -« +a |1+ =(1—-« ~ L 4ta| 1+ - ,

it e {01 - 222 a0 )~ i 2 i
for every r € (0,7*(g,)). Since

600~ R o) = (1-0) ) g (14 ZEI))
: ) v — K, = - . . )
gu(ir) 9o (ir)

is a strictly decreasing continuous function and lim,~ o ¢(r) = 1, lim, (4, )
o(r) = —oo it follows that the equation ¢(r) = [ has an unique root rg,

and 74,3(9,) = ro. Therefore, by using the minimum principle of harmonic
functions, the proof of Theorem 3.1 is completed. g

For convenience in the sequel we will use the following notation

Flo. g = - L) o (14 202),

I
f(z) f'(z)
2
1.5F b
1 i
0.5F b
or 4
a=0
05} a=0.2 ]
’ a=0.3
a=0.5
AT a=0.8 T
a=1
-1.5F | —— y=0.58 1
2 I I I I \
0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIGURE 1. The graph of the function r — F(a,g_15(ir))
for a € {0,0.2,0.3,0.5,0.8,1} on [0,0.7]
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Theorem 3.2. If v € (=2,—1), a > 0 and B € [0,1), then the radius of
a—convezity of order 5 of the function h, defined by (1.3), is rq g(hy) = r1,
where ry is the unique oot of the equation

Vilen(V7) | rloea (V) + 4L (V)
21@(\/;) 4Iv(ﬁ) + 2\/FIU+1(\/;)

in the interval (0,7*(h,)).

1+(1-a) =0,

Proof. Similarly to the proof of Theorem 3.1, we deduce from Lemma 2.2 and
the equality (2.3) in Lemma 2.3 the equality

2

R, (2) a? z i a® +j2 ., z

=1- - - .
jg,n (0’2 + Z)(.]g,n - Z)

T (2) W+v)a+2 (3:7)

n=2

On the other hand, taking v = z in the inequality (2.5) and (2.6) we get the
inequality

Z —r Z2 1'2

and Re <

R >
s a—r @+ 2)(20—7) (@2 —1)(20 +1)

for all |z| < r < a® < j2, and n € {2,3,...}. Taking into account that
74({‘7_?_”) > 0, these inequalities imply

>14 a? r —iGZT‘_‘jE’" r?
by () M@ —r 2 72, @G, +7)
il (=)

e 0, |2| <r < r*(hy). (3.8)

The logarithmic differentiation of (3.7) gives

ol . oo a’43, 22(2d%52 , —a’z+3] %)
W(z)  h(z) IO @EeE T ln—2 3R @ GE. o)
1 e T TG e = D E A 22 :
4(14+v) a’+z n=2 jﬁyn (GZJFZ)(jﬁ,n*Z)
and we get
zh!,(2) zh!(z) hl(2)
1 _ 1% 1 14 — v
S e ““( THE ) T hG)
ot . oo a’+ji., 222075 ,—a®z45] %)
) @7 + L 2 2 @ G, 3.9
- 1 a? z e} a2+j12,7n 22 ( ’ )
AT @ E T e . @ (EaD)
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The equality (3.9) implies

zh!,(7) zh!(z)
Re{ (1 — v 14 v
a0y va (14
a® 4y, 22 (2a%5] , —a’ 24 ,2)

34 V4 (o]
zh!,(z) 1(1+v) (a2+2)? + 22 2. (@2+2)2(2 ,—2)2
> Re -« : :
h,,(z)

1 a? z ZOC a?+jz 4 z2
n=2

T a(l+v) a?+z 2. @+2)(2,-2)

(3.10)
On the other hand, using Lemma 2.6 we infer
a’ z a2+j3=n Z2(2a2j121,n7a22+j12',nz)
) @ T 2ne2 2 T @G, )
1 - e = yeo @i 22
I(1+v) a®+= n=2 3z, (a®+2)(GZ,—%)
N e PP Vi P sete ] [
_ | @ n=2"72, | (4222, 2?2 | ¥
- 11— a? z_ ZOO a2+j5,n 22
4(14+v) a?+= n=2 an (a2+z)(]'3,nfz)
a* z + ZOO azJszz/,n 2a2j12/,n7a22+j12/,nz | 2|
_ 1) @ n=2"3z | W@+ 0.2 | F
— a2 [e's] 3‘2+j,2,,n 72
Re ( 4(14v) a2+z - ZH*Q j,zjyr. (a2+2)(j2 n*z)
a* a+9,, 2a%j7 +ar—j v o
4(1+u a2—r)2 + Zn 2 42, (a2—r)2(j2 ,+7)? "
< : . (3.11)

- T o a2+-7u,n r2
L+ i o — e 7 @G

The equality holds if and only if z = —r. Finally the inequalities (3.8), (3.10)
and (3.11) imply

Re {(1 B a)zh;(z) fa <1 N zhg(z))} | ()

h, (z) b}, (2) h, (=)
ol @’y 7*(20%57 e r—j} 1)
) aLr)? D ey s ¢ e
— a2+j2 .2
1+ r_ Zooi Jin r?
4(1+l/) aZ—r n=2 j;, (a?—r)(G2,+7)

— (1 a)_;;fé_(;;) +a (1 + _Z,h;”/_(;)r)) , (3.12)
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where |z| <7 < 7*(h,). The inequality (3.12) implies that

inf Re{(l _ ) (1 N Zh’y’(Z))}

|z]<r h,(z) hy,(2)
=) —rhiy (1)
= =)= *“(” () )

for every r € (0,7*(h,)). Since

—rhl,(—r) —rhl(—r)

(0,77 (hy R, =1-a)—F——= — ),
PO (h) = R () = (1= 0) e
is a strictly decreasing continuous function and lim,~ o 7(r) = 1, lim, s,
7(r) = —oo it follows that the equation 7(r) = 8 has an unique root 71, and
ra,3(hy) = r1. Finally, by using the minimum principle of harmonic functions,
the proof of Theorem 3.2 is completed. 0

+a<1+

1 N
=
0.8} Y b
0.6 4
0.4 b
0.2}
of 4
a=0
0.2} a=0.2 i
a=0.3
-0.41 a=0.5 B
a=0.8
-0.61 a=1 1
y=0.29
-0.81 b
p ‘ ‘ ‘ ‘ ‘ \
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

FIGURE 2. The graph of the function r» — F(a,h_1 5(—7))
for a € {0,0.2,0.3,0.5,0.8,1} on [0,0.7]
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If we take @ = 0 and a = 1 in the Theorems 3.1, and 3.2 ,we obtain the
results of Szdsz in [9], and Baricz and Szdsz [10], respectively. Our results is
a common generalization of these results. Figures 1 and 2 illustrates the fact
that for @ € [0, 1] the radius a—convexity of the functions g, and h,, is between
its radii of convexity and starlikeness, that is, r5(g,) < 7a,5(g,) < 75(g,) and
r5(hy) <rap(hy) <rj(hy) for all a € (0,1), B € [0,1) and v € (=2, -1). For
v =-15and « € {0,0.2,0.3,0.5,0.8,1} we considered the particular cases
when 3 = 0.58, and 3 = 0.29, respectively, in Figs. 1 and 2.
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